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^ ■ PREFACE - 

Mathemati<^s is fascinating to many persons because of its 
utility and because it presents opportunities to create and dis- 
cover. It is continuously and rapidly growing because of inte.l- 
lectual curiosity, practical applications and the invention of 
jiew ideas . 

The many changes which have taken place in the mathematics 
*-eurriculum of the Junior and senior Ifigh schools have resulted 
in an atmosphere in which mathematics has found acceptance in • 
the public mind as never before. The effect of the changes Has ^ 
begun to influence^ the elementary school curriculum in mathe- 
matics as well. It is generally accepted thatj^he present arith- 
metic program in grades 1,-^ will be substantially changed in the 
next five years. / • ' ^' 

The time is past when elementary teachers can be«*content - ^ 
that they have taught mathelt^tics if they have taught pupils to 
compete mechanically. More and more ,mathematics wiLl be taught' 
in the elementary grades; one important criterion of thejeffec- 
_>tiveness of a school's program will be the extenj; .to which pupils 
ufiderstand. If mathematics is taught ^ty people who Ao ^rfot. like ^ 
and do not understand; the subject, it is highly probable that 
pupils will not like, and'will not understand, it as well%' 

The School Mathematics Study *Group materials for grades 
4, '5, and 6 contain soupd mathematics, presented at such a lev^l 
that it can be understood by children. Eicperimental classes 



have- found the program stimulating, and teachers have b^'en- ^ 
enthusiastic about the results. Teachers 'in the experimental 
programs have received the special services of a consultant to 
help them -with the subject-matter. It- is not surprising that 
teachers v^io-have been trained to teach arithmetic' in the tradi- 
tional sense need, to study more mathematics if they are to have 
confidence In their ability to introduce new ideas. '^They must' 
know far more than the students, ^nd understand something* of the 
later implications of *the topics they teach. 

'Fhis volume. Number Systems , ^nd a companion "voliune. 
Intuitive Geometry, 'have been prepared by the School Mathematics 
Study Group to help' elementaf^y teachers develop a sufficient *• 
subject matter competence ,ln the mathematics of the elementary 
school' program. What- kind of material should teachers af this 
Ij^vel have? ^Is a course in calculus, or abstract "algebira, or * 
^aipplicatjons 'of arithmetJip what they need? The opinion of the 
editors is that elementary teachers need a thorough discussion 
of all the -materials they'ijiight teach in grades 4, 5, and 6," = ' 
from a. higher polYit of view, but in a very similar sett,ing, pre-' 
sented J.n much- the-same way they would jpresent it, so that they 
themselves might experience something of the Joy of disccVerv 
and accomplishment in mathematics which they may e-xpeot from 
their .qvm pupile. . • / ' * \- 

-With, the. ideas in Mnd v^lch have ieen express.ed in' the 
paragraph -^^Ve, tlie,.txtLsting 7th and 8th grade SMSG' course ' 
pf^ Study w4s decided^'ution as the content which would be of ^ ^ 
greatest benefit to elimentary-. teachers . The 'material haS been 



carefully edited, with the idea that it must, now serve .,a much 
differe*nt. purpose than ^hat for which it Vas originally in1?^ded. 
You, as' the mature irrdividuaj, will be able to appreciate much 
that would escape Junidr high school students. Even though. In 
some casefe, your technical ability may not be well-developed, 
you will be aWei ^o^ think critically and to make connections^ 
between wl^t yc^'knovir^c^ new material. In some cases, you will 
be surprised to fina that "new" ideas ihCiathematics are r'eally^ - 
only a new language for ideas you have known either implicitly 
or explicitly for, years. V/hile y(5>ur Ability to compute mdy be « 
iLmptirovecl only slightly as you study this ^boolc,^ you will find 
that you -understand, many operations and conjjeptS, that were prje- 
vlously vague or even merely tricks'used to get correct* answers • 

in elementary mathematips todaj, the properties of the- 
numbers are considered tp be as important as the actual com- 
putations with numbers, The nature of the operations w?.th num- 
bers is considered to be as\importartti as the answers obtained. 
But In addition to the work with numbers, the ideas of geometry 
must alfeo be taught. Both the applications of number in geometry 
<mfeasurement)(and the rela/tionships between geometric^ elements 
. independent • of number help to form a foundation for the^lat^r 
study of geometry. The'^^ntroduction of basic mathematical ideas 
in trie' elementary grades is* the opportunity for which you are^, 
preparing yourself. ^ ' \ . ' * . • 
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Chapter 1 
WHAT IS MATHEMATICS? 



1-1 . Mathematics as a Method of Reasoning - 

"Once', on- a plane, I fell Into conversation with 
the man next to me. He asked me what kind of work 
' I do. I told him I was a mathematician. He ex- 

i claimed, «You aajel Don«t'you get tired of. adding 
' columns '>of figures all day long*?* "I had to explain 
to him that this can best be done by a^machlne, ^ 
' * • ^oh is mainly- logical reasoning . " 

Just what is this mathematics whl<:h many people are talking 
about these days? Is it counting 'and computing? Is it drawing 
figures *and measuring them? Is it 3.1^nguag€ which uses symbols 
like a mysterious code? No, mathematics is not afiy one of these. 
It includes them. but it is .much more' thah all of these. Mathe- 
matics is'a way of thinking, a ^^ay of reasoning. Some of mathe- *^ 
mat ICS involves expe^^imentation and observation,, but most of 
mathematics is concerned with deductive reasoning . \^ * >' . 

By deductive reasoning yo'^u can prove that from certain given 
conditions, a definite conclusion necessarily -follows In-arithme- 
tic you learned how to prove definite statements about number^. 
If a c^assroortfhas^ 7 'rows of seats with 5 seats in each row, 
then 'there are ^ 3^ seats in all. "You krfow that this Is true with- 
out counting the seats and without actually seeing the room. 

Mathematicians use reasoning of this sort. They prove "if— - . 
then" statements'.; By reasoning they 'prove that -something is^ 
• true, then something else must be- true . ^ - • 

By logical reasoning you can often find all ythe..dif ferent ways 
in Vhich a. problem can be solved. Sometimes, you c&ti show by 
reasoning that the problem has no solution. A^l the. problems in ^ 
Exercisers 4,-1 gi-ven below. can be solved by reasoning./ No cal- 
culations ^re needed, a"jthough you may I'ind ^t helpful sometimes 
to .drav/ a'dJLagram,* , ^ J 



.er|c { 10 



Exercises 1-1 

A 200-pound man and hiVt-wo sons each weighing iod pounds want 
to cross a river', ilf they have only one boat and it can ' . 
safely carry' only 200 pounds, how can they cros^ the river? 
If the man in Problem 1 weighs 175 pouAds and one of his sons ^ 
weighs 125^ pounds and the 9^her 100 pounds, can they use the 
same boat? I^ no-f, what weigl^ must the boat carry safely so 
that they can ci«oss ,the river? ^ ' * 

A farmer wants to take a goose, a fox, and a bag of, corn Across 
a river. _ If the farmer is not with them, the fox will eat the. 
goose or the goose will eat -the* corn. : If the farmer has only 
one boat large enough to carry hijn ^d one of the others, how 
does he cross the river • *• * 
Is it possible- to. measure out exactly 2 gallons using only an 
S^allon container and a 5- gallon container?. 'The containers 
do not have individual gallon^arkings or any ^other markings. " 
• Three cannibals and three, missionaries want to 
cro^s a, river.. They m\ast share- a b5at which is large enough 
•to 'ca^.ry only two people. At no time nfey the cannibals out- 
number the mis^iona'ries, but the missionaries may outnumber" 
the cannibals. How. can they all get across the river using 
only the boat? " ' ' ' 

Eight marbles al^ave the same size, .-.color, and shap'e. Seven 
of them have^ same weight and the other is heavier. Using' ' 
a -balanc^^ale, how would -you f^nd the heavy marble if you 
make ^nly two weighings? ' ' * . ' * 
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7. Suppose you have a checkerboard and dominoes. Eaclj/ domino- 

is just large enough, to co.ver two squares on the ^checkerboard. 
How would you^ place the dominoes flat on the board in s^ch a_^ 
% oway as .to coyer all the board except two opposite corner 
^ ' squares? ^ 

Note: klX the square's 

except the two squares^ in 

opposite corners are to 

be covered. 
^ You may choose to leave ^. 

the two white square^ in ^ - 

opposite comers' uncovered * 

instead of the dark or 
"shaded squares marked "x.'' 
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1-2.. Deductive Reasoning ° , 

' You can solve oth^r types of problems by deductive reasoning. 
Suppose "there are .th4.rty pupils in a classroom. Can you prove that 
there are at, least two of them who have birthdays during the same 
month^ / You can prove this in many wa^rs without knowing the birth- 
days- of any of them-; One way is to reason like this. Iriiagine 
twelve boxes, one for each month of the year. Imagine also that , 
you write each i^upil^s ^name on" a sl^ of paper and* then put the 
slip into the proper box. ,If no boC^had more than one slip of - 
paper^^then'' there could not be more than 12 names in all. Since 
there are 30 names T then at least one bpx must contain more than 
one name.' , > " * . ^ 



Mathematicians are always eager to prove the best possible ' 
•re^sult. Here, you can use the same method to prove that at least 
^^t^e members of hhe class have birthdays in the sanie month. If 
np box had moj?e"than two slips of paper, then there_(GP.uld..aot_b^e_ ^ 
more than 24* names in^all. Since 'there are 30 names, then at 
least three pupils have birthdays In the same^month. ^Each problem 
in the next set of exercises can be solved by reasqqiqg of the 
above type. ^ - * 

Exercises 1-^ 

^ Assume you hav.e a set of five pencils which you are going to 
distribute among four persona. Describe how some ^ne o^- them 
will get 'at ^east 'two pencils. ' ^ ' - 

2. (a) Would you have to give at least two p'encils to some one 

person If you were distributing; ten pencils among six 
{)ersons? — ^ ' 

• * (b) What can you say if you are distributing a dozen pencils 
among five' persons? 

3. What 'is the least nipnber of students that could be enrolled 
in a school so that you can be sure that there are at least 
two students v*th*^'the same birthday? 

4. Wha^ is the Ingest number of students -that could be enrolled 
in a school so that you can be sure that they all have ^ 
different birthdays?'* ' " ' 

..5. Thef»e are five movie houses in a town. What- is the smallest 
number of people that v;ould have to go to the movies t6 make ^ 
certain that^at least two persons will see the same shov/?" i ^ 

6. In 4)roblem 3, what is the fafg^st number of people that would 
Jtiave to go to the movies so' that ;ym could be^ sgare that^-no 

■ ' * trWo of them vd.ll see the same show? • '^^'vVl. 

?♦ If 8 candy bars are to be distributed among ^. boys, h^ many 
bo^s, can receive three candy bars if each Boy is to receive at 
least one bar? ' ^ 



8. In a class,, of 32 students variou^ ;^inmittees lare^ to be 

formed. No student can be on more than one committee, ^ Each 
committee contains f rom\ 5 to 8 students.* Vhat is the 
iargest number of* committees that can bB formed? , 
What is the answer to pr.obJ.em' 8 if eVer^ .student can be on 
either one or two committees? ' . . ^ , 



i-3» From Arithmetic to Mathematics 

An'other way in which mathematicians and other scientist solve 
problems is to make experiments and observations. This method is 
called the experimental method. Can you think of scientific 
problems which have been solved in this way? ^ • 

Many times' mathemat'icians experiment to discover a general 
wa^*br solving an entire set of problems. After the general method 
has been discovered, they try to prove that 'it is correct by ♦ 
logical reasoning, ' ^ 

The part of math^atics which you know best is arithmetic. 
Often in arithmetic you can obtain resi^Lts by. experiment and by 
reasoning vihich can save you a lot of hard work and time spent 
in'calculation 1 

When Karl^rie^i*lch Gauss, a famous mathematician, was about 
10 years old, his' teacher wanted to keep the class quiet for a» ^ 
while. He told the .Qhildren to add all the niimbers ,from 1 to' 100, 
that is 1 + 2 + 3 -i- + 100. (Note: To save writing all the ' 
niombers between 3' and 100, it is customary* to write three dots. 
'-This may be read "and so on,") ,In about two minutes Gauss wap up 
to mischief again. The teacher a'aited him why he. wasn't workUkg on 
the problem, fie replied, "iWe^d^ne it already." ^"Impossible!" 
excla3*^^d the teacher, "It^s easy," artswered Gauss, "First *I 
wrote: " ' 



1 + 2 + 3 + 4 + . . . + i6o> then [l vrrote the numljfers in 

reverse order: 

100 + 99 t 98 + ' 97 + . . . then i added each pair of 

niombers: 

,101 + 101 + 101 + 101*+ ... ^+ 101. ^ 

\flT^n J.added, I\ got' one hundred lOl's. ' This gave me 100 x 101 = ^ 
10,100. But I used each niamber tvrice. For example, I added I 
to 100 at the beginning, and then I added 100 to 1 at the end. 'So 
I divided the ansvrer 10,100 by 2. The answer is^ ^oaoo 5,050." 

Who was Karl'Pried^ich Gauss? ^ When did he live? 

Exercis es 1-3 

i - ..II. ■ I 

1. Add all the^ numbers from 1 , to 5, that is,' 1 + 2 + 3 + V + 
5, using Gauss's method. Can, you .discover vandthe^r short 

^ method different fro?i the- Gauss method? ' \ 

2. Can-Gauss's method be applied to the problem of^addihg the 
numbers: 0 + 2 + 4 + 6 + 8? . 

3. By a short method add the odd numbers from ^1. to i^,..,that Hs 

1 + 3 + 5 + . '+ 15. f ; 

4. ^ This problem giyes you a chance to make another discovery 

in mathematics. ' : . • 

Add the ^ numbers below : * Multiply the numbers below : 

• a. 1 + 3 , ^ = ^ £ X 2 = 0^ ' 

^ b. 1 + 3 + 5 = ._J^ '3x3 = ? 



c. 1.+ 3 + 5+X =. ?' . 4x4 



d. Look at the. s\ams and the products' on the-right. What » 
. seems to be the 'general rule for finding the sums 

* pf numbe^»s .on the left? 

e. Agiply^your new rule to 1 + 3 + 5 + 7 + 9 + 11 + 13 +* 15* 
Check v/ith your ansv;er in Exercise 3. ^. 

5* Add the odd niombers: 7 + 9 + 11 + . . . m- 17. 



6 J Add' the even numbers 'from 32 to 40: 22, + 24 + 26 + . . . 
+-40. ' , 

7. Add' all the niombers fi^m 0 to 50: 0 + 1 + 2 + ^50. 

8. - -Will Gauss's method .Work for any series of niombers whether you 

start with 0 or li Or any other number? ^ 
*9. Add all the numbers from 1 to 200 byOauss^s method, Then" 
a^d all the niombers from 0 to ^00 by Gauss's method. Are 
- the answers for these two problems the same? Vfiiy? 

10. Supppse Gauss's teacher had asked him to add^he niombers: 
1+2+4+8+16+...+ 256. (Here you start with 1 and 
double each number to get the one which follows'.) Is there 

o any. short method for getting the, siom? 

11. If you have a short'^method for doing ^Problem 10, try this one. 
Add the numbers: 2 + 6 + 18 + . + 486, where you start with 
2 and jnultiply each niimber by 3 to get the "one which 
folloiv^s. The answer is 728. Can you find. a short method for 

^getting the sum? 

e 



1-4. Kinds of> Mathematics *^ ' - 

Mathematicians reason a^bout^all sorts of puzzling questions 
arid problems. When they solve a problem they usually creat,e a ^ 
little more mathematics to add to the ever- increasing stockpile of, 
mathematical knowledge. The new mathematics can be used, witH the 
old to solve even more, difficult problems. This pi*ocesg^^as, been 
going, on for centuries aru^the total apcumulation of mathematics 
is far greater than most people can imagine. Arithmetic is^one 
kind of mathematics. The trigonometry, algebra, and pl^ne ^ ^ 
geometry you wiil study are other kinds. ^ 

Today there are mpre than eighty different kinds of mathe- 
matics • No single mathematician can hope to master more than a 
small bit of it. Indeed the study of any one of these eighty 
different branches vould Qc6upy a^ mathematical genius* throughout 
his entire life. - ' ^ 
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. Moreover, hundreds of pages of new mathematics are being . 
' created revery day of the year — ' much more than one person could 
possibly read in the same 'd-aj^. In fact, in the -past 50 years, , 
more mathematics has beer\ discovered than In all the preceding 
.thousands of years of man's existence. • ' - 
Chance or Probability \ y - 

One of -the eighty kinds of mathematics which is. Interesting to 
mathematicians and also useful in present day problems is the 
study of charj(ce,or probability. 

^ Maily happenings in our lives are subject to uncertainty, or 
chance. .There is a chance 'the fire alarm may ring as you read 
this sentence. "There Is a chance that the teacher may glye a test 
today. «ilt Is' difficult to predict exactly the chance of any of 
these events,; although in such cases we would be satisfied- to knpw- 
that the chance Is very small. ' 

^ Many times, however, a person, might ;^ant to calculate the 
chance, more precisely in order to compare ,tfie" chances of several 
alternatives. Mathematician^^ have been^ studying" suoh questions 
ibr many years, and th"is kind of mathematics Is ^called probability. 
^ ^ A number of such probability questions were answered for " 
Walt Disney before Disheyland was' built. " When he considered 
setting up Disneyland, Disney wanted /^q know hpw big to build it, 
wherl'^to locate- it, what admission to charge, and what special 
fac-ilities to provide for holidays.' He didn't *want to take a 
chance on spending ^17,000,000 to build Disneyland without knowing 
something of the probability .of success.. ' 

What he really wanted answered was this type of -question: If 
l^uild a certain type of facility, at th^s particular location, 
and charge so much admission, then. what is the prpbability that I ' 
wfM make a certain amoimt of ^ money? 

Pisney v/ent to the Stanf ord-Research Iri^titute. Trfere he 
talked with a group of mathematically trained pleople who are 
specialists iri applyir^g mathematicjil reasoning to business problems. 



The people at Stanford first collected, staxiistics about people-- 
.(their income, travel habits, amusement preferences, number of 
children, etc.). Combining this information* by mathematical 
reasoning they predicted the probability that' people would come to 
a certain location and pay a given price of admission. From 
reasoning like this they could predict the probability of having a 
successrul Disneyland of a certain type at a given .spot. Knowing 
the chanoe of success under given'conditions, Disney was better ^ 
able to decide how and where to build Disneyland ejid hbw much to 
charge for admission. ^ 

This example is typical of the way probability is often used 
^to give an estimate of the degree of .uncertainty of an event or 
tlje chance of success of a proposed course tpf action. 

• ffhe following problems are mainly to give you some idea of ^ 
what sIiTi^ probability is about. 

'Exercises 1-4 - 

1. To see how. a mathematician might bisgin t;o think about ^prob- 
ability, imagine that you toss two coins. There are four 
equally likely ways that the coins can come* up: 

First Coin 

• Second Coin 



H 


■H . 


/ T 


T 


H 


T 


. ft 


T 



H* is** used to represent heads and ij used to represent, 
tails/. HH ' describes^ th^ event of both coins coming'up hea^ds.. 
^The ^^J^obability of tossing 2 heads with 2 coins is % out 
\of\A or 'it is not possible to predict vrhat v;ill happert 
in yany o/ie toss, but it Is possible to predict that if th^t4o r 
co4.ns are tossed. 100,000 times^ or so, then the two heads, 
v^ll come up about of the time. Try tbis experiment 100 
Lmes and tabulate yowr results. Tabulate other experiments _ 
(f the whole class > and see how many HH trials turn up in ^ 
/the totcil number of trials. ^ 



1^' 



18 I 



/ 



10 



2. , \Vhat Is the probability that both coins show tails when two - 
coins are tossed? 
' 3. \i/hat is the- probability that a head appears when one coin is 
tossed? 

4. What is jthe probability of drawing the ace of spades from a 
full' deck of -52 cards? 

5. V/hat is the probability of drawing some ace from a full deck 
of 52 pards? ^ * 

6. What is- the probability of throwing a die (one of a pair of 
dice) and having two dots come up? 

7. There are four aces (from a playing card deck of 52. cards) to 
^be deait to four people.* What is the probability that 'the 

. first person v/ho receives a card gets the ace of hearts? 
*8. What is the probability of throwing a pair 6f ones (ohe dot 
on each/die) with one pair of dice? ' • ' ^ ' 

What is the probability of having three heads come up*^l 3 
coins are tossed? What is the probability of having exactly* 
2 heads turn up?. At least 2 heads? 



1-5 Mathematics Today * ' " , 

You are living' in' a world which is, changing very rapidly.' 
Th^re are new medicines and vaccines. There are new ways to make 
business decisions. There are new ways of computing. And, there, 
are hundreds of othei^ n^w developments reported eVery day. The 
.^|.ntere sting thing is that mathematics ^and .mathematicians hayg had = 
a part in almost all X)f *them. ' — 

I" the telephone industry mathematics is used to design 
.switching' devices, so that when you dial a phone number you' have a 



ERIC /- - . 



Ml 



good chance of avoiding a, busy signal. Mathematics has contributed 
especially in discovering better ways to send informatibn over 
telephone, v/i res or by vireless" communication. . \ 
N In the aircraft industry mathema^tics helps determine the best 
shape for ax} airplane cr space ship., and how strong its con 
stx*u.ction mufet be.^ Ancther«K- 
plane will -shake itself 
at. high speeds.. Still; 
the radio, and radar de"\ 
cominunicate with other 
In almost all l«lnd^ 



ind of mathematics predicts v/hether a 
t9 pie'ce-s as it flies thro.ugh stcj^rmy air 
different forms of math^jjiatics help design 
ices, used to guideothe p»Lane and to 
planes and with airfields, 
•of manuf acturingy mathematics (the prob- 
ability you studied \n " the las^ section) is used to predict the 
reliability of the gopis manufactured. ,Many times^ the manuf gicturer 
must make a guarantee? of reliable performance based on a mathe- 
matical prediction. Ir ^tjie .mathematician makes a^^M^take the 
manufacturer Ijoses money ^(ana the mathematic^^irfl^ay los^ his Jobl) 

Other kinds 'of nevi mathepi^tics 
much to produce, how best 
too much overtime, and whe 
shipi^ing costs < 

In the Detroleum'indu 



asiness men decide how 



.e "production to ayoid paying 
to build nev/ plants in order to reduces 



mathematics is used extensively in 



decMing how many oil wells \p sink and v/here to drill to get the ^ 
most oil "from' an oil field at t^:i^ least cost. Mathematical tech- 
niques al^o help the gasoline manufacturer to decide how. much gas- 



oline .of. imr,ious qualities to re|*ine from different crude' 
petroleums.! ^' . ^ y ^ - 

In all these buslne.sses and. industries ,. in univei^sities and 
government agencies as v/ell, the mathematics of computing and the 
big n€vi electronic computers-are vjidely used. . . 

V/hy is' mathematics nov/ used in"s£ many areas ? One reasQn is 
that mathematical reasoning, and the kinds of mathematics .already 
developed, provide a p^cise v/ay to descr*ibe complicated situ- 
ations an'd to analyze difficult problems. TheManguage 'of mathe- 
matics is expressed in shorthand symbols, all precisely, defined,^ ^ 
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"and used according to definite logical i*ules^ This often makes - 
it possible to study, problems too complicated to Visualize. " r 
Frequently, mathematical reasoning' predicts the possj^il^jby"'or- 
impossibility of a scientific experiment*. Sometimes,' the most use- 
ful answer a mathematician can -find is to prOve beyond que^lon ' 
that the problem (or/ihachine, or system^ or experiment) being 
studied is impossible. 'The mathematical ^ work may also show why the 
problem is imposslb^le in the present form and 'may jsuggest a v;ay to ^ 
get around the difficulties. , ' ' . 



Mathematics . as a Vocation ' • 

-Before febrld War II almost all mathematicians yere employed -as 
teacher^-^^-^chools and colleges.- Sinpe then, the world of 
mathematics and the world of mathematicians have changed tremen- 
dQusly. Today there are more' teachers of mathematics than eve;> * 
-before. In junior apd senior high qcho'ol there are about 50,000 
people who teach mathemat'ics . There* are about' 5,000 more teachers 
employed ip colleges and imlversi ties. ^ But now (1960),* in business, 
industry, and government theVe are more than 20,000 persons v;orl«4ng 
as mathematicians. 

The Federal Government hires mathematicians in numerous 
agencies for many' different assignments. LiT:erally thousands of ^ 
people work with computers an'd compute""? mat;hematics\ 'Industries 
of ail t(7pes are hi^iing^ mathematicians to s'olve epmplex mathe- 
matical problems, ^t^^r^elp other workers: with mathematical diffi- 
culties and even* to* teach mathematics to other emplgyees. 

These crhanges have been brought about by the revolutionary 
advances In^science and technology which were tal'ked about. 'These * 
changes are still continuing. 



1-7. ^ -Mathematics in. Other Vocations ^ ^ 1^ 

Many , people who are not primarily mathematicians need to know _ ^ 
a' lot of mathematics', and use It almost every day. fphls has long^,,**^ 
been true of engineers and physicists. Now ttiey fj.nd It necessary 
to use evep more advanced mathematics. Every new project In air- ^ 
craft. In space travel, or In electronics demands greater skills 
from the engineers, sclentis^ts, and 'technicians : 

Mathematics is now being widely used and required in fields ^ , 
such as social sWdi^s, medical science, psychology, geology, and.^, 
lousiness admlQlstratlon. Mathematical reasoning and many kinds ^^j^' 
mathematics ^re useful in all these fields. Much of the use of 
electronic compu^^r^ in business and Industry is carried on by 
people who must learn more about mathematics and computing in order ^ 
to carry on their regular Jobs. To work in many such Jobs you -are 
required to know a lot about mathematics. ' Merely to .understand 
th,ese- phases of modeijn llTe, and to appreciate them enough -to be- ^ 
a good citizen, yoi|^eed'to know "about mathematics.. /v" , 



1-8. Mathematics for Recreation 



urn 



Just as music is^^he art of .creating bea^y 'With sounda,>^d' ^ 



painting is. the a^ of creating beauty with colbrs^and ^bapel^,/i§6 



mathematics is the art of creating beauty with comb^lnatlons of 
ideas. Man;^ people enjoy mathematics as a fascinating hob&y. 
Many people study mathematics for sfun Just as othgr people en J 
music or painting for pleasure • ^ C - ~ < 

For many thousands ^f yeaops people have ej>Joyed wcWclng ^ 
various kinds' of problems. A good example of this is a problem 
concerning the Konigsberg Bridges. In the early 1700*s the Qlty . 
of Konigsberg, Gei*many was connected by seven bridges. Many 
people in the city at that time were interested in finding if it 

were possible to walk through the city so as to cross each brld^ge, 

' 11' 
exactly once. I * 



Prom the diagram showing these bridges, can you figure out 
whether or not this can be done? You may be interested iA knowing 
that a mathematician answered this question in the year 1736. 




Figure l-8a 



\ Figure i-8b 



'/ Figure l-8b will help 'you see* the various ways of walking 
through the city using the l^ridges to go from one' piece of land', 
to another. Use^ C in place of the piece* of land -to the noryi and 
D, the land to the south. A is the^land and B. 1^ the land to 
the, east., Tfhe lines leading 'from A, C, D, and B show' routes 
across ,the bridges to the various pWts of the city.' The 'bridges 
are lettered a, b, .c, d, e, f, At points B, C, arfd D three 
^Eoutes come together and- at point A five 'routes meet. ' \ 

Several kinds of mathematics were developed by, mathematicians^ 
as ^^result of their work on such thought-provoking^problems as 
this one. ' 
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" ^ Exercise 1-8 ' ^ , * ^ 

♦i. Of the three figures shown, two can be .drawn without lifting 
your pencil or retraclngj^ a line, while the other cannotC 
Which' two dan be drawn without going over any lines twice and 
without crossing any Tines? 




/ 




3 



\ ■ 
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Chapter 2 ' "■ - , ■ 

- ' " ' • NUMERATION , • 

2^-1 . Caveman' s Numerals I - 

In primitive times, m^n were probably aware -of simple niombers 
in counting, as ^n counting "one deer" or "two^ arrows". Primitive . 
peoples learned to use nvimbers. to keep records. Sometimes ^hey^ 
tied knots in a rope, or used a pile of pebbles, or cut marks in ^ 
sticks to^'represent the niamber of objects counted. * A boy count^ig 
sheep would have f o^^o pebble^, or he mightjnake notches '.in a 
stick, as ^uuiti 1 . One pebble, or one *mark In the stick would 
represent a single sheep. The same kind of record is made, when 
votes in a class election are tallied as, 1tli. f\ . When people 
be^an to make mai*ks for numbers, by making scratches, on a stone or % 
in the dirt, or by cutting notches in a stick, they were writing 

^the first njomerals. " Numerals «-are symbols for niimbers. Thus the 
niimeral>"7'" is a symbol for the number seven. Numeratioli is the 
study c/a how symbols, are written to represent numbers. i^il*^ 

^ *^ As cent^rtJes passed, early people used sounds, or names*, for 
numbers*. Today a s,tandard set of names f*r niimbers Us used. A / 
rancher, counting sheep compares a single sheep with the name "gne," 
and 2"sheep^ Vith the name "ifwo" and so on. Man now has both 
symbols \l, 2, 3, . . .) an^- words (one,' twjO, three^* . .) which 
may be used to represent numbers. y 

Ancient Number Systems ^ > - ' ' * • 

One of. the earliest .system^ of writing numerals of which ther^ . 

is any record is the Egyptian. Their hierogljrphic^ or picture, * 

numerals have been traced, as far back "as 3300 B.C. Thus, about • 

* • -* ^ 

5000 years ago, Egyptians ^rfiad developed a system withi which they 

could eJcpress numbers up t?o millions. Egyptian symbols are shown , 

" *^ i 

on the -foliowipg pager^' . . 
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Our Nximber 
1 

10 
100 
1000 
10000 • 
100,000 
1,000,000 



Esyptlan Symbol 

. n 
. 9 



OBJect Represented . 
stroke or vertical staff 
heel bone 

coiled rope or scroll 
lotus flower «• 
pointing finger 
burbot fish (or polliwog) 
as^ionished man 



These symbols were carved on wood or stone. The Egyptran 
system was an improvement over the caveman's system because it 
used these ideas: 

1. ^ A single symbol could be used to represent the nximber of 
objects in a collection. For example, the . heel bohe' represented 
the number ten. , 

2. "^Symbols were repeated to indicate other nximbers. ^e 
group of symbo;Ls ?f>? meant 100 +• 100 + 100 oi? 300. 

3. Thi;3 system was based on groups of ten. Ten strokes make 
a heelbone, ten heelbones make a scroll, and.»so on. 

The following table shows how Egyptians wrote numeral^: 



T3" 



20_^200_ 



Our numerals 



11 



"19^ 



Egyptian 
numera^Ls 



ni 



nniii 



1 nnn ni 

a (9 99 



9 
?9? 



nn III 




'. About 2000 B.C., the. Babylonians Wrote on. cuneiform^Tralalets 
nlade of clay wlth^a triangular stylus. With the stylus a mark 
was made or^ the clay to represent the number "one". By turning 
the stylus-, they made this symbol ^ for "ten*^. They combined 
these symbols to write numerals up to 59 as shown In the table 



below: 



Our * numerals 


•5 


13 


52 


59 


Babylonian ' 
numerals . 


fir 

.11 . 


<!!! 


«<n 


« 51! 






27 , 




• 



Numbers above 59 are difficult since the' Babylpnians developed 
a crude place value but had no zero symbol by which missing groups 
could be indicated. One and sixty are represented by the same . 
symbol . . , ' / 

The Roman system was used for himdreds of years. There are 
still a few places at the present time where these nimierals are 
used. Dates on cornerstones and chapter nimibers in books are 
often v/ritten in Roman Numerals.' 

Historians believe that the Roman, nimierals cdme from pictures 
of fingers, like tnis: |, ||, Mi, and'ilM- The Romans then 
used a hand for five!,, ^ Gradually some of the marks were 

omitted, and they ppte V for five. Two f;Lves put together made 
the symbol for ten, Y^. The other symlDols v/ere letters of their 
alphabet. The following table shows the other. letters used by the" 
Romans : 



Our Numeral 


1 


5 


10 


'50 


100 


500 


1000 


Roman Numeral 


I 


V 




L 


* C 


D 


M 



. In early times the Romans repeated symbols t^o make larger 
numbers in the s^me way that the Egyptians had dcJne many years 
before. Later> |the Romans made use of a subtraction convention in 
order to represent a number with fewer symbols. 

The values I of the Roman symbols are added when a symbol rep- 
^^reAenfr\ing^^ 4&rj5e^number is placed, tp the left in the. numeral,. 
NOXJLXVI = :l,0'00 + 500 + 100 + 50 + 10 + 5.+ 1 = 1666. 
DLXI = 500 + 50 + 10 + 1 = 561 - '\ 

Iflien a symbol representin^a. smaller value 'is v/rltten to the 
left of a symbo:. representing a larger value, the smaller value is 
'^'^'^'^'^'^Bttb^r^ate^JjE^om^^ larger*. ^ ' - ' 

'■^ IX = 10 ^ 1 9. 

XC'=.100 - 10 = 90r^^./^^^ 
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The Romans had restrictions on subtracting; 

1. V, L and D 1[ symbols representing nxxmbers *that start 
^ ' with 5) 'are never subtrac«ted, 

2. A number may be subtracted only^ in the follovdng cases: 

I can be subtraptqd from V and X only. " 
X can be subtracted' from L and C only. 

• t 

C can be subtract^ from D eind M only. 
Addition and subtraction can both be used to V/rite a number. 
First, any number whose symbol is placed to show, subtraction is 
subtracted from the numbefr to its right; second, the, values found 
by subtraction are added to all other numbers in the niimeral, 
CIX = 100 -f (10 - 1) = 100 -f 9 = 109x 
MCMLX 1,000 -f (1,000 - .100) +.50 ¥ 10 

= 1,000 + 900 + 50 + 10 = i960. 

Sometimes the Romans wrote a bar over a nixmber. This multi- 
plied the value^ of the symbol by 1,000," / . ' 

X = loToOO, ' '5 = 100,000, and lon = 22,000. ' 

There were many other ntirnber, systems used throughout history: 
the Kore.an,, Chinese, Japanese, and Indian systems in Asia; the 
Mayan, Incan, and ^Azt^c systems , of the Americas; the Hebrev/, Greek, 
and Arabian systems- in the Mediterranean regions, 

Exer'cises 2-1 ^ * ^ , 

1. Write the follovriLng numbers using Egyptian numerals: ^ 

a. 19 _ b. 53 - c. 666^ J id. i960. . ^ ' , 

2. The Egyptians usually followed a pattern in v/riting large 
numbers. However, the" >meanings of their symbols " were not 
£hange^*'if the order- in' a numeral was ^changed. In what 
different ways can tv/enty-two Joe v/ritten jv> .E^zyx^tian notation? 

3. Write our numerals for each^of the following numberfif: 

^ III • ^ nnn 

a. t?v G^ r 11 . b. 2: i nn 'J 

c. inn 111 . d. 

Ill ^ . ^ ^ . 
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4. Write the f o;j.lowing niombers in Babylonian numerals: ^ 

' at 9 " • b. 22 c, 51 ^ 

5. V/rite our niomerals for each of the following numbers: ' 

o. Write our numerals for eac^ of the following numbers: 
a. XXIX b. LXI., c. XC d. CV e. DCLXVI 
f . " MCDXCII 

7*. Write the following numl)ers ±n Roman numerals: 
a. .19 b. 57' c. 888 d. 1690 
-^'eT^ 15,000 . . 

8. Write each of these pairs of numbers in our notation, then add 
the results and change the answer to Roman numerals. 

a, , MDCCIX and DCLIV I ' 

b. MMDCXL and MCDVIII 

9. Explain the. difference in ij>6aning of the Roman III and the 
decimal notation. 111, 



2-2. Th£ Decimal Systeip 
History and Descri^ion 

All of the early number systems are an improvement over match- 
ing notches or pebbles. It is fairly easy to represent a^number in 
any of thSm. It is dif f icult vto use them to add and multiply. 
Some* instruments, like the abacus, were used by ancient peoples to 
<lo arithmeticf prpblems . 

' The way numer^s are writ?ten in our n\amber system was de- 
veloped in India. Arab scholars learned about these ntaraerals and 
carried them to Europe. Because of this, our numerals are call-ed- 

Hindu-Arabic numerals. It is interesting to note that most AralDS 
> 'I _ 
have never U3ed these" symbols. Because our system uses » groups of 

ten, it Is called a decimal system. The word, decimal comes from 

the Latin word "decem", which means "ten". ' . • • 

The decimal system is used in most of tbe world today because 

it is a better system than the other number systems discussed ih - 

the previous section. 
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Long ago man learned that it v4s easier to .count, large numbers; 
of objects by grouping the oi) jects . \ The same idea is used today 
when' a dime is u&ed to represent ten pennies and a dollar is used 
to represent a group"^ of .ten dimes. Probably the reason that a 
numeral sys.tem is use<i in which objects are grouped in te,ns,is that 
people have ten fingers . This accounts for the fact that the ten 
symbols are called "digits" when they are used as niom^rals. With 
the ten digits, Q, 1, 2, 3, 4, 5j 6, 7, 8 and 9 any whole nioinber 
can be written, 

* Other ways o^ grouping have been used. The Celts in Europe 
and the Mayans in Central America both used groups of twenty. Some 
Eskimo tribes use groups of five. 

The decimal system uses the idea of place value to represent 
the size of a group, jphe size of the group represent.ed by a symbol 
depends upon the posiVion of the symbol or digit in a numeral. The 
symbol tells us horw" many of that group there are. In the numeral 
123, •the iil" rwresents one group of one hundred; the "2" repre- 
seni»^two groups of tfen, or twenty; and the "3" represents three 
ones," or three. This blevfer^. idea of place value makes the decimal 
system th^ most , convenient system in the world. 

Since grouping is by tens in the decimal system, its base, .is 
ten. Because of this, each successive (or next) place to the left 
represents a group ^en times wiat of the preceding place. The ,^ ^ 
first .place tells us how many groups of one. The second place tells 
us hov/ many groups of ten, or ten times one. (lO x l) , The third 
place tells us how many gr9ups of ten times' ten (10 x lO), or one 
hundred; the next, ten tilnes ten times ten (10 x 10 x 10), ~ov one 
thousand, and so on, ^By using a base and the ideas of place value, 
it is possible to write* any number in the decimal system using only 
the ten basic , symbols . There is no limit to the size of nujnbers 
which can^^be represented by the decimal system. 



\ " ■ ' ■ 
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\ * » ' 

To understand the meaning of the number represented by a 
numeral sWh as 123, you can add the numbers represented by each 
symbol. Tmis 123 means (l x lOO) + (2 x lO) + (3 x l), or 
100 + 20 + The* same number is rept»e3ente.d by 100 + 20 '+ 3 and 
by^ 123. Whe\i ypu write a numeral such as 123 you are using 
number. symbolsX phe id^a of place value, and base ten. 

One advantaige of our decimal system is that it h^s.a symbol 
for zero. Zero is- used to fill places which wouldJ^therwise be 
empty and might lead to misunderstanding. The numeral for three 
hundredvseven is 307. Without a symbol for ?:ero it might be 
necessary to write \3-7. The meaning of 3-7 or 3 7 might be con- 
fused. The origin df the idea of zero is uncertain, but the Hindus 
were using a symbol for zero about 600 A.D., or possibly earlier. 

The cjever use oy place value a'nd the symbol for zero jnakes 
the decimal systenfonA of the most., efficient systems in /tbe world. 
Pierre Simpn Laplace (17^9 - l827), a famous French matHefeatician, 
called the decimal systerrf one of the world* s most useful 'intentions . 



Expanded Numerals and^ Exponential Notat^ian 

The decimal system of writing numerals has a base ten. ^ ' 
Starting af ^the units plabe, ,each place to th'ig left has a value ten 
times as large sis the place to its right. The first six places 
from the right to the left are shown below: 

4 » > 

hundred thousahd ten thqusand ' ^ thousand hundred ten one^ 
(lOxlOxlOxlOxlO) (lOxlOxlOxlO) (10X10X10) J[ 10X10) ^ (10) (l) 

'Often these values, are written more briefly, by using an exponent 
above the 10. This exponent shows, how many lO'^s are multiplied. 
Numbers t^at are multiplied are called factors . In this way, the 
values of the places are written and read as follows: 
(10 X 10 X 10 X 10 X 10) 10^ "teYi .to the fifth power" 

(10 X 10 X 10 X 10) 10^ ."ten to the fourth power" 



(ib.x 10^ ' 10^ "ten to the second power" 
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(10 X 10 X 10) 10^ ' "ten to the third power" 

10 

'32' 



24 " 



(10) * lO-'- "ten to the first porter" 



(1) 1 • "one" 

w2 



In an expressiofi as 10 , the number 10 is called the base and the 

numbei? £ is called the exponent. The exponent tells how many times 
• * 2 

the base is taken as a factor in a produ^jt. 10 indicates (10 x 10) 

2 

or 100., A nximber such as 10 is called a power of ten, and in this 
case it is'the\ second power of ten. The exponent is 'sometimes 
omitted for the first power of ten; 10 is usually written, instead 
of 10^. All other exponent's are always writteti. Another way to 
write X ^^x|4) is 4^^, where 4 is the base, and 3 is the exponent'. 

^How can the meaning of "352" be written with exponents? 
352 = (3 X 10 k 10) +*(5 X 10) + (S X 1) 

<^ (3 X 10^) + (5 X lO-*-) + (2 X ij. This, is called expanded 
notation ^ 

Exercises 2-2 

1. Write each of the *following using exponents. ^ 

a. 3 x^ 3x3x3x3 

b. 2x2x2x2 
;.'c. 5x^x5x5x5x5 

d. , 4 X 4 ' ^ . 

2. Five is used as a factor how many times in each, of the 
■' follovring? 

a. 5^ • ' * - ' 

b. 5"^ . 

c. 5^°- . , • . : 

'3. Write each of t)^ follr>wing without exponents^as ^ 

2^* 2 X 2 X 2 . , ' ■ 
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\ " a. ^ 43 ^ • _ . 

c. '33^ . 

■4. What does an exponent denote? - 

5. Write each of the following expressions as shown in the 

example: 4"^ means 4S< 4 x 4 = 64. 

a. 3-^ ; d. -2^ X 

' b. -/ 5^ . . e. • 6^ 

■ c. 4^* - - ■ f. . 73 

. 33 



6. 



7. 



8., 



9. 



10. 



^11. 



V/hich numeral represents the larger number? 
a. 4^ or" 3^ . b. 2^ or 9^ 

V/rite the following numerals in expanded notation as, shown in 
the example: 210 = (2 ^ 'lo'^) ~+ i^' x IV^"^ (O x l) _ 

a. 468 ■ c. 59.126 

b. 5324 - d. 109, l8a 

What Is the relation between the exponent of' a power of 10 
and the zeros when that number is written in decimal notation? 
Writg the following nvimerals with exponents : ' , ^ 

a. 1000 c. 1,000,000'' 

b. . 100,000 ' d. one. hundred million 

A mathematician v;as talking to^ a group of arithmetic students 
one day. They talked about a large niimber v/hich they decided 
to call a "googoT". A' googol is 1 followed by; 100 zeros. 
Write this with exponents. ^ 
What is the meaning of 10^? of lO"*"? 
be the meaning of 10°? 



What -do you think should 



2-3. 



Numerals in BaXe Seven 



Some of the characteristics of decimal numerals may have 

escaped your notipre simply because the niimerals are so familiar. 

A study of a system of notation with a different base should 

i^^ease yoiir upnerstanding oX decimal numerals. 

/ L^t us s^ how to -write numerals:. in "base seven notation. « This 

time it is necessary to work with groups *of seven. Look at the x^s 
« * • ^ 

below and notice how they are grouped in sevens with some x<s left 



over. 




X X 

X x 
X 



Figure 2-3-a 



1 



(x X X X X 

V^x x^ 

Qc X X x_x X x^ 




X 
X 



Figure 2-3-b 



ir 
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.In Mgure 2-3-a there is 'one groiip of seven and five more. 
The npjneral is written ISgeven-' numeral, tlje^ 1 indicates 

that there is one group' of seven, and the 5 me^ns that-ttiepe are 
five ones.. - * 

In figure^ 2-3-b how many groups of seven are there? How many 
x<s are left outside the groups oT seven? The numeral representing 
this number of x«s is 3^^^^^^^. The 3 stands for thr^e groups of 
seven, and the k represents four single x«s or four ones. The 
"lowered" seven merely shows that the base is seven. 

When grouping is in sevens "the .number of individual objects 
left can only be zero, .one, two, threes four, five, or six. 
Symbols are needed to represent those numbers. Suppose thd^ Tamilla] 
0, -1, 2, 3, 4, Sand 6 are used for thess rather than new symbols. 
As you will discover, ho other symbols are needed for the base 
se^ven system.': — ^ 

If the x»s ^re marks for days, 15^^^^^ is a way of writing 1 
week arid five days. In our* decimal system this number of days is 
"twelve" and is written "12" to show one group of ten and two ' 
more. ^ The base name in our numerals is not written *3ince everyone 
knows vrfiat the base is. ' ' * . 

The name "fifteen" is not used ^'or 'l5gg^g^^ because fifteen is 
1 ten and 5 more. 15^^^^^ shall be read as "one, fi^e, base 
seven". ■ • • 

Notice that in base ten, one, two, three, four, five, six, 
s^ven, eight and nine are represented by single symbols. » How is 
the base .pmber-^ "ten "'^eptresented? This representation," 10, means 
one group of ten and zero more. 

With this^idea in mind, think about counting in base seven, \ 
Try it yourself and compare with the following table, filling iri 
the nvunerals from 21^^^^^* tp 63^^^^^. In this table ^the "lowered" 
seven is omitted. 



' Counting in Base Seven 



Number \ ^ Symbol Number , Symbol 

1 one, four , 1^ ^ 

2 one, five 15 

3 ' • one, s^x ^ l6 



one 
'tv/o 

thres * 

•fo\ir ' ' ^ t^'^o^ zero^ ] 20 

*six 6 ' — ^ ' ; • 

one, zero ' 10 * si^x, three . -63 ~ I - 

.one,' one 11 six, four o4 . ^ 

one, tv7o 12 six, five o5 , 

one, three 13 • six, six • v bo ^ 

What would the next numeral after 66^^„^^ be? Herfe you would 
Ij^ave 6 sevens and 6 ones plus another one. This equals 6 sevens 
ancL another seven, ^that is, seven na^ve^. How could (seven) be 
repj»esented without using a new symbol? A new group is, introduced, 
'the (seven)^ group. This number would then be written' 100^^^^^. * 
What does the ntunber really mean? Go on from this pQint and write 
a l^ew more numbers. What would be the next numeral after ^66^even^ 

Now you. are ready to write a likt of place values for base 
seven. - - ' ' * ^ 

Place Values Tn Base Seven 



(seven) 



^ t seven)'' ' ( seven) (seven) (seven) (one^ 



Notice that each place represents seven times the, value of ^he , 
next place to tfie right. The first place on the right is the one 
place, in both the decimal and the seven systems. The value of the^ 
second place is the base times one . In this case what is it^^? The 
value in the third place from the right is (seven x seven),. and In 
the^ next place (seven x seven x seven) .* j 

What is the decimal name for (seven x se<^en)? It is Necessary 
to use this (forty-nine,) when changing from base seven >tO'ib as e, ten. 
Show that the decimal numeral for (seven)^ is 3.43. What tYie 
decimal numeral for (seven) ? ' , ^ 

\ . ^ 



Er|c 36 



28 



7 



it- 



Using the chart above, you can see that 
-^'^^seven ^'^^ x -sevey x seVen) + {k x seven) + (6'x one). 

. The diagram shows the actual grouping ^presenteid by the 
digite 'and the place values in the numeral 2k6 " 



seven* 
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X xS^ 


^^x 
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X 




X x^ 




X X 


X" 


':x 




1 Cx X 


X 


X 


X 


xxP 1 


<X X 
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xjx^ 




X 


X 


X 




1 .^x^x 


X 


V 


X 


X ^X^ j 


(x X 


X 


X 


X 


X x) 


'(x^x 

l"^ — 


X X 


X 


X 




•*l Q: X 


X 


X 


X 


X x]) I' 


(x^ X 


X 


X 


X 


X x) 


l(^x 


X X 


X 


X 




I C^i^ 


X 




X 


X ^x^j 














X X 


X 


x^ 




1 X 




X 


X 


X / 














X* X 


X 


X 




X 


X 






X yi^l 
- — y 













XXX 



X X' X 



(2 X seven x seven) . * (4 x seven) (6 x' one^ 

If you wish to writ^^ the numKir of x«s above in the decimal 
system o% negation fou may v/rite: 

^^^seven =(2x7x7-) + (i^ x 7) + (6 x 1) 
= (2.x ^9) / + (4 X 7) + (6 X 1) 

98 + 28^' +6 ' ■ 



Regroup , the x^s above to sho\7 that there are/i (ten x ten) 

group, 3 (ten) groups/ and 2^nore. This should );ielp you Ainder stand 

that 2^6^^„^„ = 132, ^^-^ ' ' 

, seven ten f 

, Sxercises 2-3 ^ • " . 

<> 

-1. Group the x«s below and write the number of x«s in base seven 
natation: . ^ * 

a • X X x X X 



-JC X X X X^' 

/ 

X X X X 
X X X X 



b. X X X X X X X 'x X 
xxxxxxxxx 

z — ~x-yr^x x^*-x "X" x x 

XXX' XXX. XXX 

xxxxx'xxxx 
xxxxxxxxx 

XXXX'XXXX 




Draw x^s-and gr^oup theni to show the meaning of^ the following- 
numerals. • 
26 1 • b. 101 ' 



seven 



seven 
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3. •Write.eaoH' of the following nunie1?als in expanded form and then 
in decimal notation. 

seven ^ • seven / 

4. Write the next consecutive numeral after each of the following 
numerals . 



a . 6 v^/^ c . 666 ^ 

seven * 'seven ^ 

' 'b. 10/^„^„ , d. 1006^^„^^ 

seven r seven 

5. What is the value of the '*6" in each of the following numerals? 

' a/ 560 b. 605 ' - - ' c. 6050 

seven -^seven . -^seven 

6. In the ba^e seven system write the valjie of the JTifth place 
counting left from the units place. 

♦7» Whal^ /lumeral in the .seven syst^ represents the number named 
by six dozen? 

'8* Which number is greater, S'SO^^^^ o^-205^.^„? . * 

S6V6n , u6n 

9. Which is smaller, 2125gg^g^ or. 75^^^^? 

10. A number is divisible by ten if a remainder o# zero i.s ob- 
tained when the number is divided by ten. 

a. Is 30,^^ divisible by ten? Why? 
• - ten */ , ^ 

. b. ""is 2kl.^^ divisible by ten? Why? 

uen ' " 

c. How can you tell by glancing at a base ten numeral whether 

the numer.is divisible by ten? 

*:il. a. What would the phrase "a counting nuuber i"» divisible by 

seven" mean?- , 

" U. Is: SOg'g^g^. divisible by se^ven? Why? 

*12. StaJte a rule for determining when a numtir written in ba^e 

seven is divisible by seven. 

^ You should ^ee**from problems 10-12 tnfet the way of determining 

whether a number is divisible by ten, depends on the system in which 

it is written. The rule for divisibility by ten in the decimal 

system* is similar to the rule^lfor divisibility by s^ve'n in the base 

seven sys^tem. 
1 



0 ' 
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*13. Is llggygn an even niimber or an odd niamber? Can you tell~^^ 

simply by glancing at the following, which represent ^ven^or- 
odd numbers? . • • ^ . 

.\ -^i?seven^— ?fe€ven' -^^seveYi' ^^seven' ^^seven* 

What-cdujid you do to t^ell? ' ^, 
^ He r^ again a rule for divisibility .in base ten will not work 
"for base s#ven. Rules for divisibility seem ta depend on the base 
with xhich .you are working. 
*14. On planet X-iOl the pages in books are numbered in order 

as fQllows; 1, Z* A. * ° • ^ ^ ' ® , 1-, ll,.l/, , 

16 /'-ID , JLQ , IB , /_ 1, anS^so forth, , What seeiAs 

tO'>be the base of the numeration . system these people use? 
^ Why? How would the next niimber after / 1 be written? Which 

synibol corresponds to our zero? Write numerals for numbers 

from □ - to SA. 
*15. Find -a* r,ule for determining v^^hen a niomber written in base 

seven is divisible by two,^ _ • ' " ' 



\ 



39^ 
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2-4. * Computation in Base Seven 

^-.. Addition N ^ 

In the decimal, 6r base ten, (system there are dOO "basio" 
addition combinations. In^^ase seven, an addition table has only 
49 basic combinations. Computation in base seven can be under- 
stood bes^ by first making an addition table for ba^e seven ^ 

Exercises 2-4-a 
1 . Make a chart to show the basic sums when the numbers arfe 
written in base sevea notation. Pour sums are supplied to 
-Tielp you. - . ^ . i , ^ 





0 


1 


2; 


3 


4 


5 


♦ 

6 


















1 






V 


4 








2 










6 






3 












11 




4 














13 


5 
















6 

















2. DrsCw a diagonal line from the upper l.eft corner to the lower 
right- comer of the chart as" shown- at tiie right. 

a. , "is 3^+4 the same as 4 f 3? 

b. Hov/^ould the answer to part 
^ ' a) be determinefr from the 

chart?^ 

c. ^ V/hat do you notice ^about . * 
, the tvjo parts of^ the chart? 

d. V/hat do^s this tell you Sbout \he number of different 
combinations v;hich must be mastered? 




- '52 ' 

e,. Which would be easier, to learn the necessary multipli- 
cation combinat,ions in base seven or in base -ten? Why? 

< f • ^^^P' \en ^ten ^seven ^seven. Are the results 
^ eqUal; that is, do they represent the same niomber? 

The ansv;er to problem 2 f is an illustration of the fact<that 
a number is an idea independents of the numerals used to write its 
najiie. Actually, and 12^^^^^ are ^wo different names, for the 

samfe number. ^ ' - * 

Do not try ^o memorize the addition combinations for base 
seven. ' The va2aa^ in i|iaking the table lies in the help, it gives 
you in understanding operations with niombers. 

The table that you completed in problem 1 of the last set of 



%xprcises shows t^e sums of p^lrs of niombers from zero to six, 
^ctually, little more is n^d|d to enable us to add larger numbers> 
In order to see what el^se JLn* needed,' 4et ijs consider^how to add in 
^se ten. \7hat aire the sjeps 4h your thinking when. you add numbers 
like tv;enty-five and forty-eight ^Ln the decimal notation? 

"25 '= 2 tens + 5 ones = ' ^ 25 

= 4 tens + 8 ones = ^ ^ 48 

^ ^V"^6 tens ^'13 ones = 7 'tens + 3 ones = 73 

' Try adding in* Ijase , seven: "l4 - ^ + 35 

^ o V seven -^seven 

r 1 ^ seven h- 4 ones (You may look up the sums 5+ 4 and 

3 sevens + J ones 3 + 1 in the base seven* addition table;) 

4^ sev^s + 12 ones 5 sevens + 2 ones = 52 

^ • ^ t ^ seven 

How are the two^ examples alike?. How are they tlif ferent? When is 
is necessary t5' "cayry'* (or ^egroup)^ in the ten system?, V/hen is it 
necessary to "carry" (op regroup) in 'the seven system? 

^ Try your skill in addition on the Jfollowing problems. Use the 
addition table "^or ^the basic siims. ' , 

A^seven«» ^^seven ' ^^seven ' ^^^seven ^^^seven 



seven 

'21s^en 3even 3even i^seven f^s,even ^seven 

The answers in order are •55„^,,^^i' ^106 i 60 v i 362>^^ , * 

seven' S(aven' Ro\Vin^ s^Ven 



xne ^swers m oraer are -y^^^^,^^, '-L^^even' ^%eXn' 
^^^^s'even. 'and 1^21^^^^^. ■/ ■ • V 



Subtraction 

pow did you learn to subtract in base ten? You^ probably used 
subtractipn combinations sucl> as 1^ - 5 until you were thoroughly 
familiar v;ith them. You knov; the. answer to this problem but 
suppose," for the moment, that you did not. Could you get the 
ansv/er from the addition table? You regally v;aht to ask the follov/- 
irig question 'Vhat Is the number' which, v/hen added to 5, yields 

^ The idea discussed above Is used in eveVy subtraction problem. 
One other idea is needed itr, ^nany problems, the- idea of "borrowing" 
or "regrouping". This last idea is illustrated below for base ten 
to find 761 « 283: ' 

7 'hundreds + 6 tens + 1 one = 6 hundreds + 15 tens + 11 ones = 761 

2 hundreds -f 8 tens -f 3 ones= 2 hundreds 4- 8 tens 4- 3 ones = 283 

k hundreds + . 7 tens + 8 ones = 478 

Now let us try subtraction in base seven. How- would you find 

6 * ^ 2„^„^^? Find 13„^„^„ - How did you use the 

seven seven seven seven ^ 

addition table sfor base seven? Find answers tp the following 

subtraction examples: • i 

IS 12 11 IS 13 ^ 

"^seven seven seven -^sevjen seven 

6 4 6.5 4 ' ^ 

seven ^seven seven seven seven 

The answers to these problems are 6^ • Sgg^g^, ^^^ven, 

6 ^\ and 6 . 
seven' seven* 

Let us work a harder subtraction problem in base seven 

comparing the procedure with that use^d above: , * 

^ - 4. sevens + 3 ones = 3 sevens + 13 ones = 43„^„^„ 
seven , seven ' 

^^seven ' ~ 1 seven 4- 6 ones = 1 seven 4- 6 ones = ^^geyeri' 

2 sevens 4- 4 ones = 24„^„^^ 

seven 
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. Be sure to note that "13 ones" above is in the seven system 
and is "one seven, three ones." If you viish to find the number 
you add to 6^^^^^ to get -IS^g^g^, how can you use the table to 
help you? Some of you may think of the nura"- ^r without referring 
to the table. ^ ■ 

Practice on these subtraction examples: 



^ seven -^seven ^ 'seven ^^spvon 503, 



seven ^ 'seven ^ seven -^^seven 
' ^seven ^seven' f^seven f^seven i^^^sever 
The^answers ,re 42^^^^^, 23^^^^, 5^^^^^, 1563^^.^^ and 333^^^^^, ^ 

Exercises 24-'b 

1. Each of the following examples is v;ritten in base seven. Add 

Check by changing the numerals to decimal notation and adding 
in base ten as in the example: 

Base Seven Base Ten 

13 



16 

seven 

23 ' 
seven 



17 



seven v - 



Does 42^^^.^^ = 30? 
sej^en , 

a. 25 b. 56 

-^s^ven • seven 

31 PI 

seven ^ sfeveri 



c. 160 ^ -f ^!30 

seven seven , * ^ 

-d. 403 + 563 

seven seven 

®- 6245^__ + 5314 

-^seven seven 

f. 645 + 666 

-^seven seven , * 

2, Use the base seven addition table to find: % 

a. 6 - 4 b. 11 ' . -4-' 

^seven seven \ seven seven 

c, 12 1 5 

seven -^seven 



3. 



35 



Each of the follov;ing examples is vn?itten in base seven. 
Subtract. Check by changing to decimal niimerals. . 
a. 10 b. *65l 



seven 
^seven 



'seven 
26' 

— seven 



c 

e , 
f , 



seven - -^seven 

502 - 266 

seven * seven 

63n . 52 

2 

seven seven 



seven 
3*^51 



seven 
2l6i^ 



^. Show -by grouping x's that: 

a. ^\ twos « 11„'„^„ ^ ' 

seven 

, • b. 6 threes = 2^^^^^^^ 

seven 

Multiplication 

In ordfer td multiply, a table of basic "multiplication facts 
is needed. 

Exercises 2-4-c * 



1. Complete the multipJLlcation table below for base seven. 

Suggestion: To find ^„^„^^ X 3^^„^^ you could wi^e^four 

seven seven ? .j^* 

x's three times.. ^d regroup to show the base seven ^numeral. 
Better "still, you might think of this as 3^^^^^^ + '^seven 

3 ' + 3 * ' ^ 

seven . seven. ' ■ ^ 

Mltipjication. Base Seven 



X' 


0 


1 


2- 


3 ■ 


\ 


5 


6 


0 
















1 














■ A.. 


2 
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13 




3 
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35 
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2. ^ There are fewer entries in the base' seven table than in the 

•table for base ten. MVhat does this fact tell you about the 
Qase of learning multipflcation in base seven? 

3. Imagine the diagonal line dravm from the "x'' sign to the lower" 
right-hand comer of the last table.' 

a. How are the entries above the diagonal line related to 
those below it? 

b. V/hat fact does the observation*^ of part a tell you about 

3 X h *> 

seven • seven* 

Use the base seven multiplicatiion table to find the following 
producLs. 



523even. ^'^seven ''^heven " ^^heven ^^^''seven 
Liseven ^^^seven >< \even ^ >< ^s^even >< ^seven 



The answers are 2l6^^„^„ , ' 303 2314 2^2 -^ihnf; 

seven' ^seven, ^^-^^seven' seven' 31'..05 

Check the multiplication 
shown at the right and then answer it 5 

the folloiving -questions. How do X 32 



seven 



you get the entry 123 on the third . — 

line? Hov7.do y6u get " the entr</ 201 
201 on the fourth line? Why is - seven 
the 1 on-line h placed under the 2 on line "3? V/hy is the 0 on 
line h placed under the '3? If you do not l^ow why the 

entries on lines 3 and f are added to get the answer, you will 
study this more thoroughly later. ' 'V 

One way to check your work is to change the base seven 
nuiDerals to base ten numerals ^shown here: 

^°\even = ^^'^ ^9) + (O x 7) + ('l) = 294 + k = 298, 
^' 353even = (3 x + (5) D = 21 + 5 = x 26 

ten 



1*226: ~ T7BB- 
■^415 . 596 

^^'i^^seven " (3x 24-01) + (ix 3^3) + (4 x kg) + {O xj) + (6) = if^ 



ten 

Division . ' . 

Division is left as an exercise. You may find that 
it is not easy. Working in base seven ^hould help'you undersjtsand 

er|c 



57 



why some boys and' girls have' trouble v/ith division in' base ten. 
Here are tv;o examples you may v/ish to examine. All the numerals 
within the examples are vn?itten in base seven. Hov; can you use 
the multiplication table here? 



Division in Base S^ven 



seven 



J 



3. 



) 4053 
33 ' 

"73 



seven 



seven 



• 1125125 ~ 
seven ' ■'^^x^n 

. ~T12 

"3^5 
332 



Exercises 2-4 -d 

1. rcultiply the following nxjmbers in base seven numeral^ and 
check your results in base 10. > 



a.. 


1^1 " 
seven 


X 




b . 


63 

seven 


X 


^even 
1 seven^ 




56 

seven 


X 


s^ven 



e , 



50^16 



2^^ 



seven seven 
seven ' " -s^ven 



*2. Divide. All numerals in this exercise are in base seven. 

4 



^seven^ 



"sev&n 



c . 



) 2316 ^ 
seven' seven 



V/rite in expanded form: 
a. n03. 



b. 
d. 



5 

-^seven' seven 



21 ) 2525 
seven' -^seven 



b. 189 



seyen - "ten 

\7hich of the numerals in Exercise 3 represents the larger 
nvrniber? 



5, Add the follov7liD&? 



52 



seven 



b. 65 

^ 25 



seven 
seven 
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5.8 

4 

c. 434 . • ' 

seven , . 

324 ^ . 
seven 

6. Subtract the following; V ''^ 

^ _3even / . ^even - 

7. ^ Rewrite the following paragraph replacing tha base seven num- 

erals with base ten numerals . • , 

Louisfes^take^ grade lOgg^g^ mathematics in room 234 
The book she uses is called Junior High ' School Mathemati^^" 
^seven- ^seven chapters and 1102^^^^^ pages. 

There are- 44^^^^^ pupils in the class which meets 5 times* 
each week foi^ 1063^^^^ minutes daily. 16^^^^^ of the^Spils 
are girls and 2533^^^ are boys. The youngest pupil in the 
Class is I43g^g^years old and. the tallest is 123,^,^^ inches 
tall. . . . ^ . seven 



2-5 Changing from Base Tgn to Base Seven 

You have learned how to change a munber written in ba^e seven 
numerals to base ten numerals. It is#so easy to change fy^om 
base ten to base seven. Let us see "how this is done. ' ' 

In -base seven, tfie valuer of the places are: one, seven^,' 
seven , seVen , and so on. That is, the place, values are one and- 
the pov/ers of seven. 

. 

seven = 7, 

ten ^ ^ 

seven^ = (7, x 7) or 49^ 
seven" = (7 x 7 x 7) or 343 

ten . i 

Suppose you wished t.o change 12"^^^ to base ^even numerals.' 
This time, think of groups of powers of seven instead of • | 
actually grouping marks, .itlhat is the largest po\-iev of seven^ -• 
which^i-s contained in 12^^^? Is seven^ the largest? How about 
seven "(forty -nine)' or seven^ (-three hilndred forty-three)? ' 



ERJC 



47 



59 

1 

You can see that only seven is small enough to be contained in 
12 * 

V/hen ifbu divide 12 by 7 yotf'have * ' 

1 ^ 

; ■ , i- , • ^ 

V/hat does the^l on top mean? What does the 5'*mean? They tell us 
that contains^ 1 seven with 5 units left over, or that 

^2ten^= >^ + (5 X one). Thus 12^^^ = ISgg^e^. 

Be sure. you know v/hich place in a base seven niomeral haa^the^ 

2 3 i| * ' 

value seven , the value seven , the value, seven , and so on. 

How is 5^^g^ regrouped for base seven niomerals? IVhat is the 

largest power of seven which is contained in 5^^^^? 

In 5^4.^^ have ? x s'even^ + ? x seven + ? x one. 
ten , • 

1 ^ P 

49' ) 54 You have ( 1 x seven ) + (o x seven) + ( 5 ' x one). 

Suppbse the problem is to change 524^^^ to base sevan niimerala 
Since 524^^^ is larger than 343 (seven^), find how many 343^S' 
there are'. 

343 Y'^^ Thus 524 contains one seven^ with l8i remaining, or 

IHT = (l X seven^) ^ 181, and there^ will be a '"l" 

in the seven"^ place. ' * * ^ ^ 

Now find how many 49 »s (seven ) there are In the remaining l8l. 

' ' 3 . ^ ' - • ^ 

49 )nreT * Thus iBl . contains 3 4§»s v/ith 34 renjaining, or 

ijj l8l. =^ (3 X seven^) +'34, and there will "be a 

"3". in the seven^plScfe. * / ^ 

'How many sevens are there in remaining 34? f 
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4 

7 

28 



Thus 34 contains 4 seven's with 6 remaining, or 
34 = (4 X geven) + 6, and there will be a "4" 
in the" sevens place. , " ' ■ 



What v/ill be in the units place? You have: 

^^^ten ^ seven^) + (3 x seven^) + (4 x seven) + (6 x^grj^) 

. ten . seven ' 

^ Cover the answers below xintil you 'have mad^e the changes for 



yourself^ 



10 
46 



ten 
ten 



= (I'x seven) + (3 x one) 13 
= (6 X s^ven) + (4 x one) = €4 



sev^n 



162 
1738 



seven 



ten 



= (3 X seven ) + (2 x seven) + (l x one) = 321 



seven 



'ten = (5 X seveh.) + (O x seven^) + (3 x seven) + (2 x one) 



seven • 

In changing base ten numerals to base seven, first select 
the largest place value of base seven (that is, power of seven) 
contained in the number. Divide the "number by this power of 
seven and find the^ quotient and remainder. y<ie ' quotient is/fhe 
first digit in. the base seven. numeral^ ^,..,^_J)lvid e the remainder 
b^ the next smaller power of seven and this quotient is the 
•second dfglt. Continue to divide remainders by each 
succ"eeding> smaller RoWer of seven to determine all the refining 
'digits In the base seven numeral-. 



I.. ^Show tliat 
a. 



50ten = ^O^even 



Exercises 2-^ 

b.,,- 145, 



>. = 265 
ten ^seven 



c. 1024. ^„ = 2662 ^ 

ten - sQven 



Rir 
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2» Change ttae follov^ing base ten numerals to base se^ven numerals: 

a. '12 ' ^ c. 218 

b. 36 • d. 1320 • 

Problems 3, ^, and v/ill help you discover another method 

for changing -base ten niomerals to base seven. . . 

3. Divide 1958^^^ by ten, V/hat is the quotient?, V/hat, is the 
remainder? Divide the quotient by ten. V/hat is the nev; 
quotient? The new remainder?. Continue in the same \/ay, 
dividing e^ach quptient by ten until you get a quotient of 
gero. Hov; are the succe'ssive remainders related to the # 
original number? Try the same process with 123,^^6,789^^^. 
T3?y it v/ith any other niomber. ; 

^. Divide* 52^1-^^^ by seven*^ THiat is the quotient? The remainder? 
Divide the quotient by. seven and continue as in .Exercise 3, 
except that this time divide by.^^seven instead of- ten. Now 
;mtte 52^Lg^ as ^ base seven numeraT'and compare this *vriLth 
«e remainders v/hich j^u have obtained. 

5. Can you now discover another method for changing from base *ten 
to base seven numerals? ' < r - , 

6. In each of the 'examples belo\; there are so^misaing numeral3,. 
Supply the jiumerals which vriLll make the" Samples cptrect^ \ 



Remember that if no base ,napie *is given% then the ^blise is 



a. Addition: 



Addition: 



675 
J|86' 



1 h 



1 6 



"seven 

? ■ 

' seven 
^ 

seven 



AdditlcSn: 



d. Addition: 



< 8 H# 

? ? ? 
1169 

2 3 '0'5 



seven. 



y 



0 *) 




' seven 



10 0 




seven 



uc 



50 V 



42 



e. Addition: 2 6 4. 

3 5 2 
1 4 0 



seven 
seven 
seven 



^. >lultiplication: 

• 5 1 4^ 

seven 

y 

seven 



r:ultiplicatiori: 

9 0 0' 



seven 



X 5 4 



3 6 2 



1^ 



seven 



seven 



^ 1 5 



sevfen 



2-6. Numerals in Other Base'g^ ' . * - ' 

You have studied base>^even^ numerals, so you now Icnow that it 
is possible to expres-s numb^s in systems different from the ' 
decimal scale. Keny person^ thinlc that the decinal system is used 
-because the base I'ten" is superior to other bases, or because the 
number ten has special properties. ' Earlier it uas indicated that 
ten is probably used as a base because m^n 'has ten fingers ♦ . It was 

only natural for primitj.ve people to count by making canparisons 
v/ith theij> fingers. If man had had six or eight fingers, ^he might 
have iWrned to count by sixes. or eights. ' 

Our familiar decimal system of n^ation is superior to the 
Egyptian, Babylonian, and others because it uses the idea of place 
value and has' a %ero symbol, not because its b^se is. ten. The 
Egyptian system was a tens system, but it lacked .efficiency for 
other -reasons.. 

Our decimal system uses ten symbols. In the seven system you 

used only seven symbols, 0, 1, 2, 3,'^, 5, and 6. Hov; many -symboid 
\;ould Eskimos use counting in base five? Hov;. many symbols v;ould f 

base six require? A little thought on the preceding questions ' 
should lead you to the correct answers. Siigge'st how many symbols 
are neetJed for base^ twenty. ^ * • ' 
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V/rite* sixteen x's. Enclose, them in groups of Jfour x«s. Can 
you write the numeral 16^^^ in base four numerals? Kow many groups 
of four are there.? Remember, ycxu cannot use the symbol v^V^'Tn 
b^se four. A table -of the povrers of/^our in> decimal numerals is 



shovm below, 
(four^) 



Ih X n X ii) 
(64)- 




( f our /T' 

(k) ■ 

(^) 



(one) 

(1) 



sTowrite sixteen x«s in base four you need 
(1 group of four^) '+ (O groups four) + (O ones). That is, 

l^ten = lOOfour- • . ^ 



2-7. Trie binary and Duodecimal Systems ^ ^ 

There are t\^^o o^her bases of special interest. The base tv;o, 
or„ binary, system is used by 'some modern,^ high speed computing ' 
iHlichine^. These computers, sometimes -incorrectly called 
"electronic brains," use the base tv/o. The twelve, or duodecimal, 

system is considered by some people to be a better base for a ^ 

system of .notation than ten. 

Binary System ' * / , 

'Historiarts tell of primitive people* who used the binary system. 
.^Spme Australian ^tribes stiia count by pair^, "one^, t;^, two and 
' one, two tvK)s, tv;o tv;bs and one," and so on. / . 
' The binary system groups^^ by oairs as is done v;ith 
the three x's at the right. - hbvi many groups pf tv;o i x> 
are shovfn? Kow many single x's are^ left? Three x's means 1 group 
of. tv.^o and 1 one. 
II4 



In binary notation the niomeral 3/ is vnc^ittfen* 

^/ ten 



'two* 



Pounting in the Ifenary system starts as follows: 



Decimal numerals 


1 


2 


0 


• h 


5 


6 


7- 


8 


9 


* 10 


BJ^nary numerals 


1 


10 


11 


100 


St* 


^110 


111- 


9 


9 


9 
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How many ^symbols are, needed for base two numerals? Notice that 
the numeral 101^^.^^ represents the number of fingers on one hand. 



V/hat does 111^^.^^ mean? 



'ten' 



= (1 x-ts«) ) + (1 X tvio^) + (1 X one) = h + 2 + l= 7 
Hov; would :^ou v.Tite 8^^^ in binary notation? How v/oiild you ,rr±te 
■^^ten binary notation? Cor.pare this numeral with 101^^.^^. 

Modern high speed computers are electrically operated^ A 
simple. electric switch has only two positions, open (on) or - 
closed (off^). Computers operate on this principle. * Because there 
are only t^^o positions" for each place, the computers tise the ' 
binary system of notation. 



The drawing at the right Is used 
to represent a computer? .The four circles 
r^lJreseht four lights on a panel, and each 

^iQht represents^one place in the binary 
system. When th^'e current is flowing the 
light is on-, shpvrtlf* in Figure 2-7b as ^ 

. A ' is represented by the 
symbol. /'I". When the current does not 

V flow,^tKr"iight is off, shown by ■ Q 
in Pi^e 2- 7b. 



O O 0"0- 



Figure 2-7a 




This is represented by the symbol "O", 



Figure 2-7b 
The - 

paneX in Figure 2-7b yfepresents.. the binary numeral 1010^^^. What 
decimal numeral is repres^li^d by .this" numeral? T/ie table at 
the right 
shows -the place 
values for the ' 
^irst five places 
in base two numerals 



two 


two^. 


2 




one 


2x2x2x2 


2x2x2 


.2x2 ' 


« 2 


1 


16 ^- 


, 8 


4 


> 2 • 


. 1 



1010. 



"two = )"+ X two ) +.(1 X two^) + (0 X one) 

= ll-x 8) + (o{x 'I) + (1 X 2) +'(0x1) 
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Duodecimal System / • ' 

In the twelve/ or. c^lio decimal ^system, the grouping is by twelves. 
You frequently couijff 3j;n dozens, as wi'ttl a uozen eggs, a dozen rolls, 
or a doz^n pencils / ; Twelve dozen'(l2^x 12) is called ft^^oss. 
Schools sometimes bi;^-pencils by the gross. 
The sixteen x's shown at the right are 
grouped as one group of .twelve with four 
x's left." Written as a base twelve nmeral, 

•^'^ten ^ twelve) + x one) = Ik twelve, * 

Draw twenty-five x's on a sheet of -paper. Draw cii^cles • 
around groups of twelve. How many groups of ^twelve are there?. 
Are any x's left o^r? 
notation? 

25ten = x twelve) f (l x one) = ai^^^^^^."^ ' * ■ 

To write numerals in base' twelve it is nec.essary to invent 
ne\^ symbols in addition to usi^g the ten symbols from the decimal 
system. How many new sjnnbols are needed? , Base t we l^re" requires 
twelve symbols, two more Blian the decimal system. You can use **T"» 
f or^ ten and "S" for eleven as shown 'in the table below: 



How would you write 25^^^^ in duodecimal 



Base ten 


0 


1 


2 


3 


k 


5 


6 


'7 


8 


9 


10 


11 


12, 




Ik 


45 


16 


Base twelve. 


"0 


1 


2 


3 


k 


5 


'6 


• 7 


8 


, 9 


T 




IQ 


11 


12 


7 





Notice tWat "T" is another way 'of writing 10 



ten 



and-"E" is 



another way of v/riting J-l^g^j. Why -is IS^g^j bitten as 10^^^^^^? 
To write '^95^^Q2.ve expan<ied notation,' 

195t„eive- " >6'twerve^j +^ (9 X^welve"^) + (5 x one) 
^ ' =Jl X Ikk) + (9 x'l2) + (5 x 1) " ■ 



ten' 
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«3 ^ 

a. 
b. 



^6 

Exercises 2-7 



How: many thr^s'^e there in 20*.^ ? 

f:*^ t . three 



Hov/ m^y^fowrs are there in 20x> 
, i > four 

Hov/ jnan^i^' fives are ther,e in 20^^^^^? 
Plov/^-n^any sixes are there in 20^^^? ' 
Vrite the foll^iving in expanded notation 
ten numeral 'for each as shovm in the exanpie. 
Exanpa§: lC^f.._ = (l.x 25) (C >< 5) + (2 x lO 



Then vn^ite the base 



=. 27 



b 



2^5 



six 



^ c . 
d. 



1002 



three 



1021. 



five ^- -^^^-^eight 

V/rite the follov;ihg decimal numerals in bases six, five, 
and eight. Remember the values of th^ 
these bases. Note the example: 



pov/ers for each of 



\ 



r ten 
\Hen 



11. 



12 



five 



= 13 



"four 



21 



thi!ee • 



15 



ten 



Wake a c^ounting^ chart in base two for the numbers from 
\to thirty-three. 



zero 



Bas-e Ten- 


1 


2 


3 


4 




33~ 


Base Tv/o 


1 , 


10 


]1 






T- 



Coi3y and complete the addition.^ 
chart for Jpase two shown at the 
right. How many ad(^4,tion facts 
•are there? ' . . * 



-^Addition, Base Two 



- 0 



Using the same form ^as^ in Exercise 5^ make a multiplication 
chart/for base two. ^ How many multiplication facls^are there?^ 
How do the tables compare? Does- this make v/orking with'tllfe . 
binary system difficult or easy? Explain jfjour aihswer. 



>> . 



,^7 



Write the following binary numerals ^ expanded notation and 
then "in* base ten notation. 



a. 



1000 



.c. 10101 



two 



11000 



two 
two 



Write the following numerals in expanded 'notation and then in 



base ten notation, 
•'"■^^twelve 



c. 
d. 



^- •3T2^wel3^ 

Make up a place value system where the following symbols are 



^'^^twelve 
TO^twTlve 



used: 



Symbol 


Decimal Valu^ 


Name 


0 




0 


do • 


1* 




1 i 


re , 


A 




2 


mi 








fa 


10 






re <io 



Write ^the numerals for numbers from zero to twenty in this 
system^ V/rite the names iri words* using ""do, re," etc. 
Using the symbols and scale from Prolkl^i/g, complete the 
addition and multiplication'* table? anown below. 



+ 


0 


1 


A 






X » 


b 


1 


•A 




0 












0 










- 1 












1 




















r 


A 

































What .advantages and disadvantages, if any, do the binary and 
duodecimal systems have as compared with the ,d|cim6i system? 
Write the foJ.lowing in duodecimal notation. * ^ 



a. 



425, 



ten 



524 



ten 



> 



*13^ An inspector of weights and measures carries a set of weights 
which he uses to check the accuracy bf scales. Various^^ 
weights ^ve placed on a scale to check accuracy in yeignrog 
any amount from 1 to l6 ounces. Several che^cks have to ,be 
made, because a scale which accurately measures 5 ounces may, 
*♦ .for various reasons, be inaccurate for weighings of 11 ounces 
and more. 

What is the smallest niomber of weights the inspector may 
have in ,his &et, and what must their weights be, to check the 
^ accuracy of scales from 1 ounces, to i5 ounces? ' From 1 ounce ' 
to 31 ounces . . , » ^ . 

*14. People who work with high speed ccJmjguters sometimes find it 

easi'er to express nvimbers in ^the octal, -or eight system rather 
than the binary system. Conversions 'from on« system to the'* 
other can be done very qu^ickly. . Can you discover the method 
used? ' ' , ' ' . • . 

Make a table of numerals as sho^vn below:. *^ » . . 

Base ten Base eight ^ ' Base two 

1 " • 1- ' . x" < ' 

2 S. 2 ^ ■ 10* • 

^ 5 . , ' ' " . •. 5 ' ' .• . ibl " • 

/ 7 - . ." /*■...? .," , . ' ' ?• , 



9 



l6 V . * . ^? . ' ' 

32 » • ' : * ^ • ' • ? * ' ■ ? , 

'256 ^ ' ' ? ' ? - 

Compare the powers^ of elght^ ahd two up 'to 256. 'StudjTthe 
powers ^and tjie table" above 101, Oil, OlO^^J = 532gj_g^^? 
Can you see why? ^ " v 



^9 



There are a number of ways to change numerals writt*en in other 
number bases to base ten notation. A student suggested, this 
method: 

Example A: 'To change ^6^^^^^^ to b^e Jten- acftation . 

Because there are 2 more symbols in base twelve ^ 
multiply (2x4) and add the result to ^6^ej^.> 

Does this method work for 46, , ? Does i^^ * - 

^ work for any two digit number written in base 
twelve? 

Example B: To change ^^geven ^^^^ ten notation. 

. Because there are three fewer' symbols, Multiply 



(3x4) and. subtract from 46. 



ten' 



Does the 



-method' work for ^6^^„^^? Does it work for any 
^ seven 

two digit number wj^ltten in base seven? 



1 



58 



, \ ^ Chapter 3 ■ o* 

WHOLE NUMBERS 

Counting Num^ps 

The counting numbers are the numbers used'to answer the 
question "Hqv/ many?" Primitive man developed the idea of number 
by the practice of matching objects, or things, in one* set with - 
objects in another set. V/hen a man's sheep^left the fold in the 
morning he could put a stone in a pile as each sheep v;ent out. 
V/hen the sheep returned in the evening he took a stone out of the 
pile as a sheep went into, the pen. If there were no stones left, 
in the pile v/hen the last sheep was 'in the pen he knew that all • 
the sheep hadjpeturned, , Similarly, in order to keep count of the 
nvunber of wild, animals he had lulled he could make n'otches in a 
stick one notch for each animal. If he' wete asked how many 
animals he had killed he could point to the notches in the s^tick. 
The man was saying that there^ v^ere just as many animals killed ' 
as there were notches in the stick,^ The man <v/as trying to ^swer 
^he question^ "How jnany?"' by^raaking a 'one^-to-one corres{)ondence ' 
between the'"- animals and the notches in the^stick. He was also ^ 
' trying to answer^^the questi'on "How many?" by making a- one-to-one ' 
correspondence between the stones ©f the pile ahd the shee^^of-the 
flock. The one-to^onfe correspondence means that exactly one stone 
corresponded to each sheep and exactly one sheep corresponded to 
eaph stone. This says .that the number of 'sheep was the pame a? 
thelnuxnber, of stones. ■ ' ^ ^ > ^ -'^ 

Some of us have learned the meaning 3f^ number in counting by 
using such one-to-one cprrespondences , Wh^n. you look at various sets 
of objects as inthe figure, you-see that 
there is a pertain prop^^rty that these 














• o- "0 



sets possess. This .proper.ty may be described by saying that* there 
are "just as many" marks in one set.a/s in the d^er, A one-to- 
one correspondence between the sets can be shov/n by Joining the 



marks with strings, or paths. Each mark is joined to a mark of 

the other set. No marks are left over in either set, and no mark 

is used twice. The corresp9ndenoe shows that there are "just;«l?f 

many" marks^in one set as in the other but it does riot tell us 

"how many" there are in terms of d number. ^s'-,- 

Portimately there is a standard set which^c^n be.uspd to tell 

us "how many" there are in each set. It also can be used to- tell, 

us that thQre are "just as nt|Lny"* in one set. as in the other. 

This standard set is the set of counting numbers rep^sented by 

the numerals 1, 2, 3; ^, 5, . In 

the figure each set of marks is put 

in a one-to-one correspondence with 

the set of numer^s 1, 2, 3. The 

number of marks ft tHe s^e as the number represented by the last 

numeral of the mat?ching set. Thi^ kind of one-to-one aorrespond- 

ence between the marks and the set of numerals tells us that' there 
> 

are "just as many" in one- set as in the other, and a.ls^ tells us 
"how many" marks /are in each set; 

The method of using the counting numbers i^ such .a natural 
one that the counting niimbers are also called the "natural ntimbers 
In this text tliey are called counting numbers. ' You may see them 
called "natural numbers" in other books. 

Let us agj»ee. that the first.^ counting number is 1. - The set 
of all the counting numbers and zero i-s called the set of "whole 
nuiftbers". - ; 

* , ' i ^ 

Exercises 3-1 

' ^ ~\ ' ' ' - , ^ - , , ^ - . _ , ^ 

\. A theati^ owner v/ants to know'hov; many people attended his 
'theatre last night. He knows the first ticket was marked. 
27 and the last ticket was marked 8i:. How did he decide ' 
that y\ people attended? V/as he correct? 
2. If there is a one-tOrone correspondence between the set of 
' p-eople> in the- room and'^the set of pairs of* shoes in the room, 
. then there is a two-to-one correspondence betv/een the set of* 
shoes. in the room and the set of people in the room; Lis,t a J 
few examples of two -.to -oh*^ and four-to-one c^orrespondences. 
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3. The following illustrates a one-to-one correspondence between 

the ' numbers and the numbers. 

1 -2 3 5 6 . . . 

. $ . ^ ^ $ ^ 

2i^68l0 12....' 



3-2. Commutative Properties for Whole Numbers 

' If you have thr^e apples in a l^asket and put in two more, 

then the number apples in the basket is obtSned by adding 2 

to 3, You think of 3 + 2. .If you started with two apples in the 

basket, and put in three more, then the number of apples in the 

basket is obtained by adding 3 to 2, You think of 2 -r^." In 

either case 'it i;9-^lear that there will be 5 apples in the basket. 

this may be written 2 + 3 = 3 + *2. 

The arithmetic teacher j*ead two large numbers to be added. 

One boy did not understand what his teacher said when she read 

the first number. , He wi;ote the second number and then asked her to 

repeat the first number. 'Wnen she read it -again, he wrote it 

below the second number instead of^ above it. If all the students 

do the addition correctly, will the boy find the same sum as the 

students who heard all the dictation the first time? _^ • 

The boy v/rote:^437 Tlfe others vn?ote: 625^1 

^^^j625H 2437 . 

This idea which was Just described is called the commutative 
property of addition ifor whole numbers. It means 'that the oi?d(6r 
in which two numbers ar6 added does -not^ffect the sum. Tli.e word 
property is- usfed here in the usual meaning of the word — it is 
something fhat is characteristic of the operation of addition: 

3' added to 4 is 7 or 4 +.3 = 7, 
* 4 added to '3' is 7 or 3+4 =7. 
Thus, you^'can write 4 + 3 = 3 + 4. This checks the 
commutative property of addition for these .two whole numbers. 
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The conunutative property of addition for v;hole n\ambers may 
be stated as; * . • ? 

Property If a and b represent v;hole numbers then 
. a + b = b«+a. 

In the above example a is 4 and b is 3. 

Multiplication is another operation which can be performed on 
numbers. Is there a commutative property of multiplication? 

In learning the multiplication tables you learned that 

7 '^S = 35 ^and that 5 x 7 = 35. Similarly 9 x 8 = 72 and° 

8 X 9 = 72. ' . 

Property 2. If a and b represent whole ^ numtiers , then 

axb=bxa, * 

In mathematics it is often said that one niomber is greater 
than another. To simplify writing the phrase '*is greater than"^ 
the symbol > is used. So, to write "5 is greater than 3% 
mei^^ly write 5^3, To indicate that "a is greater -than b"^ , 
write "a > b. Similarly, the symbol < means "is less than". 
Hence, ' ^ < 7 is written for "4 is J.ess than 7"- Notice that 

each of there ^new symbols points toward the smaller of the two 

^ >• *- -J •* ' 

..niunbfers being ^'compared. ^ - ^ ' 

' Tije symbol ^ is used for "is not equal to". For example, 

5 3 and 4 0. . • .' . . v 

In comparing three numbers such as 3, 6 and 11, 3 < 6 < 11 

o^ 11 > 6 > 3 may be written, No^te^^at the statement 3 < 6 < 11 
really stands for the two statements "3 is less 'than 6" and "6 is 

less than ll'^ ' • - ^ ' v . 

^' / Exercises 3-2 ^ ' 

1, Indicate whether each statement is true or> false: 
a, ^6 + 4 = 4 + 6 ' . f. 5 + 4 > 5 + 3^ 

^- . ^3four + 2^four < ^'^four + ^^four * ^..^ - 
\ c. 6 < 7 < 14 ' .g. . 315 4^'^62 = 4^2 + 315 

d. 8 2 = 2 ~ 8 . * h. 5 > 3 > 10 s 

e. 45 • 36 < 36 ^ • 45 * i . if l6 > 7 ■ and 7 > 5 then 
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l6 > 5 
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Using the symbols = , <, 
ments true, 
a. 23 • 12 ? 12 • 32 
l6 ? 9 ? 3 
(3 • 2) + 5 ? 5 + (3 



make the following state- 
86 



e. 

2) f. 

J whole niimbers 

and b > c, then a ? c. 
<}ive the .whole number or whole numbers which may be u^ed in. 
place of a ,to make the statements' true. 



86 • 135 ? 135 
24 -r 3 ? 3 -^24 
Given that a, h, and«^, are 
If a Kb 



a. 
b. 



5 • 

3 • 



7=7 
a C2 
a < 3 



a 
1 

2 



e. 



2 + a <^ 2 + 7 
7 • 3 > a • 5 

a + 3 = 3 + a 



Do you think subtraction has the cqmmutative property? To 
find out you rtUst ask whether a - b is equal to b - a for 
all whole numbers a and b. If you c^an find at least one 
pair of whole numbers for which it is not t£ue, then 'sub- 
traction cannot have the 'commutative property. 
Does division of whole niifnbers have the commutative property? 
'Giv^ an example which illustrates your an^er. 
Which of the following activities are commutative? 
*a. ^ To' put' on a^ hat 'and then a'" coat. ' ' - : .-^ 

b.-'To put on socks and \ then shoes. "^^^ 
c . To pour red paint 'irltp blue paint. ' 
d.- To clcfse the hatch aid .dive the submarine. 
Whicla of the defined operations below are commutative? 
a. "D" means ta find thelsum of the first and twice the ^* 
second. Example: '3 4 5 = 3* + (2 • 5^^^'^ 



d. 



"Z*' means to find the bum of the first and the product, ^ 
of the first and the sicond. Example: 4 Z 7 = 4 + 
or .32. 

"P" means to find the product pf the first and one more 
than^ the second. Example: 8 P 0 ='8 • 1 or 8. 

means to ''find thr«e times the sum of the first and 
the- second,. Example: 8 Q 5 ^ 3 • (8.+ 5) or 39. 
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8. Make up a defined operation as in Ex. 7 -which Is 

(a) commutative, (b) not commutative. / 

9. List some activities which are commutative and some whicif are 
not commutative. 

3-3. i Associative Properties for Whole Numbers ^ I 

What is meant by 1 '+ 2 + 3?^ Is (1 + 2) + 3 meant irflwhich 
1 and 2 are added and then 3 is added to thh siom? Or is 
1 + (2'+ 3) meant in which. 2 and 3 are added and then th 
sum is added to 1? Or, does it make any difference? You ha^ 
seen that the order in which two numbers are adpled doe^^not afreet 
the sum (commutative property of add:^tion) . You can see that the* 
way you group three numbers to add them^ does*not affect the siam. 
For example, . / * / 

, / (1 + 2) 3 - 3 + 3 - 6 and • * 

.1 + (2 + 3) = 1 + 5 = 6. • 

This idea of grouping the numbers differently without changing the 
sum is called N>he associative property of addition for whole niombers 
This pnopert^y may be used to make addition easier if the siom of 
one pair of three' hiMbers is easier to find than the sum qf another 
pair. If you are asked to add 12 + 4 + 2 you might first add 
12 and ??^and then add 2 to l6. Or you might think of first 
adding 4 and 2 and then adding 6 to 12. If you^add ^ach of the*' 
following by grouping the. niombers differently you will be showing 
applications of the associmte property. 

' ' 7 + 9 + -li^= 7 + (9 + 11) = 7 + 20 = 27 ' - 

12 + 7 'I- 33 = 12 + (7 + 33) = 12 + ^0. = 52 , / 

97 + 53 100 - .(97 + 52) + 100 = 150 + 100 = 250 

The associative property car be used in finding the sum, of 12 and 
7. Perhaps you' have always used it but did not call it by name. 

Notice how it can be, used; 1,2 + 7 = (lO -f 2) + 7 = 10 + (? + 7) ' 

-19. , V • , • . 



The associative property of addition for whole* numbers may 
* be s*tated as': 

Property 3. If b and c represent any vhpole numbers 

(a + b) + c = a + (b + c). ^ , J ^ 

In eve'ryday^ife you speak of "adding" or combiiriing several 
things. Whether such combinations have the associative property 
depends:, on the things .you combine. Is (gasoline + fire) + water 
the same as gasoline + (Tire + water)? '7' 

The . commutative property of addition means the -order of any 
two n\imbers may b€ changed without affecting the sum. The associ- 
Native property means tftat, numbers 'may^be grouped in pairs for the 
purpose of adding pairs of them without affecting the svun. Just 
as there is a commutative property for addition and multiplication, 
you might expect the associative property to belong to both oper- 
ations. « 

What is meant by 2 • 5 • ^? Does this mean (2 • 5) • ^ in 
whichL 2 is first multiplied by 5 and then 10 ' is multiplied 
by ^, or does this mein 2 • (5 • ^) in which 5 is first 
-multiplied by . 4 and then 2 is multiplied by 20? Both give 
the same answer and the conclusion is that either meaning can be 
.given- to -2' • 5 • 4. ,This is true- -for any who Ife^ numbers . 

^" - ' Property 4. If a, b, and c. repres'ent any whole numbers , 

^ - ^ (a • b) • c = a • (b • c) . 

Is there an associative property for subtrJlction? Perhaps 
you can answer the question by considering ^just one^xsw^i^ Try 

*10 . (6 - 4) which i^' 10,- *2 or 8. But (lO - - 4 = p^A so^ 
that 10 - (6 - 4) . is not equal to (lO - - i. This shoWs that 
subtraction ^oes not have the associative propertjr. • At fir^t you 
may think' that one example is not enough and that^ the^ropert^ 
might hold if you used, some other numbers. But, if the associative 
properJ^^'l^SsJ^o hold for subtraction then it must^hold for all ^ 
whole numbers. Hence„ by showing one se,t of three whole numbers 
for which the -property -is hot true "you know that it cannot be a 

. propertj^ for all whole number^. , ^ ' ' - - * 
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Do you think the associative property holds for division? 
What^does iS'-f-^ mean? ^It may mean ,(i6-t-4) -^2, or» it may 

mean i6-f- {^-^2). \The fi]^ of these equals 2 ^ and the setjond 
equals 8, so they are^rst equal , to-each other. This shows 'that 
division does not have the associative property. 

These remarks abou^^^&titrtraction artd division show us also that 
expressions like 10-6-4 and l6-^4-^2 do not have any ' 
meaning. Of course, the expressions, (10 - 6) - 4 and 
10 - (6 - 4), do have meanings and they are different. Also, 
(16-7-4^) -r-2 and i6H"(4 -r2) make sen^e, but their meanings are 
different. ^ 

f ^ * • Exercised 3-3 ^ 

Example: (4+3)+2=4+(3+2) 

Here, (4 + 3) + 2 = 7 + 2 9, and^ 4 + (3 + 2) ^ 4 ^H- 5 = 9- 
Show that the following are true in the above way. State the 
property illustrated in ^ach problem. 

a. (21 + 5) + 4 = 21 + (5 + '4) ' - ^ 
'b. (9 • 7) • 8 = 9 ' C^y- 8) 

c. 436 + (476 + 1) = (436 + 476) +1 - 
■d. (57 • go). • 75 - 57 • (80 • 75) . 

2. ^ a. Does (10'.7) - 2 equal lO'- (7 - 2)? ^ . _ • 

b. .Does 18 - (5 - 2) equal ^1.8 -,5).-r 2? ^ J , . 
ci V/hat generalization can you majce regarding the associative 

' . ^ property of subtraction? ^ 

3. \. Does ( 32 8) -f- 2 equal 32~(8-f-2)? 
b.' -Does (60-f.30)«^2 fqual 60^(30-4-2)? 

^c. Place parentheses in -75 -t-15 r-5 so that it will equal 1.* 

d. ^ Place paitentheaes in 75-t-15 ^5 so'thafit will e^iual 25. 

e. Place parentheses in 8o-T"2p-r-2 so that it will equal 8, 

f. .Place parentheses in 80 -r- 20 -7- 2 so that it vrill eoual 2. 

g. v/hat generalization can be made concerning the associative 
prbperty and division? 
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'3-^. The Distributive Property 

In finding tfie, perimeter of the top 'of a desk ojie pupil 
measured the length of each side In feet ^ 
and found* the measurements as sho\^Jn In the 
diagram". Then he found the perimeter In 
feet by finding the sum^5 + 3 + 5 +^ 3 = *l6. 
Another pupil said he^thought that this' v/as 
al3^ right but that It was more work than necessary/ He said he 
v;ould add 5 and 3 and multiply their sbn by 2. Will this glve^the 
same ansv/er? A third pupil said she ttt^ght it ^ould be better to 
multiply 5 by 2 andf 3 by 2 and then add these tv/o products. The 
second and* third pupils may not have known the name of the princi- 
ple they were using but it. is useful and Important, It^ is called 
the distributive property. In terms of the pupils » problem it 
tates simply that . " ' 

2 • (5 + 3) = (2 5) + (2 • 3) , ^ ^- , ' 
and . ^ 2'- (5 + 3) = (2 • 8) • ' j ^ 

You* h^ive been using this property in many ways £or a long 
time. Consider, for example, 3 • t3 or 13. Yau v/ere really using 

the ^stributlve property because: 

3 • 13 = 3 • (10 + 3) = (-^^ • 10) + (3 • 3) =.30 + 9 = 39. 

i^et us see how you use the distributive property in finding 

.the product 9 • 36. You probably perfoi*m the multiplication about 
j ^ 
;as follows:' • 

^^^36 ^ . ' 36 ^ 'V 

X 9 . or .^x 



355' * * ' 3? (9 X 6) 

270 (9 X 30) 

Do you see -that the l^t example is a short way of doing the 
problem? You were really using the distributive property; .„ 

9 . 36 = 9 ^ (30' + 6) ' . , <r. 

» = (9 • 30) + (9 ''6)^ distributive property 
' * . . . = 270 + 5^ I 
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The -distributive property is. also important 'in operations Involving 
fractions. Let us f;nd the product, of. 8, and 12 ^ . First, recall 
that 12 ^ means 12 + ^. Then . . \ • , 

^ . ^ 8 • 12 I = 8 • (12' + f 

= (8 ., 12) + {8 •*^) = 96 + 2 • 
_ = 98. . 
The distributive property is: 

Property 5. If a, b, and c are ar^ whole nvunbers then 

a • (b +'c) = (a . b) + (a . c) . , .-^ ' . 

^ The jiistrTbu^ property is, the" only .property of the three " 
studied in this chapter, which involves two operations*", 
namely, addition and multipllciitlon. This (Joes not mean \jiat any 
problem which involves these two opeaiafeions is performed by using 
the distributive property. For example, "(3 • 5)' + l4 mdanft that", 
the product of 3 and 5 must be, found and then a added to the 
product: (3 • 5) + 14 = 15 + 14 s -29. ' , ' J 

However, 3 • (5 + 14) = • 5)-+ (3 • 14) = 15 + 42 =1>. 

Exercises 3-4 ' 



1. ^ Show that the following are true by d9ing the indicated oper- 
' a'tlohs. Example' 3- • (-4 + 3) =' (3 • 4) + (3 • 3) ■ ■ • 

3 • ^4 + 3) = 3 • 7 = 21 . , 

(3 • 4) + (3 . '3) = 12 + ^ = 21 

^ ^12 . (5 + ^) = (12 . 5) + (12 ."^■) ,y • . ■ 

b. (67 • 48) + (67 • 52) = 67 • (48 + 52) - , " * 

: c (72 • |) + (| v-72) •= 72 /(i + 1)\, ■ y ^ 

2. "make each 'of the following a^r'ue statement illustrating the 

dis^tributive property. . ' '■ 

a'. 3 • (4 + )., = 7(3 . ny+ (3 • 3) . . * - 
tf." - (2- 7) + (3 / ) ) . 7 *■ ■ . , 
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Using the distr/Lfentive^ property rewrite -each of the followiYig. 
Examples: (l). 5 • ( 2 + 3) = ( 5 • 2) + ( 5 • 3) . 

(2) (6 . -4)'+ (6 . 3) ='6 . (it +.3) 
*'a.- ir^-- (6 + 13)^ 

b. (5 • 12) + (k .Y2)- ■ ' - . 

llsing the idea of the distributive property, the folloWirvg- 
examples can be. rewritten. ^ ' >J ' 

"(1)^ 10 + 15 as (5 • 2) + i^-' 3) pr 5 • (2 + 3) 
.(2) 15+21 4s (3 • 5) + (3 .. 7) or 3.(5+7) 
Use the distriblTtive properjty to rewrite the following in a 
similar way. 

a. 27 + 51 " * 

b. 100 +115 ' . ' 

c . . 30- + 21 ' ' ^ ^ 
Which of the following are true? ' ' • 

a. -3 + '(4 ••' 2) = (3 + 4) • (3 + 2) 

b. ,3 . (4 - 2) = (3 . 4) - (3 . 2) 

c. ■ (4 + 6) 4- 2^= (4H-2). + (6 -^2) 

d. .3 + (4 . 2) = (3.4) + '(^3 -2) . * 
45 6an be written'as (40 + 5) and 23' can be written as 
(20 + 3). Using the distributive property the product of 
!}5. and '23 would be; • • ' . 

' (40 + 5)" • (20 + 3) or Check 

40 • (2© + 3) + 5,- (20 nj 3) or'' } 45 

(^0 • 20) + (40. • 3) + (5 . 20) + (5 •/3). 

90 

Completing the operations gives: ^ , ' . v 

800. + 130 + 100 +-15 or--lQ35 * 
Rfewritie the. foil o;irLng using* the distributive propertijr and"' 
check as above., •- ' • ^ 

■ a.; 64 • 66 . 
b. 75-'. 75 ' ' . • ' ,• . > - 
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^7* Indicate which property was used in goiog from one jline to the 

next. ^ *)> ' 

* 

[(2 -'5) + (3 • 2)] + (5 • 2) • 7 5 ' ■ ■ ' 



a. 



b. [(5 • 2) + (3 • 2)] + {5 • 2)'* 7 commutative property 

for multiplication 

cr' [(5 • 2) +; (3 • 2)] + 5 -.(2 • 7) "?" 

d. r(3 • 2) + (5 • 2)] + *5 • (2 • 7) "?" - ^ • ; 

•*e. (3 • 2) + [(5 . 2) + 5 • e2 . 7)] "?" ■ 

f. (3 • 2) +;[(5 • 2) + 5 • (7-2)] "?" 

g. . (3 • 2) + [(5 • 2) + (5 • 7) • 2] "?" 

•h: (3 + [5 + (5 • 7)]") -.2 "?". * . 




3-5. Sets and the Closure Property . 

When a, word in i|gigpiatics Ss needed to talk about a collection, 
the word set will be used, as, a set of numbers, a set of marks on 
the page-, a set of stare in a diagram. 

A set of nuanbers: 5, 36, 7, 8 ' ^ 

A set of marks:* ////////, 
^A set of stars in a diagram: 

OtfttBii-ftj^gmples of sets are: the set of coins in your pocket, the 
set of vowels in our ialphabet , ^a set of chessmen, a set of cattle 
(you might say a herd- of catj:!^) ,^the set of jcities in the U^S.A^ 
which have a population of more than one million. i 

The counting numbers form a set. Remember that the counting 
numbers are 1, 2, 3, 4, 5, 6, where the three dots are used' 

to indicate that the set of ^numbers continues indefinitely. There 
is no last number. 'N 'will be used to represent the set of 
counting numbers, and these numbers will ^be put within braces [ /) 
to indicate that, they are the objects in -the set* which is' 
designated by N. Henct> you may write 

. N - {1^ 2, 3', ...)< 

and read it "N is the set of counting numbers,. " 



^ ^ou may. choose ^ny capital' letter to represent th^set. If 
you have the set S - {1, 2, 3, ^, 5, 6, 7) you may describe this 
'by saying that S is the set of counting numbers from 1 to 7 
'inclusive, or S is the set consisting of the counting numbers 
less' than. 8. 

A few mor.e examples of sets and* the abbreviated way of writing 
them will help make the Gondept clear. "V is the set of vowels 
in our alphabet" becomes "y = {a, e, i, p, u)". "M> ^is the set of 
'counting numbers which are greater than 20 and less than 25" 
becomes "M = [21, 22, 23, 2k}". /'E is the set of states in the 
U. S. A. which *ari ^oux:he6 by Lake Erie" becomes "E = [Michigan, 
Ohio, Pennsylvania, New York)". 






In the first set the oTDjects are letters, in the second the elements 
are niombers, in the third each element is a state. The word 
. element is used for any^ object of a set. Thus, an element may be a'' 
letten, a number, a word, a cat, k marble or whatever is in the s'et. 

Now the set of counting nu^ibers w.ill be used to help u^s- under- 
^stand another ne,w idea for sets. This is the idea of closure , if 
any two counting numbers are added, ^he sum is a certain counting 
nunjber. For example, 7 + 9 = l6, 23^+ 5^3 = 777 and each sum is 
a counting -number. • If the sum of any ^wo elements of a set is- an 
' element of the set, the set is closed under addition. Since the 
SIM of any two counting numbers is a counting number, the set^ N 
of counting numbers is closed under addition. It must be emphasized 
■ here that any two means every two. THe set / S = {1, 2, 3, k, 5, 6, 
7) ia not closed under addition since wo numbers can *be found In 
the set whose svim'is not in the set; e.'g., 5 + 6 =. 11 and 11 is 
not in S. Is the-set M = (21,. 22, 23,. 24} closed under addition? 
Oive the reason^for your answei?. .'Notice that if^there is at least 
one pair of elements in M whose sum is not in M, then , M is not 
.Glased u^der. addition. ^ ' - ^ - ' 

ERIC 



r 



Closure deals with a property of eets under a given operation. 
The- set need not be the counting numbers. The operation may not be 
addition. For example^ let T be the 'set of all counting numbers 
ending in 0 or 5. This set'^is closed under multiplication. It 
is not closed under division since, for example, (20 -r 5) is no^ an 
element of T* 

«r - Exercises 3-5 

1. Let Q = {1, 3, 5, 7, 9, 11, 13, . . .) be the set of all odd 
nmbere. 

a. Is the sum 6f tv/o odd numbers always an odd number? 
t>. Is the set of odd numbers closed under addition? 

2. Is the s'^ of even numbers closed under addition? 

3. Is the set of all, multiples of 5 ( 5, 10, 15 , 20 , 25, etc.) 
closed under addition? 

4. iVhat is true^ of the sets of numbers in Exercises 1, 2, 3 under 
multiplication? 

5. Are the follovdJng sets of numbers closed "under addition? 
a. The set of counting numbers greater than 50? ^ 

' b. The set of counting numbers 'from 100 through 999?* 

c. The set of counting numbers less than k87 ^ 

d. The set of counting numbers whose numerals end in 0? 

6. Are the sets o^ljiumbers in Exercise 5 closed withVespect to 
multiplication? / v * . - ^ ^ 

7. Are all sets of counting numbers which are closed under addi- 
tion also closed under multiplication? V/hy? 

8. Are any of the sets of numbers in Exercise 5 closed under 
subti^action? 

9. Are any of the aets of niHnbers in Exercise 5, closed under 
division? - . • 
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3-6. Inverse Operations * ' ' 

Often you do something and then undo it. You open the door; 
you shut the door. You open the window; you close the window. One 
operation Xs the inverse of the other. 

The inverse of putting on your coat is taking off your coat. 
Tha inverse operation of division is multiplication. The inverse 
^operation of addition is subtraction. 

Suppose you have $220 in 'the bank and you add $10 to it. fhen^ 
you h^ve $220 + $10 = $230. Now undo this by drawing out $10. The 
amount ^h at remains is $230 - $10 = $220. The athletic fund at 
your school might have $l800 in the bank and after a game have 
$300 more. Then the fund has $1800 + $300 or $2100 in it. But the 
team needs pew uniforms which cost $300 so $300 is withdrawn to pay^ 
for them, ^he amount* left is $2100 - $300, or $l800. These oper- 
ations undo eaqh other. "^Subtraction is the>^ inverse of addition. 

Of course, this idea could be expressed in more general .terms. 

Let X represent the number of dollars originally in the bank. 

ft 

' If the amount which is deposited is b, then x + b = a, where 
a represents the number of dollars that is now in the bank. How 
shall this operation be undone?* Prom the number of dollars. . 
Represented by a, subtract the number of dollars v/ithdrav;n, 
represented ^by *b, and you have the number represented by x. 
Write = a - b. 

Notice that if a " and' b are whole numbers, and if a > b, 
then there is a whole,' number' x so that^ b + x = a/ Examples.; 
If a is 17 and b is 10,^ then ,x is the whole nximber 7 
so that^ 10 + 7 = 17. When a is greater than b it is always 
possible to find x so that a = b +*x. Can you make the same 
.generalization if the above operation b + x - a, is changed to 
multiplication, b • x = a? If you substitute 2 for b* and 3 
for a you will see that there is no whole number that can be 
substituted for x such that 2 • x - 3. If one -substitutes cer- 
tain numbers.— for example, if e = 20 and b = V--then there^^^S"^ 
whole number that can be substituted for x such that 4 • x =>20. 
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Iji this example x must "represent 5, since • 5 ="^0, You get 
tMe 5 by dividing* 20 by i^. " ^ ^ 

If b is 6 and a is 24 i:hen x myst be \ since 6 • ^ = 
-If b - is 5 and a ^ is 4o,then *x mus.t be 8 since 5 . 8= 4o. 
If b i^ 3 and a is 30 then x must be 10 since 3«10 = 30. 
In each exariiple^ the number for x is found by dividing the number 
j?e^esented by a by the niomber represented by "i^^ In general 
Lf there is* a counting number x that can be multiplied by a 
counting number b to get counting number a, then this number^ 
X can be found by dividing a by b. This is written as <v ^ 
b • X = a. Multiply x by b to obtain a. To undo the jDperation 
you must perform^ the inverse operation which means that you must 
divide a by b ^ to obtain x: brf . The inverse operation of 
multiplying by b is dividing by b . ^ ^ \ 

Exercises 3-6 

^ 1. Pind,^if possible, a who^e numbefr v;hich can be used ,for x in 
each of the following to make it> true statement, if there ' . 
is no whole number that can be used for x, then say thei^e 
is bone , 

a. 9.+ X = 14 r. X = 20 4 

b. 4 + X = 11 g. 5 X = 30 



c. 10 = x+ 2 ^" h. 9.x = 0 

d. 8+x=ll . -i. x = 34-3 

e. 3+x=x+3 'J. ll-x = ll 



3-7. Betweenness and the Number Line 

^ Howjrfhole ;iumb3ra are related may be shown with a picture. 
Sglec't some point on a Ifn^'as below and label it zero (o). Label 

■ 0 ■ 1' • 2. 3 4 5 6 7 8*9 10 11 ■ 

>f- 1 ' '-^ 

, • ■ ' > 

the first dot -to the right, of zero the first counting number and 
each dot^ after that to the right the succeeding counting numbers. 
This picture is often referred 'to as The Number Line. Any whole • 
number is smaller than, any of the numbers on the right side of it 

\ - 
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and greater than any of the numbers on Its left. For example 3 
is less than 5 and greater than 2. This may be written; 
' 2 < 3 < 5, since 2 is less than 3 and 3 is less thain 5. 
With the niunber line you can also determine hoy/ many whole ' numbers 
there are between any two whole numbers. For example, to find how 
many whole numbers there are between 6 and 11 yt)u can JLook at 
the picture and count them.* There are four of them, 7, 8, 9^ 
and 10. ^ ' - 

Exercises 3-7 
1. How many whole numbers are there between: 

a. 2^ and 25 

' b. 28 and 25 * . 

c. 26 and 25 * ^ 

d. 114 and -25 . 

e. If a ^ anb b are whole numbers,, and a > b, is 
number of*v;!nole numbers between a and b: ^ „ 
(1.) b -^a ? (3) a - (b + 1) ?> . 
(2) ia-- 1) + b - (a - b) +.1 

t 2. What is t?ie -whole number midway between: 

- ' a. '7 and 13 c. ^ Xl and 19 ' v 

b. . 9 and 13 d. 17 and 27, , 

3. Which of the following pairs of whole .niombers have, a whole , 
•number* midway between them?' 

a. 9, 17 . • 

- b. : 19, 3^ • r e 

•c. ' a, b if a and b' are even • , 

whole numbers 

d. a, b if a and b are odd 

whole numbers - * , 

' e. a, b if a is odd and b ' * ' . 

* * is e-ven. 
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^. The whble^numbers a, b and c are so located on The Number 
Line that b is between a, and c, andc'> b. , * 

a. . Is c > a? Explain with a number xline. 

b. Is b > a? Explain with a number line/ 

c. Is b < c?'* Explain with words. 

5- The whole numbers a, b, c and d are so located on The Number 
Line that 'b is between *a and- c and a is between b 
^ and d. What relation, if any, is th^re among b, c, and d? 



3-8. The Number One ^ 

The number one is a special number in several ways. One is 
the smallest "Of our counting numbers. You may build any counting 
n{imber, no matter how large, b^ beginning with 1 and adding 

•^I's until you have reached the desired number. For example,' to 
obtain tfte number five, you can 'begin with our ^^pecial number 1 

. and repe&t the addition of 1. 1 + 1 = 2, 2 = 3, 3 + 1 = l^, 
^+1=5. There is no largest counting number. 

\ In multiplicaticfn.if you wish to obtain a different numer*!.^ 
for a number, you can multiply by a selected form of the ' spe'ci.al 

^ number 1.' Tn this way you may get a different numeral, but it 
represents the Game number. You may recall that in rewriting k as 
2 f you were simply multiplying by | . Of course, | is our 
special number 1. Multiply ^ by | and get | ; multiply | by | 
and get '^ese 'aije examples of multiplying by the number 1 

in selected forms | , and | . This means, that the new fractions! 
are different i^n fqrm from the original ones but^hey still repre 
sent the same number. The special numbe'r one when used as a multi- 
plier makes the product identical with the multiplicand* Because 
the product of any counting number and one is the original counting 
number, the number. 1 is called tiie "identity -element" f or multi- ^ 
plication. . ^ ' ' 
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Since division is the iayer^e operation of multiplication, is 
.the number one also, special \r\ division? What happens if you 
divide any counting number by one? You do obtain the same counting 
number • But if you divide 1 by a counting number you do not get the, 
counting number. For this reason the number one is ^t the identity 
element for division. A counting number multiplied by 1 is the same 
as 1 multiplied by the counting number. But a counting number' 
divided by one is not the same as^one divided by that ,QOuntirig 
number* If C represents any counting niomber .these multiplication 
and division operations using the niimber*-l can be expresjsed dn the 
follow/ng ways* " * . ^ 

C • 1 = 1 • C; 

. C4-'l = C; , ' 

C-r- C = 1; . ' : ; 

1 -i- C*^ C if C ^ 1. 

p 3 ' 

^ You have learned to use 10 to mean 10 • 10; 10 to mean 

10 • 10 10; 10^ to mean 10 - 10 • 10 • 10 -ciO • ID. The "2% 

"3", itgii called exponents, The'n^ponents are snj^all, but th^ ^ 

numbers represented by 10^, 10^ -and loP* are very large. If 1 

is used int^lace of 10 this is not trufe. For 1 = 1 1; 1 = 

1*1^1; l^=:l»l'l»l»i*l and these are still the 

number 1. In fact 1^ or 1^^^ or 1^^^^ .Is still 1. 

Qrur discussion pf the number one may summarized briefly, in 

tie mathematical sentences below. Can yc^Ptrans^ate them into , 

7ds? The letter C here represents any coimting number. 

a.- C = 1 or (1 + 1) or 1 or . . . etc. 



b. 1 • C = C 

c. C 1 = C 
•■. d. C -^C = 1 

e. 1^ = 1 



EMC 
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Exercises 3-8 

L. Can you- get Sny counting number by the repeated addition or 
subtraction of 1 to or fr^m any other counting number? Give ' 
an example to support your conclusion. ? - 

2. By the above process can you get a number that^is not a cost- 
ing number? Give an exaji3:>le to support 'your 'conclusion. ^ 

3. Robert said, "The cpimting numbers are not closed imder the 
subtraction of ones but they, are closed under the addition of 

^ones." ' Show, by an example what Robert meant. 
K Perform the indicated operations: 

v'^' - 3) )B^^9 . , e; 3479 • 1^^^ 

^ b. lJ97b5aa ^ ^. 97 • x^ (if x is* l) 

c. 897638 • (5 - 4) r g. i7 . (489-4-489) 

d. 896758 • | • , h.^ | . i5h-i^ 



3-9. The Numbfer Ze3?o 

Although zero is not included in the counting numbers/ it is o 
considered as *one of the whole numbers. Most of the time it is ^ 
.used according to rules of the counting numbers, and in, a sense it 
is used' to count. If you withdravf all your money» f rom the bank, 
you can express your bank balance with this special nvunber zero. 
If you have answered no questions correctly, ^our test score may 
be zero. 13? lihere are no, chalkboard erasers in the classroom, 
the ntmiber of erasers* majil be Expressed by zero. In all these 
cases,' no* money in the bank, no Qorrectly answered questions and 
no erasers, the zero indicated that there are no objects or 
elements, in the .set of objects b^ing discussed. If there are no 
elements in the set, it is called an empty set. 

The^ number zero is the number of ^ elements in the empty iet. 
in this sens^, some persons say that zero means ''rrot any. " f 'Others 
say it means "nothing" because there is nothing In the set.^te you, 
shall see, these are rather confused dnd limited con^cepts of zero. 
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On-a very cold morning Paul was asked the temperature. After 
looking at the thermometer he replied, "zero Did he mean there 
was "not any"? Did he mean "nothing"? No, he meant the top of the 
mercury was at a specific point On the scale called zero. Fred had 
an altimeter in his car so he could check the altitude as they drove 
in the Rocky Mountains. On one vacation trip they d^ove^ to the 
Salton Sea. On the way down Fred exclaimed, "I/)ok, the altitude is 
zero!" When the altimeter indicates zero, it does not mean there 
is "nothing," it means there is a specific altitude which is called 
zero. It is. just as specific .and real as an altitude of 999 feet. 

.The sum of a counting number and one is always" the next larger 
counting number, ^he sum of a counting number and zero is always^ 
the original counting number. For example, 4 + 0 = This 
fact might'^be. expressed in symbQls C + 0 = C where . C Is any 
counting number.' Or it might be expressed by saying that zero is 
the "^dentity element"- for addition. 

' The difference between the same two natural numbers is the 
special number zero. For example, 4-4=0. Did you notice that 
in this subtraction operat'ion you do n^ get a counting number? 
To 'put the idea in more elegant language, you would say that trie ^ 
set of court>ting numbers is not closed uncier subtraction. 

-What could 3 0 mean? You might think of the number of 
chairs in 3 rooms if each room contains zero chairs. Thus, any 
number of .rooms co^ntaining zero cHairs would 'have a total of zero 
chairs. This idea might be expressed in symbols by writing 
C .0=0, where C is any counting number. 

The product 0 • 3 is even more difficult to explain. But 
yoii do know by the commutative property for multiplication that 
3 • 0 = 0 • 3. You have seen that 3 • 0 =^0.- T^refore, 
0*3=0 because the commutative property for multiplication is 
true for all whole numbers. If a represents whole number, 
•a*0=0..a = 0. If a. is zero 0*0 = 0. 
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There is a very Important, principle expressed in fhe above 
symbols, but j.t may not be seen at the first glance. Did ^rou 
observe -that i!" the produ«^ of two or morp whole numbers is zero, 
then one o? the " nx;unbers must be zera? tor example, 4 • 5 • o = 0. 
JLn mathematics y6u will use this fact f ?equently. 
^ V/hat could zero divided by 3 mean? If you have a room with ' 
zer^ chairs and divide the room into, th i-ee parts, "it could mean 
the number of chairs in. each part of thi room. With this meaning, . 

^o-^3 should -Be 0. If 3J^ then 0x3 sAould be zero, by the 

inverse^operation. \ 

0 ' 7 * 

If y = 0, what as ^ ? Is 0J7 a 'counting number? Let us 

assume that Oj7 is equal to some number represented by N. This 

means t,hat 7 is equal' to zero tUnes some number N. (7 = 0 x N) . ^ 

The product of any number by zero is zero, therefore, • there is no • 

number N that will ^ual Oj7. In more ""elegant language, jfou may " 

say that ^ is not the name of any-counting number or zero . There- 
fore, this operation cannot-be performed. A coHiting number can^ 
b£ divided by zero , ' ' 

X Coul<r^^«^4 divided by .zero? In symbols the question is 
'o = Or 0)lj.\ If oJU equals some number n then by our defi- 

nition of multipli^on, 0 X n = 0. IVhat ' numbers could replace 
,n? Could n be 3? Of course, n could be' any counting number 
or^zero. Since o|d could be any whole number, the' symbol 
0 " ' 

■q has too many meanings. Therefore, you should remember that you 

cannot divide either a counting number or zero' by zera. 
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Our discussion of the, special number zero may be summarized 
briefly in the mathematical sentences below. State them in words 
if u and , w represent any whoTe numbers and C represents any 
counting number. > 

V7 + 0 = V/ 

0 v; = w / ' . 



a. 
b. 
c . 
d. 
e . 
f . 



w - 0 ^ w 
0 • w == 0 
w • 0^0. 



w = 0, then either u or w^is 
^ .zero or both are. zero. 



If u 

O'^^as no meaning. 



Exercises 3^:9 
1. Select the sumbols^that represent zero': 
0 V ' it' - It 



b. 

c . 

d; 
e . 
f . 



,5 - ^ 

'a ^ ■ 
0 

'b + 0 

■■0 ^' 

4 • 0 



g. 

i. 

J. 
k. 



(2 



(4 +s 6 + 0) 

' 4) -^6 



2. Can you find an err^ 



a and b 




•lowing statements? 



a . 


If 


a 




= 0, 


a 


or 


b 


= 0 


b. 


If 


a 


• b 


= 1> 


a 


or 


b 


= 1 


c . 


^If 


a 


• b 


= 2, 


a 


or 


b 


= 2 


d. 


If 


a 


• b 


= 3, 


a 


or 


b 


= 3 


e. 


If 


a 


• b 


= cv 


a 


or 


b 


.= C 
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3-10. Primes ^ ^ * ' ' * 

In this section there will be a'discussion on how .counting ^ 

numbers c^n be' expressed as products of other counting numbers. 

The number 1 ' is in a class by itself since every counting. number 

is a multiple of 1*; th*at is,, every counting number 'is divisible 

by 1. . ' . 

What are the multiples of 2 which are greater than 2? 

Fir^t write down the niunbers., for instance, from 1 -to 30 

inclusive.' The first multiple oi^ 2 greater than 2 is 4; 

cross out th^4 and every second number after that/ The list 

will then look like the f<J?Llowing: - 

1 2 \ 3 5 }J8 ^ f ^ j;er 11 ]^ 

13^ 15 3^ 17 l<f^ p 21 ^ *23 

,25 ' 27 2<^ . . ^ 

Do not cross out 2. The ^numbers above which are not crossecU-out 
are 1, 2, and the numbers less than 31 which are not inultiples 
of '2. Let us continue the pro<jess. Our(^second step would be to 
go through the same 'table and cross out the multipl<:^ of 3 which 
are greater than 3. Then the table would Ic^ok like this: 



1 


2 


3 




5 




7 ^■ 






11* ' 


13- 








17 




19 ^ 






23 ^ . 


25 








29, 













Here everj^ third number beginning with 6 . ha's been -crossed out, 
but 3 has not been Grossed out since that is the number whose , 
multiples are being found. The next number not crossed out is- 5. 
So fbj^the third step cross out every fifth number after (that 
is, beginning w^Lth 10). For the fourth and fifth steps, similarly^ 
cross out mullJiples of 7 and II which are greater than 7 and 
11. Keep track of the multiples as indicated. Did you cross out 
any new nunJbers when you were considering, multiples of" 11? Would . 
y<^i^ cross out any new numbers if you. .considered multiples of 12? % 
of 13? ^ ' ^ 



' Prom the way in which vne table was constructed every number 
crossed out is a multiple of a smaller number different from 1. 
These numbers are 'called composite numbers , ^ ^ ^ 

Definition: A composite number is a ^ounting number which is 
divisible by a smaller counting number different from r. 

The table is called the "Sieve of Eratosthenes" for the first 
30 numbers. It is called a "sieve" because in it? you have, sifted 
out all the composite numbers le^s than 31. 

Exc.ept^ for the number 1, .the numbers of the Sieve of 
Eratosthenes which a're not crossed out are called prime numbers. 

^ Def init^on ; A pi^ime number is a counting number, other than 
1, %hich is divisible only by itself and 1. 

Since it eliminates the composite numbei:s, the ^ieve of 
fi^atosthenes is a good way oT finding a li^t of all prime numbers 
up to a certain point. The oomposite numbers are sifted out. The 
-prime numbers remain. ^ [- ,^ 

The number 1 is not included. In the set of primes partly ^ 
because it*i? divisible by itself only.. ' There will be another 
stronger reason for this l^ter on. ' * * / 

^ ^ ^ Exercises 3-10 

1.; Express each of the following counting numbers as a^product 
of two smaller counting numbers ^or Indicate that It is 
^ impossible to do this: ^ 

a. 12 -b.. 31 c. 8 . d. 35 39 
a, " ' 



2. 



C 



How many! prime numbers are less t^ari 
How .many prime numbers are less than 



f. 41 

5oi? ^ 

100? 



g.'95 



By .what numbei> is 24- divisible? 

I I ^ " - ' \ ' 

Thp number 24 is a multiple of what numbers? 

Are tihe two sets of numbers you have found in .a ,ahd 

b the sam^? Why or. why not? , 



4-. Write*^ 12 in all possible ways as a product of counting 
. numbers' greater than l'^ • ' ' \ ^ 
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5. Li3t the pairs of prime numbej^s less^ than 100 which have 
'a difference of 2. How many are these? .Such pairs are 

called twin primes , 

6. Express each even number between 4 and 22 as a sum of 
two prime numbers. (An even number, recall, is one divisible 
by 2) . Most mathematicians believe that every even number 
greater than 2 is the sum of two .prime numbers but* no one 
has been able to prpve it. - / <- 

7. Are there three numbers that might be called prime triplets? 

8. What is- the intersection of the set of prime numbers and the 
set Qf odd' numbersX less than 30? 



3-11-,. Factors '/ 

The word "factor" is commonly used in mathematics . Though 
thfe term^ may be, neW to you, ^ idea is not. You know that 
5x2 = 10. Instead of calling one of the numbers the .multiplicand 
and the other one thf multiplie^ both of them are given the same 
name — factor . Thus, 5 and 2 are factors of 10; 6 and 
7 are factors of 42, sinc^ 6 x 7 = 42. Also', 42 = 2 x 3 x 7: 
SO 2, 3, and 7 are factors of 42. 

Example 1; Wr^ite. 12 as ^ product of factors. ' 



12 = 2 x-6, 
or, 12 = 3lx 4, 
or 12 = 2 X. 2 X 



"t|i 
, th( 



2 

= 2'^,X 3 



Vftien you say "tlhe factors" you me^tn "<all,the factors" of a 



r 



numr 



ber. For exampld, the number 6 has four factors, 1, 2, 3, and 6,* 
The number one aijid the number Itself are alweys factors of a number. 



Example 2: Find the set o*f factors of 20... *. ' •) 
The set oH factors of 20 . is {1, 2; 4, 5, 10, 20). 



The'idea of factors "i& associated with multiplication. In 
mathematical symbol^^^yfac*tor "\s* defined in the following way: 
^If a, b, and 



Definition . 



c are whole niombers and if 
ac = b, then the niomber a is called a factor of bi 
(Under these conditions c is also a factor of b.) 
Using the terms of the^ last section, 3 s is -a factor of 12 
b'ecause *12 is divisible by 3. In the symbols of the definition, 
the n\imb^r^ a is a factor df b if b is divisible by a. 

The number 1. has- only one factor, itself. Eaqh prime ^niimber 
has exactly two factors,— itself and 1. 

Definition . If a 'counting number is written as a 
'product of prime numbers, this product is called a 
complete factorization of the giVen niamber. 

Example 3; Find a combletfe factorization of "72". 



Method I 
72 r 8 X 9 ' 
72 = (4 X 2) X (3 ^ 3) 
72 = (2 X 2) X 2 X (3 X 3) 
72 « (2 X 2 X 2) X (3 X 3) 




Method 



Using continuing ^short 
division 



2 
2 
2 
3 



72 
In 

exc 



Using exponents, 
the factorization of '72, 



72 



36 



18 



72 = 2 X 3 • 

2 

2 X 3 X. 2 is the same, as 
ept foi? the order of the fjactors. In fact, a' very fundamental 



2^ X 3 



property of the counting numbers is that there is only one way to 
write a complete factorization , of any counting niimber except ^for 
the order in which the prime f^ctor^ apt>ear. * 
'This property i^ given a special name: 

The Unique Factorization Property of the Counting Numbers; 
Every "counting ^lomber greater than 1 can be factored into 
primes in. only one way except for the order "in whigJi they occur 



In i^he product v 



V 
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Here thete is another reason for excluding 1 from the set 
o.f prime numbers. If 1 had been called a prime, Jbhen 5 cpuld 
have been expressed as a product of primes in many different wa^rs:^ 
5x1, 5 X 1, 5x1x1x1, ... Here the produ^ would^not be 
except for the order in which the" factors are written. 

• ' gxercis^es 3-11 

1. List the. set of factors for each of- the following: ^ 
1 ' a. 10 b. 15 *c. 9 d. 18 * e. 27 * f. 2*^ . g. 11 ' 
. 2. Write, a complete factorization of: 

a. 10 b. 15- c. 9 d. 30 e. f. 50 g. 13 _ 

3. According to our definition of factor, is zero a factor of 
* ; Is 6 a factor of zero?' Explain your answers. 

a. What factors of 20 do not appear in a complete ^ 
fact;^zation of -20?' ^ 

b. * ' What factors of 72 do not appear in a- complete 

^ factorization of 72? * ^ ^ 

,5. Find a complete factorization of:'"*' 

a. 105 c. 6k " e. .301 

^2 ^ d. 31^5 ^/ 323 

Definition . If. a whole number is divisible by two it is an 
even fujipber . if a whole number is nc^divisible by two it 
is an odd number. 
6. Tell ^fhe.ther thes.e nvtmbers are odd -or even: 

a. 3 xj2 X 6 - \l,y 



b. 128 'i 37 



3 ' 1-7) • ' f 

e. ".S'. "(9 + 13) , , 

7. Classify each of the f'Dllowing as odd or e^^en; 

^- ^^three.. ' s . . °' "^"^five 

^- ' " ■ d. 101,^^ 

8. Prom the result^^ of Problem 7 would you say tha:t divisibility 
is a property of a numeral or a property of a number?/ Explain 
your answer.'^ 
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'*9. Copy the following table for counting number. N and complete 
it through N 30, ' ' V 



N 



1 
2 
3 
k 

5 

-.6 

7' 
3 
■ a. 

b. 

c - 



g< 



Factors of N 



NumbeiTt-pf Factors Sum of' Factors 



1 

2 
3 
2 
k 
2 
it. 



1 
3 

7 

6, 
12 

15 



1 

1,3^ ' 
I 1,2,4 

1,^2,3,6 

' 1,7 • • 

1,2,4,3 _ , 
\'/hich numbers represented by 
exactly two factors? ' . 

V/hi-ch numbers N have exactly three factors? 
If N = p ^ (where- p is a prime number), how many 
factors does N have? , ' 

If N = pg (where p and"" g are different prime aumbef-s), 
how many factors does 1^ have? What is the sum o^ its 
factors? ' - ' j 



N irt the table abo<;e' have 



r 



If N = 2*^ (where k is a. counting number), how many 
factors .does N ^ave? ' • ^^^^ 

If N = 3^*( where k is a counting number), how many 
factors does N have? * ^ 

If N = (where p is a prime jiiAber and ^ k is a 
counting • number) how many factors^ does N have? 

i 



3-12. . Di\/i5,tbility ' 

' To find the factors of a number, you can .always gueas and try, 
but it is much easier 'if you can tell' from looking at a number 
whether or not *it has a given factor. Prom' Clfapter 2 or from 
Sieve of Eratc/sthe.nes it is clear that a number vritten*in the 
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decimal system is even if the last digit is even. At least this 
is true as far as the sieve you have constructed* goes , Thus: 

A counting number written in trie decimal system is even 
if its last digit i^ one of 0, 2, 6, 8. If its last dl-gi,t ' 
is not ojie /of these, it is odd. ^ . 

Examples : 

is an even niomber since Itsf last digit is an €ven 

is divided by . 2 the remainder is 0. 
• is an odd number since its last digit is not an even 



72k 
number. 
If 73^^ ' 

391 
number . 
If 391 



/ 

is divided by . 2 the remainder is 1, 



V aunting number expressed in the decimal system i£ ^ # 
divisible by 5 if its last digit is O.or 5. Otherwise it is - 
not divisible by 5 . 

What about dfvisibiiity by 3? Can you tell by looking' at the. 
last digit? '"The first t,en multiples of 3 are j \ 

0, 3, 6,\ 9, ^12, ^15, 18,' 21, 2k, 27. \ ' 

Each, of the possible .last digits, 0,1>2, 3, ^t, 5, 6,V,8, and '9*, ' 
appears in^thls list. On the other hand, .none of the following 
are divisible by 3 even though eaph.of the possible last digits 
appears here*also: ■ 

^; li), -13, |16, 19, 22, • 25, 28, 31.' . ^ 

You can see, the.n, thap you 'cannot tell whether a niimber is dlvi 
by 3 by looking a€ 'the last digit. 

But suppise^ you add the digits of the multiplies of 3. For 
12 you have 1 fr, 2 3j^ for . 15 you have 1+5=6; for l8 
you have .1^+8, = 9. 

jbabfe: ' L ' ^ ^ - ^ ' I 

15 is 

3 ^6 :'9. 



isible 



Multiple of .3 
Suni of digits 



0 3 



By thls^njeans ycju can form the following^' 



Multiple of 3 
Sum of Digits 



.'.'42 45 




6: 



9-r 12 




36 
9 



39 
12 



» * 
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Can you make- any statement that^seems to'^e true- about the sum of 
l> the digits for' all multiples of 3? You will see that in each case. 
' the sum of, the digits'is divisible by 3. Furthermore, if ' you add- - 
the digits of any number that is not divisible by 3 -(take 25 
where the sum of the digits is 7) /the sum of the digits is not 
divisible by 3. Can you see why^thig will be true for 'all numbers? 
See Prbblem T~rn~tTie "hexf^et. . " 

" , You may notice that every third sum of digits in the table 
on the previous page is divisible by 9 and every third .multiple 
of 3 is- divisible .-'by' .9. Hence' there is the following test for 
divisibility by 9. . . « 

r^ npiber is divisible b;^/f 9 if the sum of its di-Rits ^ 
divisible by 9. Otherwise it is not divisible bj 9. 
Examples: 

8325 is divisible by ^ since 8 + 3 +*2 + 5 = '18- 
which is' divisible by .9. if 8325 -;- 9 the remainder is 

5762 is not divisible by 9 since 5-+7 + 6+ 2=20 
which is not divisible by 9*. If 5762.4- 9 the remainder 
is 2. » ■ ' - . ■ • ■ 

It is impqftant to notic^ t^at the tests for ^divisibility wh^ch 
have, b^en giverkin this section'depend on the number being writfen . * 
decimal ^ystem. Pot. instan,be, ^the number I 21 in the. decimal 
is written ^ ^^seVeJ " system base selei^ This number " 

is not even in spite of the fact that its last digit is . 
rer,^ince 30^^^^! means (3 x seven) + 0, the fact 
3t digit i^ zero t|lls us that^ the rpnber is^ divisible 
If .a number ia wi^ittqn to the b^se seven it is very easy 

ivisible .by seven; one merely looks ^ 



0. 



in Ijhe 
system 

Steven 



zero. Howe 
that' the la 
' by seven 
to tell whelther or not it is 
ta see if the last digit is zWo. 

' The property of ofte numbtr being a factor of anotheir does not 
depend, on the way it is writtifen; for instance/, seven is/always a ' ' 
factor of twenty-one, no mattler how it is' written. JButXhe test: 
for divisibility* which are given here depend on 'the sys.tem of 
numeration 4^1 which the'^number is written. 
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Exercises, 3-12 . , 

1. 'Find, the'^smallest prime factor of each of . the following: 

a. 115 .b. 135 c. 321 d. e. 539 f. 12l" 

2. Can you give a test for divisibility of 6 in the decimal system? 

3. Can you give a 4est.for divisibility by 15 in the decimal 
' ' system? 

Which of th^ following numbers are_^ divisible by 2\ 

a. 1111,3, b. Illl3e^e, c. 11113,^ d. llith^ee ' 

5. Suppose a number is v^rritten in the system to the base seven. 
' Is it divisible by ten if it^ last digit is, zero? Is it 
divisible by three if the sum of its digits is divisible- by 
three? . ^ , 

'*6. Answer the above questions for a system/ of numeration to the ^ 

base twelve. ' , / • 

*7. .Find a test for divisibility by '6 in! a system of numeration^ 

to the base seven . i J ^...^ 

*8./-J}ive a test for divisibility by \ in the .decimal -«7:?tem) 



'3-13, ' Greatest * 'Common Factor- 

Consider the nutab'ers 10 and 12. Both 10 .and 12 are 
-even nvunbers. They are both divisible by 2, or you may say that 

10 



10 ami l2 ai»e multiples of 2.^ Because* 2 is ajfactd^r oj 



.and is al^o a. factor cjf 12,^ 2 



is a "common factor" 'of •lO* and 



12. 



All yfhole numbers are mult iples of 1. Tfius 1 is, a comiion 
factor of the members of- any set of whole numbers. Therefore, When 
you are looking for common factors you generally |ook for numbei's, • 
other than l\ T ^ ' ' ^ 

Do the numbers 12 and 30 have any xjommon factors r 



Writing the set of 
^ fa^ls^rs- of 12 and 
^ tWb set of factors^ 
lof 30 as shown at 
I the right you see 



Set of^ffi|/^t<^s of 12 is '(1,2,3,1^,6,12^} 



1 



Set of factcirs of 30 'is li;2,^,5^6,10,15i 



that therej are several I 
common factors. 'The numbers 1, 2, 3, and 6 
factors of 12 and 30. 




8y 



Is 6 a factor of both 12 and _ 30? Referring to the 
earlier listing of these factors^ you see that 12 and 30 have 
the common factors 1, 2, 3, and" 6. How does 6'''^"^fer from the 
other commbn factors? . It is the largest of the common factors of 
12 and 30. Such a fadtor is called the "greatest commo^i factor"A 

Definition: 'The greatest common factor of^wo who^L^ \i\irabers .is 
the largest whole number which is a factor of eadh of theml 

Gener^ly, the greatest common factor is more useful in 
mathematics than other common factors. >a'heref9re, ^yox^>v^l be* , 
interested in the greatest common factor. «^ 

Exercises 3-13 . ' 

1. Write the set of all factors f<5r each of the following. List 
. these carefully as you will use these sets in answerii;^ 

Problem 2 iDelow. * * . 

a- • ^ ^ 'c.. 12 ' ;e: ' 16 

. 8 • ^ . cn . 15 f . . 21 , 

2. Using your answers/in Problem 1 above, write the ^et of common 
factors in -each, of the follov/ing cases: 

a- ' 6;3 - c.^ 1^, 15 -e. ^2,15,21* 

^- ^ d. . 63,1^ f . 8,12,16 . 

3. Write the set of all factors for eabh of the following. ' 
a. ' 19 ' c. 36 e. 1^5 ' ^ 

j 28 I . ^ J d. 40 \ . f . 72 

^. Write the set of common factors for each*of the 'following. 

a. 19,28j"^ / c. 28,1^0 " ' e.- 1^0,72 - 

^ • 16,36' ^^d. • 36,1^5 f.' 19,36,1^5- 

5. Find the^greatast common fa'ctor in eagh 'of the following cases: 
^ a. ^15, 2? • ■ ^ c. 1^0, i^8, 72 

t>- 30 . * d. , 20,^ 50, 100 ^' 

What is t,he greatest common factor^ of 6 
What is the* greatest common factor "of a 
i"s any Idounting number? 




What is the greatest common 
What is tme greate^^ common 
a represent s^any VhcAe/numbfer? < 




'actor of 1 
actor of* »1 
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6. Let a and b represent any^ two dif^fererft whole numbers ^ ^ 

where a < 1^* , ^ - , 

a. Will a and b always have a common factor? If so, what 

.is the factor? \ - ^ ^ 

h. Let , c^f^epresent a common factor of' a and b. XJan 

c = a? If so,/'give an exampjle. ' 
c. Can c = b? If so, give a4 example. 
9. Suppose 1 1^ is the gre;^test common factor of three numbers. 
Must one of the three 'numbers be a prime number? If not, 
^ write a Bet of three composite nurrfbers whose g1?eatest common 
factor is 1. 

10. -In fii}(Jing the greatest common factor for' a set of numbers it 

is sometimes troublesome to write ^out all the factors. Try 
* to find a shorter way of obtaining the greatest common factor.' 
Assume that, you are to find the greatest common factor of 

36 ' and i^5. I 
' a. Write a complete factorization of , 36 ,and^df ^^5* (List 

h^l of th^ pri^me factors of 36 and of k^) * ' ' 

N Example:' 36 i= 2 • 2 • 3 • 3 • 3 = 2^ • 3^ • 

4"5 = ? : ? • ? = ? • ? 

b. What is the greatest common factor of^36 and ^^5^ 

c. Compare the list of prime factors of • 36 and ^^5 and the 
greatest common factor of 36^ atnd ^^5- Can you .see a," 

^ j shorter way of obta::Lhing the greatest common factor? 

11. Factor completely each number in the following sets and fird 



•*12. 



the 


greatest common factor for each set of numbers. 


a. 


A2k; 60) 




d. {24, 6o, 8k] 


b. 


{36, 90) 




' {42, 105,>147). ^ 


c. 


[72, lp8) 




* f^: {165, 234) 


a. 


What is the 


greatest 


common factor of 0 and '6? 


b. 


What is the 


smallest 


cwpon factor' of 0 and -6? 


c. 


What is 'the 


smallest 


common factor for any two whole 




.numbers? 






J* 

# 


■J 




<^ 

* ' 4 . t 

% 



\ 
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You have' Ifearrifed about operations with Whole numbers^ addi 
tion, subji^action, multiplication, and di/ision. - In this 
s-ection^ studied the operation of finding the greateat 
^common factor'. This is sometimes abbreviated' 0.c!p. ^ Eor this 
problem bnly let us use" the symbol- " a " for the operation 
rSiii<hF-. Po^s|m3n?h(3re numbers ' 



a aria ^6 and 
a A b = 9. CP. for a and ,b ^. ; 

a-A c » O.C.P. for a' and c " - 'I 

- 12 A 18 =^ 6 
' I 9 A 15 * 3.^ /• ' ' ' ' * 

Is 4;.he 'set. of whole numbers closed under the operation A ? 
Is the operation A' commutative; that isj does 
a. A b = bAa? * 



or . 

;Exaniple" 



a. 
b. 



c. Is the ^ operation a associative, that is, does 



a A (l?*A c) = (a A b) A 



c? 




3-l^\ ' Kefaalnders in Division ' / 

.Ttie^usual way of finding the answer to this division-problem 
is shown below: • - \ ^ / . ; '/ . 



3 Remainder } 



1 



) . -fo cheer the answer |use th^fojlowing ideaf-^' •.. 

^ 16 =. (5 X 3) + i; 

In the division problem' above, the l€ ^ is' ckli^k jle ■ d'lvide-nd . 
the 5 is the divisor, the 3 -is the quotient ,'^' g^'-i ih^ -1 is 
the remainder , -' " * ' ' • 

♦ » ' ^ "4 w 

■ , ■ - ■. 
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Le?t«s try another example. . Divid^ 253 by 25. 



/ 



2 5 'J 2 5 3 

— ^ 



•7 



Does 253 = (25 X 10) + 3? 
In division: 

dividend. = (divisor x quotient) + remainder 
Using mathematicai symbols, where 
"a" represents the dividend, 
"b" represents ther divisor, 
"q" represents the quotient, 
"R" represents the remainder. 
This division relation may be expressed as follows: 
.a = (b • 'q) +. R 

Consider the following example in division: ^ 

k 

' • 2 4 Remainder 23 

2 5' j -6 2 3 
5 0 
1 2^3 
10 0 

/ . ;2 3 • 

vou can write 

62i3 = (25, X 24) +;23; 
This follows the gengr-il form*: 

■ '* dividenja i= (divisor x quotient) + remainder 

or ^ 
a = (b • q) + R^ 



\ 
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** , / , Exercises 3-14 ' ^ 

1. Copy and complete the following tarble. Do this carefujlly 
as you -will use the table'in answering_ Question 2. 



EXAMPLE- 



a. 



d.. 



e. 



-i&fVIDENB- 



(DIV I30R- 



41 



59 



77 



81 



4' 



13 



11 



17 



2. 



Use the ta'^^la'^n Problem 1 in answering parts -a 7^?, and c. 

a. .Compare the 'divisor and quotient in each part. Does one 

of these always ^have the, greater yaiue/ in a division 
problem? • ' > 

b. Compare the quotient and dividend. Which" orfe has the 
greater value^ if the dividend and divfsor are b9th 
(counting numbers? 

c. Compare the divisor and' the remainder. Which one always 
has the greater value in a division prol^lem? 
Can the dividend be zero? jf so, give an exainple. 



d. 
e. 

g. 



Can the divisor be zero? If so, give an ^example., 
Can the quotient J)e zero? If |so> give. jan 'example. 



Can the remainder be -zero? If 'SO, give an example. 
Using the table in Problem,!, answ^ jthe f ollowing'questions, 

a. Can any whole number appear as a dividend? If'.not, gi^e 
an example. , 

b. Can any, whole number appear as a divisor? If hot give 
iple. ^ \ 

:n ^y whole nuinber appear as a quotients If; not gJJve 
n example. / " 
St the* remainder always be some whole number? 'Explain. 
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4. Copy and complete the fbllfewing table for th? division r^latlbri. 





• a ' 


b 




R • •, 




— §0 


' la H 




^?-, 


b'. - 


100 


? 


? 


. 0 


c. 


283 


17 - 


♦ ? 




d. ^ 


"• 630 


? 


25- 


,5 ■ 



y 



5. Using the tatle above .an swen the following: r' ^- * 
'a. Can ,R ^ be greater^than If sq give / an .example^. 

be greatJer -than .b?' 'if ^o, give an'>xample. . 



or .Can 




6. 



, ^ ^reater^ than the^ quotient^^ q ? If »so, give an 
I example. : [ 'y ^ , ^ . . ^ 

dXcan ariy whole number be a possible value of b? > Explain. 

e. _y can any counting numbfer.be a. possible' value of b? Explain. 

f . "Can any whole numJ*^ be a ppsslble value of a? Explain. 
Using the dlylslofri.relatltn, . a = (b • q) + R> ' ' ^ ' 

where^ R < b, aftswer the ft^llowlng: . 

If ^bf« 11, describe. the set of ajLi possible remainders. « 
If all the possible remainder^ in a division problem are ? V 
the Whole numbers less than 25, what is b? ^ 



b. 



c^ 



Iti j b 



K, wl«L$h.one ,qf the* following represents th^ 



1^- 



I 

iifs 



(K-,1). 

^ greatest common 



nun/ber* of ail possible remainders. 

i^i ' fcl), or 

In ^Section 13, you learned how to find 

factor of twd numbers. By "using the difSsibn *re\a*io/i' th^^ 
is^ another method* for doing. this. ^' * . ; 

EXAMPLE: Find ^.the greates"?* common^ factor* of .3j5'**antl 56:. . 
f . ; (1) Pir^t, divide the larger number,j 56, by the, smaller 
number, 35. 



ERLC 



(2) 

(3) 



; Second^, divide the..divisor,l 35, |by the remainder ^1, 
Next, continue dividing tni last divisor by the last' 



remainder until the"^ remainder la 



/ 
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The last divisor .used is the' greatest common factor. 
The 7 is the greatest ' common* factor of 35 and 56. 
Note that when 14 is divided by 7 the remainder is 



0. The 7 is the last divisor^ used. 

Using the above method, find the greatest common factor for each 
of the following pairs of niambers : \ • ► 

f ' a. ^124 and 836, 

b. 336 and 8l2 1 . , 

• c. 1207 and 1349 
*8. Is there a one-to-one correspondence between the following 
'set of numbers?* If so, set up the correspondence. 
- a. The set of counti,ng numbei^s from 1 through 11 and 
the set of whole numbers from 0 through 10. 

b. The set of odd numbers between* 50 and ' 80 and the 
set of even numbers between 17 and '47. • 

c. The ,set of all ^nultiples of:f% , which are less than 

44 and the set of all multiples of ,7 which lies between 
160 and 200.' " ' * J . 



3-15*\ Least Common Multiple ' ^ ^ 

You have already- leartJed a great deal about multiples of 
niambers: 

that- all whole numbers ^re multiples of 1; 

that- even numbers (0, 2, 4; 6, , ) arq. multiples of 2; 

that to, 3, 6, 9> ....,) are multij)les of 3. 
Similarly the multiples of any counting number can be^listed., 

. The number 2 is.. an even niomber, and the number 3 is an 
odd number. Usually you do not think of such niimber3 as having*' 
much in common. Yet if you look at the set of" multiples for 2 
and the set^^.multiples of 3 you, see that th'ey do have some- 
thing in* common. Some af the multiples of 2 are also multiple^ ^ 
of 3. For example, 6 is a multiple of both 2 and 3. There 
are many siach numbers divisible by both 2 and' 3.. 
The set of these numbers is written as 'follows: 

{6; 12, 18, 24, 30, ' , . • • 
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Definition ; Numbers which are multiples of more than one number are 
called common multiples of those numbers. "Common" means belonging' 
to more than oRe . /Thus 6 and ^ 12 are common multiples of 2 and 3. 

Definition ; The least common multiple of a. set of ct)unting 
numbers is the smallest counting number which is a n;ultiple of 
each member of the set of given numbers. 

.Note that 0 , is a conlmon multiple for any' set* of whole 
numbers. However, in adding or subtracting fractions, 0 cannot 
be tised as a common denominator. Can you write with a zero 
denominator? Because you cannot do so, you will be interested only 
in the least common multiple, other than zero. ' \ 

Suppose you wish to find the least common multiple of 12 and' 
l8. First,' list the sets of . multiples of each: 

Set of Multiples of 12: (0,^12, 24, a6^^'48,'6o, 72, 81^, . T. , ] ^ 

Set -of Multiples of l8; ^(0, l8, 36, 5^, 72, ...,) 

The set of common multiples of 12 and l8 is- (0, 36,^72, 
108, ...,]^ The smallest counting number in this set is 36. 
Therefore, '36 is the least common multiple of 12 and l8. 

Exercj-s'es 3-15 \ - ^ ' / 

1. .-Write the least common multiple of the elements of each' of 
the following sets. 

a. 6 and 8- ' b. 9 and 12 

2. Find the least common multiple of the elements of each of 
the following sets. 

a. (2, 6, 7] b. • 9,. 12]^ 

3. Find the least ' common multlpler for each of the following sets: 

a. (4, 6) ^ c. (10, 12] 

b. ' [6, 9] , d. (10, 15,' 30] • 

4. Answe'r the follpwing': ' • ' ) ' 

a. If c and d are composite counting numbers can c 

or d be - the least-.common multiple? ' Write an example.^' 
tp explain your answer. . , ' 

b. If c' and * d are composite counting numbers.,^ must c 
of; d be the least common multipl^? Write* an example 

,^ to .your answer. > * 
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a. What is the "least common multiple .of '^6 and 6? % 

b. ¥hat ig the least common multiple of 29 a'nd 29? 

c. * What ife the Jedst "common multipj^e' of a!,.^. and a^' where; 

a is any counting niiinhf^? - . 
.a. ' What is t^e least common multipl# of 1 . and 6? %^ 

b. ■ What is IJhe least common multiple 'of 1 and 29? 

c. . .What is the least 6ommon multiple of 1 and' a where 

represents aJ^^^^unting niiiTi)er? 
a. If ^ * and b , ^'f'e /^if f^rent prime numbers, can a or 
b reoresenf the leastvcpmmon multiple of a and b? ■ 



b..*" If a Bnd" ^ are^ dj^f ferent prime n^bers how can you s 

i^resertfc the Jeast common multiple of. a and ^b? 
^c.' If "f, b, and g are diYferent prime niimbers, what is 

'\he l^st common multiple* of b, and c? • / * 
Study the '-following ,^^mple. T.r^ to discover a shorter^ way 
'to determioe^the leas^cortimon multiple, 

^XAMPI^E: 'To Tirid the" least ^ common multiple pf 4, 6, and 6: 
^ (l) Pir^t, w)^te a complete factorisation for, each^ 
numb#. ^ ^' ' . * . " ' * * 

- 4 = 2^ '\ 6'.^\2--| .8 = 2^. ^ 

(2) The ieast cc^on multiple* is 2^',*. 3 'Or{ 24.^ t^- 
(Sy Note, that • 2 •.'3 -.2^ = 192.^ which;,i'^'a ^ " 

^ common multiple of 40 a^n^ 8^ bui^ot the least. 
Nqw find thj^^lea^; common multiple _of_ e^ch^ set J.nj|the_ following 

p^^^^- / ^ ^ " . ^ ^^ 

a. . 12, 1^ ;^ ^ V "^'^c. 10, 14. V \ 

b. . -14, l6 - ' ■ d'. , 4, 5, 6 \ . ^ / 

a. Is 'there a greatest common -multiple of 3 , and 5? If so, 
virita an example.^ ^> 

b. " Is there a greatest coition multiple of any set of counting 

numbe.rs? * • ' * ^' 
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' a. May 0, be con&idered as a multiple of zero? (Does 
0 0,= 0?) 

b. May Q> |be considered as a multiple of six? ' (Does 
•6x0=0?) 

c. May 0 be considered as a multiple of'T^a if a is 
any whole niomber? ' ' . ^ ^ 

d. Assume the least common multiple wars defined as "the 
sma-li/st whole number" instead of "the smallest 
counting, number". What would be the least common ' ' 
multiple for any set of coishting taiombers? ' ^ 

e. Using the correct definition for least common multiple, 
is there a I'east common multiple for any counting number 
and jO? . * f - , 

^ Review fexercis^ss 

Find the gj^eatest comm9n factor of\ihe niombers in each of the 
following sets of numbers.- "* ' ^/ 
a. {23, 43) • . d. {74, 146) 

{66, 78) • e. (45, 72, 252). 

c. {39, 51) ' ^f. t44, 92^ 124) 

Find the least^ommoh multiples ^f the niimbers. in each of the 
sets of numbers in parts 'a. through 'f. in Problem 1. 

a. Find th^ product of the meihbers of each set of numbers 
in Problem 1. 

b. Find the produat of the greatest ^common factor and the 

\ least common multiple for each set of numbe^^ in Problem ^1 
(Refer to your answers for Problem 1 and Problem 2.^ 

c. How do your arr^^wers for a and b comt^are? ^ ^ 

Let a and b represent two counting numbers. 'Suppose that 
the greatest common * faqtor of a and b' is 1. 

What is the least common multiple of a and b.? Give 
an example to explain your answer. ^ . ' . 

b. Would your answer for part a. be true if you started wifh 
" three counting numbers ^ a, b, and c? (RemembeV, the^ 
greatest common factor is 1.) Give an example to ekpl^in 
your answer, ' \ [ 
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a. Can a prime number be even? Give an example to explain 
your answer. . ^ v 

b. Can a prime number be odd? Give an example to explain 
your answer. 

c. How many prime numbers end with the digit 5? 

d. With the exception of two prime numbers, all primes 
' en^J with one of four digits. Write, the two primes 

which are exceptions. 

e. Write the other four digits which occur in the ones 
place for all primes other than the exception you 
found in part d. 

Suppose the greatest common factor pf two numbers is the 
same_^a§^ttieif ^east . commc^n multiple. What must be true 
about the numbers? Give exampJLes to explain your answer. 
112 tulip' bulbs are to be planted in a garden. ^'Destribe " 
all possible arrangements oj.th^^ bulbs if they are to be 
planted in straight roWfe with an. equal number o*r bulb^ per 
row. S 
Two beils are set so that their time interval for striking 
is different. Ass.ume that at the .beginning both of the 
bells strike at the same time. , [ 

a. One bell^ strikes every three minutes and the second 
strikes every five' minutes. If both be}.ls strike 

^ . together, at .12^00 o^clock noon, when will tljey 

again strike together? ^ / o 

b. One .bell strikes every six minutes and the second 'bell 
every fifteen minutes, if bbth^ strike at *^2:00 o'clock 

^ noon, when will they again strike together? . 

c. . Find the least commoh^.niultip3re of ""3 and 5 : and of 
' 6 and 15. How do* t*^g,^^answers compare with parts 

a. and ^b.? 
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9. a. Can the greatest conuno'n factor of some whole numbers ever 
be the same number as the least common multiple of those 
whole numbers? If so, give an example, 

b. ' Can the greatest common Xactor of some whole numbers aver 

be' greater than the least common jnultipljs of. those numb]ers? 
•IfJ.so, give an example. \ ^ . 

c. Can the least confeioi) multiple for some whole numbers ever 
'be less than the grea1;est common factor .o^f those whole 

numbers? If so, gi^e an example, - S ' . ^ 
*10. a, is it possib^le to have exactly four domposite numbers [ 

betweisn two consecutive primes? If so, give an^example. * 
* b. /Is' it possible to have ebcactl^ five consecutive composite 
numbers between two consecutive primes? I'f 'so give an 



*11, 



*12. 
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h example , 

Given the numbers 135, 222, 783, IO65. Without dividing * 
answer the Tollowing questions. Then check your^answers by 
dividing, ' . ~ ^' ^ 

a. . Which .numbers are divisible by 3? * ' 
Which numbers are^divisible by 6? 
Which numbers are divisible by . 9? " 
' Wh:^ch numbers are, divisible by 5? 
^' Which, numbers ^e divisible by 15? 
* Which vHumbers are divisible ^by 4? 
Ten tunp bulbs are to be ^rilante^d so that there will be 
exactly^ five rows with 'fou^ bulbs iq each t'ow. Draw a diagram 
of this arramgement , 



b. 
c. 
d. 
eo,* 
f. 



Do you think there Is a la 
it- 03?", can you give a reaso 
greatest one?* 



j?ge'st prime number? Can you ffhd 
1 Why ycJli think there is ho- 



^ • Chaptejj k ' ■ 
TjDE^^TIONAL NUMBER SYSTEM 



^-l* Hia^tory of Frac tions ^ - , ' 

— I k . - ^ - - ^ 

Man has npt always known about fractions. Histoi?rcally, he 

introduced fractions when he* began tp measure as w^ll as count . 

he divided a piece of string into two parts of equal length^ 

n each part ^^as i as long as 'the original string. ' ' 



If 
then 



he had to pour 4 cupful s of water to Mil a container, 



I CUP 




then he said that tlje cup held ^ the amount of water ,in the 
container. * . ^ » " \^ * 

' ]J; The Egjrptians worked wi,th fractions . ^ At first they used 
.Only unit fractions and the ff^acbions, j and ^ . Unit, 

fractions -are f inactions with numerators of 1, sucl^as i, i, 

. ' The,f.^g7ptians used the notation * .for ^, that^. 

is, ^th* :fiumei»ai*** f or 5 wijth a" special m^k written over it. 
>flieti_;^ey had to use other fractions, they expressed them in . 
terms '^Flinit fractions: ■ 



-If 
2I 



- ^ 4. ^ 



The Rhind 'Papyrus "(1700 BC), ^.copied by the scribe Ahmes from' 
etn oic^r document nbw^ lost, has a set of tables showing how to 
ifelcpress fractions in 'terms, of unit, fractions . 

The Babylonians usually used fractions with denominators of 

6Q- 60^ (5600), and 60^ (2l6,000y, etci . because the base 'df 



theij* system of notation was ^ 6o. Sin'ce our units- of time^ are 
borrowed froin the' Babylonians, an hour is* divided into sixtieths, 
calletJ minutes, and a minute is divided into sixtieths, called 
seconds. • • ^ , , 

Roiftan Ch}.ldren primarily learned .about fractions .with denomi- 

.nators of twelyje. They ^id not have symbols for fractions but 

» * * 1 2 * * 

they did have names for fractions such as 

Over the. years many other ^notations were used^ Our present 

notation' with the fraction bar " — " came into general use in 

the l6th century. * * - . 

^ . 4 number may have sfe-veral names. Several names or; rixjmerals* 
for 'the same number are^ 6, Yf7^2^* 3, 3 * 2.- Some othe;* names ' 

^.u^^lJ^ili^.,jyffl^ Y 9 ^ f ^ Each 

fraction is a name for a^, certa*!tp^vunberl The fractions , ^ ; 

3 4 • 5 6 ■ f' '36 

9 ^ 'Tl *fTS '^T5 ^f'epresent one nvunber. The fractions 2 ' Tf * 

^'9 * 12 15 18 ^ ' „ ^ 

, , — repre^sent another nvunber. Such numbers are 

. (> - o J-U • 

called rational numbers . Numerals for other rational numbers are 

78 3. ' * . ^ . 

c 1 2 ' T ' ' & ^ ' * ' 

How do 3fou 'check the division problem: 

^ ' ^ k . ..12.-7-3 = 4? 

You multiply 3 by Ij^ to see if yoU get 12. When you divide 12 by 

3 you are finding an answer to the question: 

. ■ - 3 .times what number Equals 12? • 

- or , 

3 • ? = 12 

It is b'etter' to use a letter such as "x" instead 
^ of "?" for the number, as ifi' - ^ " ; ' • 

\- , i • . ' 3 . X = 12. . ' - 

If you replace x by h, the nvunber sentence, 

3 . X = 12 

12 " 

is true. Mathematicians usually write instead of 12 + 3. So 
they' write, ^ = 't. - . • 
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With the pew symbol for division you can- write, 
' hr- = ^ because 5 . it = 12, , , 

' ^ ^ = 3 because 2.-5=6 
Because ~ = hyaa can replace »t by in 5 . 4 = 12 and writ^ 

12 



Similarly, 



If 
if 



6 

X = ^ , 



then 2 • x = 6, 
then 5 • X = 7. 



Discussion Problems . 

1.: (ai If X , 

(b) . If X'=^ , 

(c) Ifx=|. , 



( 



2 • X is what iiiomber? 
9 • X is what number? 
2 • X is what nvunber? 



2, For each of the following give»a fractional name for the 
. number v^.eppesented^by x. 

(a) 2 • X =10 (c) '9 • X = It 

(b) 2 . X = 5 U_.._ Idl..Jt^.XJz.l3 _ 

In general, if a and b afe whole numbers, and b is not zero', 

. ^ is the number .x for which b • x = a,. Because it is simpler,^ 

a symbol such as' b • x is usually written bx, and 8 • x ,is 

written 8xi The multiplication symbol is still necessary in 

writing a symbol such as 8 • 6. Why?*' You have heard that ^ 

.division is the inverse of multiplication. Jiere this is used to 

, a \? 

change the question ^ 



to 



? = a. 
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A ^symbol' " ^ " where a and .b are numbers, with b not' 
zer^, is^ called a fraction. If a and b are whole numbers, ' 
with ' b not zero,«'t;he number represented by the fraation, ^ , 
is called a rational number i any number whioh can be written in 
this form is called a rational number > For example, - 0*5 ' 
-represents a National number because the same number can be 
written A fraction is a name for a' rational number Just as 
numeral is a name for a number. Dif-ferent names for the same . 
number are: . . ' 



III 



? ' 5 ' 21 • 



The names 



6 i 63 



are fractions. ' * v , , * 

Sometimes ^ is a whole number. This happens when b is a 

factor of ^ a, and only then, ^ . \ j 

Two fractions which represent the same number are called 

equivalent fractions , ^ * 

Exercises 4-1 * - - * 

1. Give an exampl^ of each of the following kinds of numbers, 
(a) Counting num*ber. * 

•(b). Whole number. 

(6) A whole number whicrh is* npt a counting number."^ 
(d) A rational number which is not a whole number. 

2. \V/hich of the following represent rational numbers? 

(a) |. , ^. ' (c) 0.13 

(b^) I ^ * (d)^ 4 . 

3. Copy ^nd-^ complete\the following statements, 
(a) If X = y^', then x = ^ . 



(b) If X = , then x = ; 

. ; (c) If X = , then x = 

( d) If X' = ^ , then x = 
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5Jor Problem 3, in wHlcfTcases is the niimber x a whole 
number?,/ When x is a whole niomber, write it with a single 
digit. 

Without dividing or fa'^siaring,^ decide which of the following 

As an example, *to show that — ^ =8, 
" 168\ ' ■/ ' 



statements are true, 
multiply 8 by 21 
262 ,^ 



to ,see if you get 



(a) 
(b) 
(c) 



744 
15251 

-r5r 



= 101 



^ For each of the following, write a number sentence which 
describes the problem in mathematical slanguage ^ Use ,x 
for the \inkijiown number, and tell, in each case, "Tor what 
it, stands. ' /' \ ^ ^ 



Exajnplej 
\ 



Sam^s father is sawing a' twelve-foot log into 6 
equal lengths . ^How long will each piece be? 



Answer: If 
4 ^ 



X* is the length ot each piece in feet, then 
x-= 12. . 



(a) ; If 12 cookies are,^d;Lvided equally among 5 boys, how 

^any cookies does each boy recelv^ • , 

(b) Mr. Carter's'car used 10 gallons of 'gasoline for a 
160-mile trip. How many miles did he drive for each* 
gallon of ' gasoline- used-?-- - — ^ ' « . ^ * 

.(c) If it take^ 20 bags of cement to' build a 50-fpot walk, ^ 
,how much cement is "needed for each foot of the walk? 

(d) Thirty- two pupils were divided into 4 group s^of the' 
- ^ .same size. How many pupils were in .each grpup? 

(e) A *>teachef has 12 sheets of paper t^ distribute, eyenly - 
in a class of. 24. How much paper will each pupil 

' receive? ^ 
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^-2./ Properties of Rational Numbers 
^ ^ You have ^een that the whole number 5 can be written, 2. , 
which shows that 3 Is a rational number.' In a similar way^ you 
can^ show that each whole number Is a rational numj)ep. 

When you studied whole numbers 'you learned that the whole^ 
numbers had certain properties. Learning about rational numbers 
Is made easier by knowing, that the rational numbers have some 
or the same properties. ; 

<► ' . ' 

. You remember'that the sum of two whole numbers Is always 

a^ whole number, and the product of two whole numbers Is^ always a 

^ whole number. That Is, If a and b / are whole numbers, there 

Is a whole number c for which a +vb = c and a whole number d 

cfpr^whlch^a • b = d. The set of whole numbers has the closure 

' j 9 

property for addition and multiplication. 

The set of rational nimibers a^sb has the closure property 
, for addition a^d multiplication. The sum of two rational numbers 

Is a rational' number. You know that |' + i' = |-,ir- + 4 = ^, 
1-15 .19 5 5 5 T X ' 

2 t t ' 2+7^- = ^. The product of two rational numb.ers 

Is a rational niunber.. Notice that j ' J ' J ^ ' ' 

1 * F " i • In precise language this can be stated- 

1) The set of rational numbers is closed with 'respect to 
the 9perations of addition and multiplicatron. • ' 

You know that 3 + ^ = ^ + 3 and 3 4 = 4 • 3 because, for 
the wholp nunVbers, addition and multiplication have the commutative 
property. Ttese operations also'^ve the commutative property'' 

for the rational numbers.' You know* that |. + 2 2 + |. , and 

5 5 5 5 

,5 5 5 " t ' Jn^BCise language -this, can be stated: " 

2) ' The opeifatlons of additi<>^ and multiplicatiofi for the 
rational nuji^rs have the commutative property , that, is: 

a + b = b + a an& a • b = b v a 
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Xou als9 remembei' that 5 + (5 + = (5 + 5) + ^, and 
5 • (5 • ^) = (5 ^* "5) • because addition and multiplication' 
have fcfee associative property for the wHble numbers . For the . 
rational numbers also, these operations have the associative 

propei/ty. \ You know that.|. + + i) = (|. > i) + ^ , and<that 

^ * (j * = • • J • In precise language* this .can be 

st^ated: * 

5} The operations of addition and multiplication for the 

rational numbers hav^ the associative prop;^rty „ that is: 

a + (b + c) = (a'+n)) + c and a (be) = (ab)c ' , 
Prom the distributive property you 
know that jrou get the same result if you think of 5 t 5 = 25 
as ^u do if you: tl^nk of 5 • -2 +■ 5 • 5 = 10*+ 15 = 25. For the 
whole numbers;^ multiplication is distributive over addition. 
The distributive property also holds for the' rational numbers . 
You have used this property for the rational numbers when you 
multiplied ^ by 5 . In -our symbols, 5*' (4-) = 5 ' (^t + i) = 

1 ^ . / 

(5 • ^)+(5 '^5-)= 20 + 1^'=: 21. In precise language, this can be 

stated: , 

4) ,The operation of multiplication is distributive over^ 

addition for the rational numbers; that is: , 

, . a(b + c) = ab ^^ac 

Aniong the Whrole numl^ers were two special numbers 1 and ^ 0. 

These are also^ rational nbmbers. 

X • ' ' U / 

5 J Among the rational numbers are special numbers jO and 1 

0 _is the identity for addition and 1 I's^lhe. identity for 

mul tipl ica4:loiu . T * 



i 
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. When it is said that ^ 0 ^ is the "identity for^ addition it is ^ 
meant, for instance/^ that 0+3 = 3 + 0^= 3] that is, that adding 
zero to any number does no't change it. This can bp expressed jji 
symbols as : ^ * ' ' , . ' 



0^a=a+0=a 



nc matter what rational number a is. Similarly when it is said 
that 1 is the identity for multiplication, it is meant, -for 
instance, that 1 • 5 = 5 1 = 5; that is, multiplying any number 
by 1 ^ does not change it. This can be expressed in symbols as: 

l'a=a*l = a. 

You can see that 1 is a rational number 'by Writing it as 
^the fraction -j^. To see that' 0 is a rational number you should 
remember that 0 divided by any counting number is 0. If 

X = Y , 1 • X = 0 and x must equal zero. In defining a 

rational number^ | , it was said that b could not be zero. 

You can see the reason for this by seeing what happens to ^ / 

. ^ 0 , 

X = K ^ then 0 • X i= 5. There is no number x for ^ 

which 0 » X t 5 so^^efe^s no number ^ • ' 

These fl^e ^perties of the rational niambers furnish the 

reasons for somT^ of the rules you state for fractiops.. ThesS 

properties may be used to establish the fact, that 4 = ' ' 

3 ' 2 To 

If X = I , then 2x = 3. 

(Since 2x and 5 are names for the ^ame number, 

• 5-- (2x)^ 5 • 5 
By the associative property, ^ . 

' • (5 • 2> = 5 t 5 

10 X 15 
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• * . ^ ^ 

3 • • ' ' 

But' X is a name for .4 , so ^ . . 

2. - £2 

, 2 " 10' ?^ , 

* . If you write the last equation, • ' ^ ' 

3 ,^ 5 - 3 ' • 

you see that you would have arrived at the, same fraction if you 
had ^multiplied the' numerator and denominator oi* |- by 5- 
Generalizing, you wi]ft get , ' 

Property 1^. If the numerator and denominator of a fraction are 
multiplied by the same counting number , the number represented ^ 
is not changed. If the numerator and denominator are divided by 
the same counting number . the number re presented is got chan ged . 

' . You saw that ^ and ^ are fractions for the aame mJfhber, 

Other names for* this number are: f ^ § > ^^^^ numbers 

should you tnultiply the numerator and denominator of ^ to get 

these fractions? Since^ in ^ the numerator and denominator have 
no common factors except 1, this is* called the simplest form of 
the fraction : - . 

* To find the simplest form of ,\ find the greatest 

common factor of 72 And 45y/whlch is 9- Then- 



|2 ^ 9 - 8 ,8 



^5 " 9 • 5 5 
You may prefer to t^e more -steps and do it this way: 

8 8 



li _ 3 * 24 ' 24 „ 2. 
45 " 3 • 15 " 15 3 



15 " 15 3 • 5 5 • . . 

• i To write the fraction ^ in simplest fom, find the 
greatest common factor? jc of ^ and b, where a = kc grjd 
- b => kd ; then by Property 1 ^ ^ ^ 



a kc _; c , • . r 
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Exercises 4-2 
: Which of the following represent rational numbers? 
' (a) -7 (e) 2 

§ ' . if) I- ' 

(°) 3 ■+ ^ (g) 0.0 . t ■ 

(d) ■ 2.15 ... 

" i. 

Each- of the following .is true by one of the properties of 
rational r.umb^s. _ Name the 'property in eaSh case. 

l*-M-f f -1 = 1 ■ 

(c) :A(2 + 3) ? 5 • 2 +'5 • 5 (h) | + i= 'i + | 

(e) ^l • 1 = 1 - . ^^"g . 7) = (5 - 6) . 7 

What is the difference between 55 of the 67 equal paris of a 
rectangle, and one of, the 67 equal parts-of 55 rectangles-, 
assuming that all rectangles considered are equal in size? 
Find five pairs of counting numbers which can be used as 
values for n and d to make the of ollowing number sentence 
true: ° ' « , 

5n = 2d. , " _ " 

Compute ^ in eafch case. VJhat is the general rule? 

Use the number servjnce 2x = 5 to, shoJ^ that J. = i - J. Hint: 

If 2x and^ 5 are ntoes"for' the same number thep |.(2x).=: I" * 5. 
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4-3. Rec-lprocals 
V /You know that 



-Irj~--i:-— 5^ 1, 51 • 1. 



Let us recall our definition of a rational number and &ee 
how 'these products are^ related to our definition," . ' ' 



a and b • are 
whole numbers, 

bx * a* . • 
b 







-1 


Let 




=" 1 


Let 




= 51 









1 and 51 are 
wl:\ole numbers, 
51 ;^ 0 



51x = 1 



You know that^~ is the rational number by which you can multiply 

51 to obtain 1 v ^ 
Now consider the equation • 



51 • 



Then 
and • 



«bx = 1 . 

V - 1 



b. i =1 



(.b is a counting number.) 



- The ntfinber ^ is called the. reciprocal of b.^^ Also, b .-is.- 
called the reciprocal pf If the product of two numbers is 1, 
the number;^ are. called reciprocals of each other . ' 

You have seen that counting numbei^s and numbers like j , 

^ , and ^ have reciprocals> ^^Does ^have,*a reciprocal? Is 

there a number by which ^ may be multiplied to get 1? Yoif may 
know^ the aAsWer from arithmetic ^ " , 



You know 'that -4 = 5 and 5 • j = 1, 

- (5), • ^ . 1 , 

using the associative property. 



so 



/ . 
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1 

4 

You can see that if ^ is multiplied hy k * j the product is 1 . 

^But i^' • J = Hence, the reciprocal of is ^ . 

' * 7 8" 

What is the product ^ • y? Why? You can see why the product 

is 1, by recalling" that |. = 8 • i , . 

Prom your experience in multiplying numbers represented by 
/fractions you probably know, without showing all the steps, 
• that 7^ • - 1. The steps show why this is a true sentence, 

making use of the properties of rational numbers th^it you know. 

. The examples lead us* to the conclusion that 1^ • — = 1, * 
I . b a ' . 

.pro^rttJ^a neither a nor b is zero. " . - 

Property 2. The reciprocal of the rational niamber |-''is the 

rational number ^ , if a 7^ 0 aM b' / 0 . ^ . 

^ * Exercises . ^-3 / 

1. Jftfrite the reciprocals of the rational numbers, 
(a*) 11 / (c) f 

(.) ■ ■ • u, 4 , .. ^ 

2. In the following, letters r^preser^t rational numbers, all 
different from zero. Write tfie., reciprocals . 

(a) m i>j^,s (c)' i (d) f (e) 

3. Write thfe' following as sentence's invoi'ving mu\,|;'iplication, 
and find n "in each. ' • / . • . ' . '"'"^ ■ 

(a) 8 ^ 7 = n > ' i " . ' . * ' 

(b) 2 ^ 11 = n * / / 

(c) ■6it 4- 36 = n ' f , , ' « " z*' - 
Write the set of numbers coiisis^t'ing of the reciprocals 'of the 
members of the set, Q, where ^ ^ ' * 

0 1 fi^ 2 3 it '5 6 7 , - ' ' ^ 
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5. (s)' When is the peciprocal of a number jgreater than tlfie 

number? ' * ^-^^^ 

(b) When is the reciprocal of a number less than the number? 

(c) When is the reciprocal of a number equal to the number? 

(d) If n, is a counting number, can we correctly say that 
^ one of the following is always true? 

. " .(1) ~n > i, (2) i> n, (3)' n 

6. The product of what number and n is 1, where* n is a 
number such that 2n = 19? 

» 

7. (a) Find n , if 8n = 36 . 

(b) Find^q ' if 36q =-8. 

(c) Wnat can you say about the numbers n and q? » 

8. The population of Gary is 16,000 and of a neighboring city^ 
* Davis, 30,000. 

(a) The population of Davis is'hov/ many times the population 
of Gary? - ' 

(b) The population (sf Gary is how ma^y times the' population' 
of Davis? 

(c) What can you ^s ay about the answers for (a) a"nd (b)? 

>9. If I4h - 5, then (^)(l4n)L - (|)(5). (a) V.Tiy? (b)' Use 

the equation in (a) to find the number by which we can 
multiply n (given by l4n =5) to obtain-1. 

\ 

*10.; If ax = b and by = a, and a and b are not zero, - . 
» X and y are reciprocals. • Why is this true? ' ^ ^ - 
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^ Using The Niomber Line 



Recair how. the number line was constructed In a, previous chapter 
You st|irted with a line and selected a point which you called""o". 



' Aft.er selecting a unit of length/ you marked off this dis- 
tance on the ray, star^tlng at 0 ^d ex^ndlng to the right. 
After doing this- agalTi and again you can* label the endpoints- of 
the segments 1, 2, 5, and so on, and have 'the picture shown 
below: J.- - • ^ 



3\56 7 89 10 

The counting number at each point shxDws ^ow many segfnents of 
. unit length are measured off from 0 to, that^^0int , 

To add 5 and 2 lon^tke number line, st^rf witi^' 0 and . 
lay off a distance of 5 ehual unTts^^^^,^^^ 2 - 

more equal units to the /l^j^^^^ of these tw^o,. segments 

is that whose left end ^^Tal 0 and whose right enjH is at 5; , 
the^ength of this segnient is the sum of the lengths of the otrier 
tho segments. Thus yo^Jh^e a picture on 4th e line which showsV 
the sum: 5^^+ 2 = 5, 




To multiply 5, by k on the number^ line Vou can start from^ 0 
and lay off four segments' of 4eni^th 5 as shown below: 



—I 



6 



.12 



This also gives a means of division. If you divide the segment 
with endpoints 0 "an<J^12 into four equ^jk parts, each part will 
be of length 5. Hence the same picture can represent both 

12 = X 5 and' ^p' = 5 . 
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If you think of ^ 12 as designating 12 feet, the line shows that 
there are four yards in twelve feet and hence 



12 

-g- = ^, or, twelve-thirds is equal to four. 

In worjd^: "Twelve feet is equal to four yards" may also be^ 
written "twelve thirds-of-a-yard is equ^l to four yards," since 
one foot is one- third-o£-a- yard. 

So far you have shown on the number line only , segments ^ 
whose lengths are whole numbers of units. You could Just as well 
ha-ve considered fractions' by labeling the points differently. 
*For instance, you might have: > , 



I 2 3 4 5± 7 8 «'iOiLE^J3 
IT "sTl 3 "STT 3 S'^S 3 



Ycxu coul4^see 'from this Jiist as well as from tfhe previous ntunber 

line that I2. . (^) = l^. Also you can see that ±= +-4 

from the same number line* 

Recall th^ Property 1, expressed the fact that you can^ 

'multiply ttie numerator and denominator of a fraction by a counting 

number without changing the number which it represents. If the 

denominator ip small, you can* show this on the number "line. Por^ 

12' ^ 
instance, 3 = t)e seen from the following: ^ . ^ . 

1 1 1 1 \ 1 \r 



12 3 4 5 

•5 -J t ^ 1 T 




4 

Property 1 gives us a way l!o simplify certain- fractions. 
It ,can also be used to show whether or not the numbers represented 
tjj/o fractions are equal . - * 
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Example 1. Suppose you have' the questionr - ^ \ ' 

This can be answered by finding the simplest fom of ea^h^ 
of thp fractions as follows: . ' ^ 

' 6 ^ 2 ' 3 ^ 2 , , 8- 2 4 2 • ^ * 

Since" each number is equal to y , the given niambers are equal j^o* 
each other. ' .'^^ 

Example 2. Is ^ equal to || ? Now, . , 
-2-' 2: .r,H 7 " 2 _ 7"^ 

Is ^' equ^l to ^ ? Whatever your answer is, can you give a reaf^on? 
You found that it is easier to compare fracMons if they have the 
same denominator. This suggests anot'her method which you may. 

use to answer the questiori*, "is. equal to yj" You can rewrite 

the two fractions with a common denominator, that is, having the 
same denominator. This denominator must be a .multiple of both 5 
and 11. The least such denominator^ is 55, since this is the .' • ' 
l«ast comrao'n mul€^i:^^bf 5 and 11. Then ' 

' 3' 3 '* ? ' • ■ ' * 

Shows that since you multiplied thfe denoininator by 11 to get 
5 • II; you must also multiply the numerator, by 11, that ig, you 
f^also^iifX in tlife question mark -with llr>s,Thus 



mus 



- 3 -11 -33 
5 • 11 55 



\ _ 



and similarly 



Therefore ^ is not equal to ^ 
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^ ' . J Exercise s 



1. . (a) ^Consider the points labeled A', B, C, D, .E, and P on 
^the number lin^: 



A • C . F 

1 ' 4- 



i ' " - 

Give 3 different- fraction names for each of the points ' 
. A, B, C,*D, E, and P*'as: ^ 

A: ^ > >• i etc . 

(b) Is the rational numbe^located* at ^ point B less than or 
greater than the one located at A? Explain your 
aCnswer . \ 

(c) Is the rational%r^iunber located at C less than or 
^greatef than that at A? Explaj-n your answer. 

2. Interpret qp the number line the following: 

(a) f = ^ ■ . (,b) 20 - (c)^f 

\ 3. Express each of the folldwing as a whole number added to a 
rational number less than 1: " 

4. Show .on the mrniber-line the equa^ty; |: y , 

5. .Show how to subtract on the numbei^ lipe for each of the 

j^.^. following: ^ ^ ' * ' . • * 

(a) ,3 - 2 ^ (b) 9 - 5 

^ the Example, you found whether two fractions represented the 
same number^by writing each of them as equivalent fractions ' 
with equal denominators. Could you also have found whether 
they represented the same niomber by writing each of^ them as 
equivalent fra^^ions with equal aumerators? Remember that - 
J]19 i!?^.ction^ were called "equival^t"^f they represented the 
^j^ame number. ^ ^ ' ' . ' 
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i|-5* Multiplication and Division of Rational^ NiJmbers 

" . You'-recali that 5 • = 1 .and 5 • |; = 2, Ixi general if , 
>a and b -are whole niambers, where b is. not zero. 



What ^nPR ^ 



1 * a 

b • r--- 1 and b • — = a< 
b b 



jdoes Y • ^ equal? You can, find an answer if you ean 
fJLnd a humber x for which 

But then, x and ^ • 2 are names for the same' niimber, so 
that , ' . . 

7x = • 2), 

Using the associative property for multiplication 

.7x = <7 • |-) \2 = 5 ■• 2 = 10 . 

' " V - 5 • 2 1,0 ■ , ' 

You 'started with jc = ^ • 2, and you have shown that x-= ^-.j ^ , s 



/ 



In general, if ^a, b, and* c are whole numbers and *b is not 

zero, .* , . ' . 

. ^ - c a 

Similarly, you can fin4 a number, x for which 
2 S 

Since X and =• • ^ arje names for the same niomber 

•57^ ' 



» Using the associative propert^f^ 



i 



5x = (5 • |) • f 
5x = 2 . 2, 



5x = 
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But 5x and — are names for tbe same pumbeV;* Thus ^ 
Using the associative property for multiplication, * ' ' 



You started with x = j • -i^ , and you have shown that x = 



so 



This- example shows > that: * ' ' ' *\ 

To multiply two t^ational* numbers written as^ f raotlons . you 
- find a fraction whose numerator is the product of the numerators 
,and whose denominator, is the^product of the denomina^tors . 
In symbols, if ^ and j are rational numbers. 



^ a . c^ _ a *' c _ ad * 
^ F d " b • d bd * 



You can use this property to reduce j^- to .simplest form, 
instead ;of Property a, in this.\way t- 

You cari '^^ven show Property ITor the rational' number- 1 this way 
if k ,not zero i ' , ' - , 



^ = 1 k • a ka 

F ^ b - k b ' - IE~r^ - kF 
^ 



121 



Ilk 



In this chapter you learned tha4; you could write 5 + 5 $is 
^ . If a and b ^re any two numbers where b is not zero, 
you 'can write ^ instead of a + b. If a and b are rational 
numbers, ^ and i , for example, you can write 



I 

2. and i 



> * 2 1 



Notice that the bar between ^ and ^ is longer than the other 
two bars . - ^ ' 

Wheri you studied inverse operations you learned that multi- 
plication and division were inverse operations. This means that 

|=i^if2-it = 8 

and only then.^This same relation holds between multipl legation 
and division if a, b, and x are rational numbers, and b is 
not zero. That Is, 



/ . f ^ ^^^^ r m ^ > 

and onlj^tWen. For example ^ ' ' ^ - - 

and only then. H6re x ^ 5 makes. both statements * true , Other 
names for x are ^ and • ' 

. As another example, look at . ^ 

2 



X = 



Hovr-do' yqu find x? You can find x without using rules for 
di vision. ^ ' ^ i ^ 
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and only then. In the right hand equality and |- are both 

names for the same number. Nowmu;Ltiply this number by ^ , the 

reciprocal of ^ , and use the associative property to get 

' " ' • 7 - 

5 



1 

2 



X = 

SO 



But at the beginning of the example you had 

I ' ' ' 
J' ■ . 

f _ • 

Using only rules you have had earlier it was shown in the 
example the reason for the following statement 

To find- the quotient of two rational numbers written aa 
fractions, you find the product of tihe numerator and the 
reciprocal of the denominator. In symbols: 

T a, . - ^ 

Jo Fad 

It is not even necessary to remember this statement about 
dividing one .rational number by another if you divide in the * 
following way. , ^ ' * 



You merely have to look at .the denominator and decide what 
number you must multiply it by to get the niijnber 1, then multiply 
numerator and ^denominator by that number. 



1-23 
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In an earlier chapter you learned , that the whole numbers ^ 
were not closed for the operation of division. In this section 
a method was shown for finding the quotient of any' two rational 
noMbers, ' a and b/ b not, zero'. The operation of division does 
not allow dividing by zero. ' Is the set of rational numbers, with 
zero omitted, closed for the operation of division? 

Bxereises 4-5 

Find each product as a fraction in simplest form. Before 
you multiply, express each part. .of the product as a single 
fraction. For ejcample ^ * {^) = ^ * 2 

' (a) 8 • (2|) (b) (ji) . (2|) ^ ^. 

(°) • (5|) (d)- (4) , 

Ce) (5^) • (f) (f) ill) ."(1^) f 

2. Find the number r for which the following statement is 
true. / ♦ ' 

3. On a road map 1 inch represents 10 miles. If the distance 
on this map from your house to school measures 1^ inches,* 
how many mileS do"^ you live from school? 

^. Write each of the following quotients in simplest form. 
Factor numbers whenever it is »to your advantage. 
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(a) (d) 
~T— "5" 

(b) . i ■ (e? § 

r ■ 



12 



T 



1 
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5. Find the following quotients. Express each answer as a 
whole number, or as a whole nvunber plus a nvuhbe? smaller 
than 1, 

6. Find the following quotients in simplest form, ^tart by 
putting each fraction in simplest form before dividing. 

*7. ^ you think division is commutative? Find each quotient 

- ■ to see if you are right . « 

*8. Do' you think that division is associative?' l^ind each quo 

^ . tient to « see if you are right. / 

*9. (a) .-j^ is how many times as large as ?. 
4 



(b) yis how many times as large as ^ 



9 



118 



'1—6. Addition and Subtraction of Rational Numbers *. 

You have examined the elements of the set of rational numbers. 
You know that there are many names for the same rational number. 
You have used the operations of multiplication and division, Oniy 
two operations remain to be considered: .addition and its -inverse 
operat 
first . 



operation subtraction. Let us look at the addition operation 



You are all familiar with the idea that i^+i.= 2-j = |- 

also ^ = ^ • + + + 4 • Continuing with other 

5 5 5 5 5 5 

rational niHnbers, let us find a single fraction for: 

2 . 

5 5 • • ^ 

Using what you^ already know let us write this as: 

2 ^ 2 • i = i + i 
5 5 5 3 



and 



Then 



5 5 5 5 5 5 

J •^*5 - % 5^ ^5 5^ ^ ^ J = 5 




or you may write 



= (2 + i^)^ , 6 . f ^ . 

: - • ". 

using the distributive property. to get the second line. 

What is the i*esult of adding 5" where a, b, $ind c 

are whole numbers and b is not 0? + "^^7 written 

1 1 * ' * 

a . — 4. c • r- • ^ By the distributive property this is equal to' 



(a + c) . i = 



a + c 
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If a,., b-, and o are whole numbers and b is not 0,- then 

F ^ b ^ - • This may be read in words: The sum of -two - 

numbe,rs whose fractions have the same denominator '•is the sum of 
th€, numerators divided by the common denominator. 

Let us look at a moi?e difficult addition example: 

The least common multiple of the denominators k and 10 is 20. 
You can write each fraction with a denominator 20. You recall 

that ~ 2. = ? • ^ = 11 and 1- - 7 • 2 _ Ik 

. t 20 10 - 10 • 2 - 20 • 



Then 
Also 



1 + J--- 11 + 11- 15 + n _ 29 • 

¥ 10 20 20 ~. 20 ~ 20 • 

10 ^ 15 • 10 . 5 15 • 2 - 5^ + 50 - 50 • 

The suin of any ty/o, rational niambers |- and ^ may be found 

similarly. A c.bmmon multiple of b and d is bd. 

a « a ' d 1 ad , c b ' c be " / 

b - ^TT-J - BH' d " " / ' 

Using what you .know about adding rational numbers who s^^ fractions 
have the same derlominator you wj^.!^ have: * 

♦ '^ ' a c _ ad be , 

. F d " b^ . 

i.^"^ • _ ad rf bc .--^"' . ' • 

Thus you^may^ say: < \ / , . ' 

If a, b, c, and d are whole numbers and b,. and d' 



are not zero, then ' 
I 



a - c _ ad + be 
b T . . bd 



In the following set of exercises you, will see again that 
.Uie commutative and as^sociative properties of addition as well 
as the distributive property hoW in the rational number system. 
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Exercises ^-6a 



Find each of the/following sums. 



(a) * 



ii). 



5t 



Does it appear that the ^addition operation for rational 
n\imbers is commutative? . ' 

Find each of the following sums, 
(a) (^ji)*f 
(") ^ + (| + |) 

Does it appear that the addition operation for rational 
numbers is associative? i * . ^ ' 

(a) Is it true that f -ti f = f'+ f ^^r all rational numbers 




a 



and ^ ? 



(b) Vhat property of addition is shovm in. Part (a)? 
(a) Is it true that/-(|--40^ + f = | + (| + f) 
rational numbers r- j 



(b) V/hat' principle of addition i^^shown in Part (a)? 
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^ . ' Keeping in mind both the commutative and associative 
properties of addition you can find the sum of 2^ and 3^ quite- 
-easily^ s ^ . ^ , ' 

= (2 + 3) + <^ + by commutative"*ahd 
' < =- (2 + 3) + + ^) * associative properties. 

You could also work the preceding problem this way. 

3I 4. -^5 _ 9 , 29 ' 
2^ + 3g = If + -5- 

_ 18~ 29 , • . 

= -^ + -^ 

47 ^ • • 

7. Pinid each of ^ the following sums in two different ways: 
(a) (.) 8^.1^ _(c) ^.-^^ 

8 . Find" the luon^rs : ' ' . 

9. In each of the following examples, see if you caji do the 
^ work in your head first. * Then 6heck by^working out each 

^ . example on paper. . ; 

(a) 1 ^. (i^. 1) ' (b)' (1 + 1-) l.i 

loT Based on your results in 9(a) and 9(b) would you"^say that 
division is associative? , ' 
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11. In the magic square below, add the numbers in each column. 
Then, adding across, find the sum of the numbers in^ach 
row. Now add the numbers in each diagonal. (Top left- 
comer to lower right corner, etc.) 









• 5 




10 


4 


14- • 


.4 



Since subtraction is, so closely related to addition it is not 
necessary to go through all the steps in developing the ideas again. 
As with addition, if the fractions have fche same denominators, 
then you can simply subtract the numerators and place this difference 
over the common denominator. For example: ' , ^ 

ii _ 2 _ 12 - 9 _ I 
— 7 7 - 7 .• 

Since sifbtract^on is the inverse operation of addition, 



-means the same /as 



12 9 _ 1 



*SjCi symbols this relation of two rational numbers may be 
written " • * ^ . ' 

f" " F " ^ ^ ^ when b is not 0 and c is ^ 
larger than or equal to a. 

Remember that the rational numbers of this chapter, ,are not 
/closed under subtraction. , • * ^ 



7 



If two fractions have different denominators, you can Tevirite 

it 
5 

= I 



each of them with a common denominator. Let usr^ use this 

^fk 5 
example: r " 



5 7 ^5 7^ W 5^ 
_ 28 2^ 
" 55 " 35 



28 - 2^ 
- T 55 

55 ■ . 

Check your^ answer .ijy addition. 



55 ^ 7 5 • 



AsL in the ope^^ation of addition of rational numbers this same 
procedure may be applied to the general case - ^. 

c a _ /c . bv /a . d\ 
' cT " b - b ^ " df^ 

^ cb ad ' ^v* ' 

bd^'" bd ■ . • . 

^ ^ _ cb - ad 
bd 

c a cb ad^ 
Hence - ^ = — if (cb) Is greater than -or equal to (ad) 

and b and d are not, zerd . , > 

It 
You now know how to subtract any two rational numbers when 
the result is a rational number. Look "at this problem': 

" • 5^*- 2I 

^ . 2 . 

21'' 

^ and 2^ may be writtmi in fractional form ; ■ > - • 

" . • ^ ••, ■ .. : • ' 

v.. 




0 



You probably learned a little different way of subtracting 
and would do this same problem in this way: * , 



In the subtraction problem below it will be convenient for us to , 
rewrite rattonal^fiumbers in fractional form. You have written 
the rational numt)er 8j as ^ * Now us write it, in still 

another way. By -using the associative law you may write 

Sj = 8 = (7 + 1) + J = 7 + (1 + ^) = 7 + J . Can you write ^ 

out the reasoning, as is done above, for writing 7^ as 6 + ^ ? * 
-Fdr 12J as 11 + ^ ? For 15|-.as ,12 |- ? _ ! " 

In the following problems , ^ . 

you will find it convenient to Vfrite 8^ as T-j since -g' is greater than 
J. But, "I is not greater than. ij ' ^ ■ 
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^- 2|= (8,+ i.) .- (2 +|) 
= (7 - (2'+ |) 

Q y = (7 + - (2 + |) 

' = (7 +|) - (2 +|) 
■ M7-2).(|-|) 
= 5 + I . 



\ 



You may have written tli:}.s. ^ 

Exercises 4^6b 
1. Subtract. Express answers in simplest forms. 

■ (a). ■ W 1(1-^) 

V .'(b) - -- 2 ^ (g) < Compare your 

^ ^ results for e~^ 

(a) 16^*- J ^ ^ and f. 

^(d) io§ • ^^"""^ ''''''^ ^ 

2 3 /2 . In ^"""^ 
(e) (j • ^5 * W do, you think 

^ ' 7 ' > ^ ' multipi^tcation 

is ''distributive 

over subtrac - 

' . 133 



Vic, .Mel, and «ob built a club house. ' Vfc lives # of a 



nile\from the club house. Mel lives ^ of a mile from the 
club house. Bob 'lives ^ of a mile from "the club-house. In 
the diagram below, A .represents the home of the boy nearest 
the club hous^, B , the next and C, the farthest. \vTiich 
bj>y lives' at A? at C? at B? How much farj;her is B 
from the clut^jK^u-se than A? How much farther is C than 
\? , ^ 

t 




The length of a field is rods. The width of the same 
field is 15^ rods . Find the difference between the length 
and width^'Of the field. " \ ' 

Mary is making a chintz apron that requires 1^ yds . of ^ 
material.. She has 4^ yds . of chintz. How much ^aterial will 
she have left? . , ' 



*Mr*5, Twiggs changed the price of potatoes in his store from 
jii^ a pound to 5 pounds for 14/. * 

(a) Did he raise or lower the price? 

(b) How much- was the increase or decrease per pound? . 

(a) Is the difference of 17^ and ^ more or less than 11? 

(b) How can you tell without wgrking^out the example? 

Is the number represented by a fraction chainged if you sub- 
traSI: the same niomber from both numerator and denominator? 
Give an e^^ample . * • ' ^ . 
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*8. Fill in the blanks in the magic square below so that the sum 
of the riumbers in each row is the same . Then ',f inti the sum of 
the numbers of each column and both diagonals. ^ 









2 




1 


Z 


12. 


2 




5 


> 




12 


12 . 


3 




T 



4-7. Ordering ' 

You have had methods of finding whether two fractions repre- 
sent the same number. It is often important: to know which* of 
two given unequal fractions represents the larger number. If, 
in one store you can get three apples for a dime, and In another 
two apples for a dime, it is easy to^ see that apples are 
cheaper in the first store since you get more for a dime there. 
This can also be seen by noticing that in the first store yoijrget 
^ Of an apple for a 'cent, and at the second you get only > 
of an appl^ for a cent .j Yo\^ know that ^ is greater than 



, which can pe written 



Oh the numbfer line 



10 



z 

10 



2 

10 



± 

10 



12 

iO 



^ occurs to the right of ^ 



The problem ^would be 'harder, If in the first store,, you , « 
could get 5 apples for five^ cents and in the second store 8 
apples for 15 cents. Then you would have to Answer the que.stion: 
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128 ^ . ^ ^ 

ft would Vequire careful drawing to ahsw^r tbis by use of the 
number line. There is a better method of finding the answer. 
It is the method of the example oT^section \\ that is, two 
fractions are found with ^ual denominators which represent the > 
given numbers. Since the denominators are 5 and 13, the 
smallest /denominator which can be used for both fractions will b^^ 
the least common multiple of 5 and 13, . which is 65. Then 

Since ^ >'|| it is also true that '^l' > 5 • ' - / ^ 

-.ElJ^her method shows that if a nunfber line is divided into 65 
equal divisions, the point representing = lies to the rjlght 

^ # 2 "39 ' ^ 

of the point representing 3 = • 

A fraction in which the numerator is greater than the 
'denominator is of ten' called an improper fraction . The number 
which ?uch a fraction represents must be greater th^tn 1 . To " 
see why this is so, consider the fraction .This is greater 
than w^^ich is equal to 1 . Thus is greater than 1 . 
Similarly is greater than 1 since it is greater than 

whi'tjh is^equal to 1. ^^^^ 

Exercises ^-7 ' 

V 

\^;^ For each of the following pairs of fractions, tell which 
represents the 'i«g?ger number: 

(a) ^ and-'l ' (b) \ and g (c) if%nd ^ 

2. If the numerator of a fraction is greater than twice its 
denominator, .show that the number which the fraction - 
re'presents is greater than 2. 
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m \ * 

^.If two fractions have* equal denominators and if the numerator 
of the first is greater than the numerator of the second, 
then the number represented by the. first is greater than the 
number represented "fey the> second. "Suppose two fractions 
have equal numerators; how can you tell by comparing the 
denominators whi<>h fraction represents the larger -number? 
(Try a few pairs of fractions first^to see how it goes.) 



4-8. Ratios 

A ratio is a comparison of two numbers by (iivision. The 
numbers may be measures of physical quantities7\ The^word, " per , " 
in(}icates division* It is used to express the ratio of the 
measures of two physical quantities, such as miles and hours. 
Store prices provide additional examples. Prices relate value to 
amount suoh as 4l*00 pgr pound, or 4-59 per dozen. In each case,^ 
the per indicates^ a ratio*/ generally between two dif:pgrent kinds 
of quantities. This is sometimes cSIled a rate. Notice further 
that the second quantity in eacj> case represents the standard of 

--comparison. A store charges "io / per cqmb"; one comb is the 
standard oXjJomparison, and they want 10 / in the, ca^tPi^Spegister 
fpr each comb sold. Of course, this standard' does not' always 

^-represent 1l quantity of one. F6r example, cents per dozen, dollars 
per pair (for shoes), dollars per 1000 (for .bricks) . 

^i^s^ * Definition , The ratio of a number a to" a number b 
^ "'y (b O)^ is the quotient ^ . (Sometimes this ratio, is 

"Sy written a:b. ) 

in* some examples ratios are all equal to t>ne anothei;. In such a 
situation,^ it can be said that the physical quantities measured by 
the numbe-rs are proportional to one another. A proportion ' is a 
statement of equality of two ratios. 
^ Then the statement 



is "a proportion. 



n 2 

"21 = 7 
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' You know fr,om the fir^st part of this chapter that 
. W |.|; M 3.^, (e) (aj 1=^ 

In (a) -5 m -^jyou aee that 2 • 9 = 18 and 3 • 6 =^T^ thua 

^ 2 . 9 « 3 • 6. In (b) ^ = you see that 3 • ,32 96 and 
4 . 24- = 96; thua 3 • 32 - 4 • 24. Similarly, in fd) | =. -j^J^-, 

you aee that 3 • 1000 = 8' 375, since 8 • 375 = 30OO. Check thia 
property for (c) ^ = 

a c ' • ^ 

■^^ >6 '^''5 ^ ^ ° d / 0, then 

I * I 1/ I ^ f s multiplied by |, which equals 

; 1,^ and I is, multiplied "by |. 

ad cb 

These piToducts are obtained so that 
^ "^^^ rational numbers ^ and ^ 

will be expressed as fractions with 
a common denominator. 

Thus ad = be. , If two fractions with ihe same denominator 

are names for the same. rational number, 
their numerators are equal. 

You have seen: 

Property 1. 

* * a c 

"B "3 b 5/ 0 and d / 0, then ad = be. 

. Thla property may be uaeful to you in aolvlng problems 

involving pr&portlon. It la alao t^e that if ad » be, then 

I - I piTOvlded b 0 and d 0. The proof of this property'; 
is left as a problem. (See Problem *9.) 
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Exercises 4-8 



1» Some objects were measured and the data are recorded here. 
Copy and complete the table. 





Shadow length - 


Height 


Ratio 


Garage 


a feet 


8 feet 




Ciothes pole 


36 inches 




3 

. "8 . 


Tree 


7| feet 


20 feet 




Flag pole 




144 inches 


3 ^ 
"8 


Fence 


11^ inches 


30 inches 





2. In a clas-s there are 30 students of whom 12 are girls, 
(a) What is the' ratio of the niomber of girls to the 'total 
number of students in the class? 

Vfhat 'is the ratio of th^ niimber of boys to the total 
number of students in the\jlass? 
Whabt is the ratio of the niimber of girls to the ^ 
number of boys? . < ' ' 

3o In Problem *9 you are asked to show that ^ - ^ 9 1^ ad = be 
and b ^ O and d / 6^ Use .this property to find which of 
• the following pairs of ratios: are equal. 



(b) 
(c) 



(a) 
(b) 



10 

■3' 

6 

"3' 



(c) -Jg, 



20 

16 

42' 



ERIC 



139 



132 



In ^ach or the following^ find ^„ _sQ^ihat_these will be 
true 5itate;nents. 



(a) 



20 X- 
14 X 



X 

3 



A cookie regipg calls for the following items.^ 

1 cup butter 1 ^ cups flour ^ 
2 

•| cup sugar . 1 teaspoon vanilla 

2 eggs , ] 
This recipe will make 30 cookies. 

(a) ^Rewrite the recipe by enlarging It in the ratlo^-j . 

(b) How many cookies will the new recipe make now? > 

(c) Suppose you wanted to make 45 cookies, how much. would 

you need of each of the Items listed above? 

« 

Use a proportion to solve these problems. Check your work' 
by solvlngv the problems by another method. - 

(a) What Is the cost of 3 dozen doughnuts at $.55 per 
dozen? - ^ * 

(b) What Is the cost of 12 candy bars at 4 for .l5)^? (How 
could <you staie this price using the word "per"?) 

(c) . What Is the cost of 85OO bricks at ^14 per thousand? ^ 

(d) . A 2?oad has a grade of ' 6 %, which means that It Mses 
^ 6ifeet per 100 feet of road. How much does It rise' 

In a^mlle? Find the answer to the nearest foot; 
Common units to express speed are "miles per hour" and 
"feet per second." 'A motor scooter can go 30 miles per 
hour* How many faet per second Is this? (The danger of 
of high speed uritder various conditions often can be realized 
better when the speed Is given In feet per second.) * 
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8. -The following table lists pairs of numbers, A and B. 
each pair the ratio" of A to B is the number |. 
Complete the table. ' 



In 



> 


A 


B, 


Ratio ^1 


'Ratio in simplest^ forrt 


(a) 


12 


Ik 


12 


6 

7 ^ 


■(b) 




2-1" 






(c) 


30 








(d) 




100' 








100 









Prove the property, 

if ad be and b / 0 and d / 0, then 4=4 

D a 

When you have- proved this statement, you can now say 
" . ■! = I' and b 7^ 0 and d / 0,- then ad = be, 
and only then . 

(Hint: II' ad = be, then a . ^. You can express ' 
%8b.|.) 



Percent"' 

The word -"percent" comes from the latin phrase' "per centum", 
which means "by the hundred", if a paper with 90 of the' answers- 
correct hag 100 answers, then 90 answers out .of the. 100 are correct. 
.The ratio ^ could^ be used instead of the phrase "90 percent" to 
.describe the part, pf' the a^wers which are correct. The word 
/•percent" is used when a ratio* is expressed with a denominator of 
100. , - . ' 

90 percent = ^^90^^^.^^ 



0 
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For convenience the symbol, % , is used for the word- "percent"; 



a short way 


of 


saying 


1 ' 
100, • 


16 

yso - 


16 


* W = 


16 7o . 


■ 77 
loo ~ 


7 


• W = 


?% . 


? _ 


13 


1 

* TUo - 


13 % . 



The number 2 can be' written 

In other words 200% means 200 x = ^ a 2. 

' A class of 25 pupils Is made up of 11 -girls and Ik boys. The 
ratio of the number of girls to the number of pupils In the class 
can be expressed many ways. For Instance: 

' 11 22 33 kk 55 66 
25 5C°75'TO=T55"T5C- 

If you wish to ind^ate the percent of the c^ass that is girls, 
which fraction gives the Information most easily? Why?- -The 
ratio of -the number of boys to the total number In thj^ class may 
bjS written ^ 

^-ii«c^_d^56 e f 
25 55 ' .75 TU5 " T25 * T5C • 



What numbers are represented by the letters c, 6, e, f ? 
Notlceythe two ratios^ (girls) and ^ (boys). What Is the 
Bum of ^ the two ratios? Find the sum of the two .ratios . 
44 56 

TCC ^J^^ Too • Express the two ratios and their s\im as percents 

using thef symbol, % . The entire class Is considered to be 100 7o 
of the class because 

^ a 

Any number can be expressed ai a percent by finding the 
number c such that 

I " tSc - • TOT " ^^o-^ 
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Exercises k^a, , . 

Write each of the following numbers as a percent. 

(aO \ * (b) ^ (c) I (d) \ : ^ 
Consider the following class. 

Student Hair golbr 

Robert . ' blond 

Joan - • brown 

Mary ^ ' blond 
John ^ red 

Joe brown *^ 

Betty \ brown • 

Ray blond 

Don brown 

Margaret red 

David brown 

(a) - Wfiat percent are boys? ' 

(b) What percent are blonds? ■ 

(c) , What percent are redheads? * V , 

(d) What percent are not redheads? ^ 

(e) What percent are brown-haired 'girls? 

(f) What percent are redheaded boys? ^ ' 

The monthly income for a family Ja $ If 00. -The family budget 
for the month is shown. 

Payment on the mortgage for the home $ 80 

Taxes ^'20 

' Payment on the car . .36 

Pood * , 120 

Clothing ^ if8 

Operating expenses 32 

Health, Recreation, -etc. 2^ 

Savings, and Insurance • ' * • 

(d) What perceht of the Incpme is assigned to each item of 
the budget? 

(b) V/hat is one check on the accuracy of the 8"answers? 



1 4.3 
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Data-about business, school, ~ are sometimes given in 
^percent. It is often more convenient to refer to* the data at some 
^ater time if they are given in percent than if they are given 
;herwise, ^ 

A few years ago the director .of a camp kept some records for 
future use. Some information was given in percent, and some was * 
not.\ The records gave the following items of information. 
.) There were 200 boys in camp. 
(2\ One hundred percent of the boys were hungry for the 
first dinner in -camp. 

^n the second day in camp *44 boys caught fish. 



(3) 
.(5) 



O^e boy wanted to go home the first night. <i 

A neighboring camp director said "forty percent .of the 



boys» in my camp .will leai^ to swim this summer. We shall 

teach 32 boys -to' swim." 
Prom (1) and (2),, how many hungry boys came to dinner the 
'first day? ' - 



100 



200 =-200 



Of course you should know without computation that J.OO%of 
200 is 200. 

^ Prom (3), you can find the "percent ^f boys who caught fish on 
the second day. The ratio of the number of boys who caught fish 
to the number of boys in camp is -g^. if you 9a 11 x% tlje 
percent of the boys who c^cughji fish, tften 



44 
200 



200x = 100 
100. 



X = 



44 
44 



(Property 1.) 



' . X « 22 
Twenty- two% of the boys caugh% fish. 
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' Prom ('J),you can find the percent of the boys who were • 
homesick. If this is x%, then" 

X 1 

« ' 200x = 100 

I'OO (Property 1.) 

Of the boys, ■|7owere homesick. This may be read "one-half 
percent" or "one half of one percent/' You ifiaj? prefer, tb say 
"one half of one percent," aince this emphasizes the smallness of 
it. - . . I • 

^^Prom the information in Item 5, the total number of boys in 
the second camp can be found. Call this nvunber of boys x. 

i^07o means -j^ of the group, and also refers to 32 boys. 

You waRt to find x such that ^ = — . ' - 

40 32 

' 40x « 3200 . ^ ^ . X 

( Property 1. ) 
V 3200 - ' 

X « 80 : . ^ ' 

^ . • . ■ Exercises 4-9 b 

1: There ai:e 6OO spventh-grade pupils in a Junior high school. 
The printcipal hopes to divide' the pupils Into 20 sectiong^of 
equal size. 

(a) How many pupils would bel^'in'each section?* 

(b) What pei»cent of the pupils would be in each section? 
^ (c) V/hat number of pupils ' is l%of the number of pupils in 

the seventh grade? ' 
(d)^ Wftat number of pupils is 10%*of the number of pupils jj: 
the seventh grade? . 
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^2. One hundred fifty seventh -gra,de pupils come to school on the 
school bus. , I ' ^ ' ; 

[ay What percent of the seventh-grade pupils come by : 
school bus? ' . * 

(b) What percent' 'Of the seventh-grade pupils come t'6'^school 
^ by some other means? 

3. In a section of ^30 pupils, 3 were tardy one day. 

(d)^ . What fractional part of that section was tardy? 

(b) What percent, of that section was tardy ?-^ . - 

^. One day a seventh-grade pupil heard the principal say, 
"Poui* percent of the ninth graders are absent today." A 
list of absentees for that day had 22 names of ninth-grade ^ 
pupils^ on it. Prom these two pieces of information, th(B 
seventh-grade pupil discovered t^e number of . ninth-grade 
pupils in^the scViool. How ma'ny ninth-grade puiiils are 
there? ' . 



4-10. Decimal Notation 



7 



You recall from a previous chapter that a 'base ten numeral, ^ 
such as' 3284, written as 3(10^) •+ 2(10^) + 8{lO^^ +.-4. wks said 
to be in expanded form. Written as " 3984 \the niimeral .is said-^to. 
be in positional, not.^tion.' ^In base ten th^fprm^xis, also calle^d-^' 
-decimal notation. Each digit' represents a^cert*ain value acoording 
to its place in the- numeral.^ In the a6t)ve example the * ^ . Is^in- 
^.thousands place, the 2 is in hundreds place ^ and ^s<0on";o. The fori^i 
' for plaice value in base ten shows that the value of e^ich^n^t'e 
immediately to the left of a given place is ten times thefv^^e of^ 
the given place. Each place value immediately to tbe riglit oT-^a » 
'given place is one tenth of the. place value of the^ given place^£/' 
Looking back to the niomber 3^4 wri'tt^n^dn expanded form'^you /Will 
notice that reading from left to right the exponents of ten decreas 
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Suppose you want to write 5634 ;728 in expanded form. You could 
write - ' ^ * 

5(10^) + 6(10^) + 3{10^) + 4 + 7( ? ) + 2( ?") + 8(- ? ). The 

k ' • ^ - 

4 is in unit's (or one's) *place. The value of this place is 

of the value of tlie plaee before It. If you extend t^e numeral 

to the rJ,gHt of orie's place and still keep this pattern, what will 

be the value of the next place? Of the next place after -that one? 

Tof write this in expanded form' to the i?ight of unit's place as well 

as to the left of unit's place ya^will have; 

5(103)-+ 6(10^)'+ 3(10^^,+ k + 7(t^) + +,8(-i^r wher6 

' 10^ 10^ 
the first place to the right of one's place is the one-tenth's 

place or simply tenth's place. 

The following chart showX^^the place values both to the 

left and to the right of the unit's place. \ ^ ' 



Place Value Chart 



•o c 

CO 



100,000 



10- 



cd 

CO 

g5 



10,000 



10 



c 
cd 

CO 

o 

Eh 



>l,000 



^3 

0)- 

U 



100 



lO'^ i 10"^ 



c 

Eh 



10 



lO' 



0) 

c 
o 

o 



c 



10^ 



c 

Eh 
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J. 
10 
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u CO 

c o 



0.00001 



The places to the righ^t of one's place are ui^ually referred to 
as the' decimal places. ^ ^ 
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When the number 3284.569ris written in decimal notation 
the decimal point locates^ the one's place. The number is read 
"Three thousand two hundred eighty-four and 'five hurp^red sixty- 
'nine thousandths" or "Three two eight four poitrtT five 
sj.x nlfne. 

Example 1. • ^ 

. Write 5(10^) + 7(10"^) + 3(j^) in decimal notation. 



Notice that the iJne's place was not written;^ Could one's plac< 
be written 0( 
this question. 



be written 0(10"^) ? Your answer. 570-.3 will help you answer 



^ Exercises ^1 0 

1. Write ea^h of the following in decimal notation: 
*Kd) 6(10),+ 5(l) +'8(^)' + 7^) ^ ; ^ 

(b) ^10^) + 3{.10) + 6(1) + I(t^) + 9(-^) 

(c) 5(10) + 2(a) + MA) ' • 

^ 

(d) it(^)+.8(-i5)* + 3(-^) ' . 

10^ 10^ 

(e) 2(A) +'6(A) 

10"^ 10^ 

2. Write each of the follov/ing in expanded form: 

(a) 3.01 . . > 

(b) 0.0102 • 
"(c) 0.10001 
(d) 30.03 - 
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3. Write each of the followlng-ln words: Por example, 
3,001 is" written three and one thousandth, 

(a) 7.236 ^ (c) i.oiOl . 

(b) ' 0.004 (d) 909.009' 



4. Write In decimal niiraeral form: * 

(a) Three hundred and fifty- two hundredths 

(b) ^^ Five hundred >even ten- thousandths ^ 

(c) Fourteen thousandths 

(d) Sixty and 7 hundredths 

(e) Thirty-two hundred-thousandths 

(f ) Eight and nineteen thousandths * ' 
*5. Write 0.1^^^ in base ten. ^ 

*6. ^ Write^^ in the (Juodeciraal system. 

' *7* Write- in th^ duodecimal system, ' ^ 

*8. Change 10.011^^^ to base' ten. 

4-ll. Operations with Decimala 

Suppose youv4i3h to add tv40 niimbers In decimal formj for 
example, 0.73 + 0.84. You knov4-hov4' to add: ,73 + 84 » 157. 
^'^-How <Jo youhandie the decimal places? You may proceed as follov4s: 

^ 0.73'=, 73 X ^ and 0.84 =. 84 X -j^.' * ^ 

'^erefore, < ^ . ^ . ' , 

.0.73 + 0.84 =,{73 x^r+ (84 x^) 
-(73+;84)-x^ .. . 
^ = x^ = 1.57. , • " 

Notice that the distributive property has been used here. 
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' ' Suppose you- wish to' find the sum, 0.73 +»0.1^5. First- 
rewrite the nvunbers as fractions: 

0.73 = 73 X -j^ = 730 and 0.125 = 125 x 

Use the last form of 0;73, since then appears in both 
products. 

0.73 + 0.125 = (730 X j^) + il2^x — yj - 

= (730 + 125) X , 

= 855.x T;i^= 0,855. 
These examples can be handled more conveniently by writing 



one number below the other as follows. 

.73 0.73 - 

H- .84 H- 0.125 . ' 

-r37 0.^55 ^ • ^ 

Notice that the decimal points are written , directly under one 
another. This, is because ^you^will want to^ add the number in the 
place in the first addend to the number in the place in the 
second addend, and^tWfe number in the place in the first 
addend to the number in the place in the second, etc. Thus, 

' 0-73 = i5 + TTO '^"^ °-8'* = TU + TOT . ^ 

and therefore 



r» 7-3 ^ n Ak 1 7 + 8 , 2 + k 
0.73 + = — + 



= 1.5^ , / ' ^ 

Subtractiorv-can be fjandled in the same way. For example, 

' 0.8V *0'83 
- 0^ - ojk , 
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. Exercises ^-lla . • ' 

1. There are l6 ounces in 1 pound. V/hich is heavier, 7' ounces 
. ,or^ 0.45 Ih.? * , • ' . ^ 

2* -In most of Europe, distances are measured in kilometers 
(rg^ember that a kilometer is about of a mile). The 
distance from city A l3x> Paris is 37.5 kilometers and the 
distance from ^city' B to Paris is 113.2 kilometers. How- 
far in kilometers is it from city A to city B by way of 
Paris? 

3. Suppose the three cities. A, B and Paris in the previous 
problem are on the same road and city A is between Paris 
and city B. Then how far in kilometers is it between, cities'' 
A and B along this road? , y 

*4. Find the value of the sum, in the^'decimal system, of the 
numbe^s^O.Ol^^^ and 1.01^^^. First c^an^e into . the 

decimal system and then add.^ 

Suppose you wish to multiply two numbers in de;cimal form. 

For example, 0.3 x 0^25. You know how to multiply the^e numbers: 

3 X 25 = 75. Just as .before, you will write - 

' 1 - 1 

0.3- X 0.25 = 3X-jJx25X^ 

= 3X25,X^X^ ' , - 

~ ^ ITW ■ ' ' ' . 

.= 0.0T5 ' • 

(1) How many digits are there to the right of the^jdeclmal - 
point 'in 0.3? .. ^- ' 

(2) ^ > Hcw^^many digits are there to the right of / the decimal 

point in 0.25? ^ / ~t^' . . 

(3) What is the 'gum of thfe answers to'(l). and (2)? 

" ^(^) How many digits are there to the right of the decimal, [ 
point in Orb75? . ' - '-'^ 

(5)' Compare the answers to (3) and 

Nqw multiply OA X 0.25. What is your answer? Answer the 
f ive^questioris above, (l), (2), (3), [k) , (5) for these numbers. 
Do the answers to (3) an(j {k) still agree? 
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Property . 2: To find the number of decimal places in the 
product *wh en t^wo numbers are multiplied, add the nuijiber of decimal 
places in the two numerals. 

You can consider now the problem of dividing one in decimal 
form by another, for .-example, ^ 0.^5^0.5. v. ' 

, The first a^ep ite usually to f lad a fraction whose denominator 
is a whole niomber and sq that the new fraction ^is also a name 

for 0.125 -f 0.5. In this case, start with q[\^^ . 

Then; in order to replace the denominator^" by a whole number,^' 
multiply numerator and denominator by 10 to get g . Using 
fractions you could work ItJ out like this: 

• (' . 

^ = i X 1.25, = -^ X X- 125) =-^x (3 X 125) 

' ^-TTO^ 25 =-0.25 ' ( 

But^.a much shorter way is to use the usual form for division. 

, 5 )1.25- 
10 • 

Then: / / 

(divisor) (quotient) / (dividend) 

„ 5 ,. X, ■ '0..25 ' = . " 1.25 , '* ■ • . 

and you can see that in the equality^ the number of decimal places 
\(,two) In the product is the sum of the numb.er o.f decimal places - 
in the members of the product ( 0 + 2 ) 4ust as it' is said in 
Property 2. Vfhenever the divisor ^"s a y/hole nj^miber, the dividend 
and the quotient have the same number of declm&l places. By 
placing the decimal point of the quotient directly above that * 
of the dividend, you locate the decimal point- of the quotient 
/automatically in the correct place. ^ 

. ' 't 



0^ 



f 




^ It is ver^asy to make a mistake in placing -^he decimaf^ 
point Qpf the answer and hence ft is always a goo^ plan to checil 
by estimating tj;ye answer. For this example you can see that 

• 0^ u about • °^ .'I . 0.2, 
whic^ 15 reasonably close to our quotient. 

' Try ^a mor^ complicated fraction: . If you multiplied 

'the denominator by 10 you would have 25.3 which stiil is not a 
whole number. But if you multiply by 100, it becomes 253, .which 
is a whole number. The given fraction then is equal to" 
and the division ^is performed in tbe^usual way.^ ^ 



:la|e usual 
^.1 - 



' : 253 )53J.-.3 ^ , 

,Then i253 x 2^.i 531.3 > and you see again 'that the number of . - 
^decimal places in 253 (which is .zero) plus the nunfber of /decimal 
places irj' 2,1 '{which is l). is equal to the numbei? of decimal 
pieces in ,531.3 (which is l),. , " ^ ^ ' 

You should check the^foMowing: \, . * • 

Of course you canhqt ^expect your divisions to "come put -' / 

exactly" in all^cases. -Suppose you try .to find the 'deciitial ^ 

2 * ' ' , . . 

expression fqr W . * If you want the ^uoti"ent to three decimal 

places;^ ^ou will divide 2.000 by 7f If It .were to be six places 

, you would (Jiyide. 2;000000 by 7, and so forth. Suppose you find 

It to.gt^f places; . I' ' • . . - . 

) 2.000000 ' 
^0 

6 A 



28 

153 
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Exercises , 4-llb 

1. Find the following prqducts. * ^ 

(a) 0.009'X 0.09 . ' , J, 

(b) 0.0025 Xt2.5 

2. Find the following quotients, 
(a) • 0.575 OA 

■(b) 2.04,-r 0r008 , ■ 

3. Express the' following numbers as decimals. 

3000 300 / N 30 (,s "3 3 3_ 

(a) (b) (c) -5 (d) ^ (e) (f) 

h * .015 X >0025 X 2^5 9 

5t About how many miles is a distance of 3.8 kilometers? 

5 



(One kilometer is about ^ of a mile.) 
*6. Find the" following pribduct: 



1 14 v: 2 4 * 

•^•■"^seven ^ "^'^seven 



Decimal Expansion 



Let us look more closely at rational numbers -itr dec-irtial ^orm. 
'You recall that ^ is thQ quotient of 1 divld^ed by" 8. 

8) l!ooE - ' 0.125 are -names for the same 

rational number. ' - , > - - 

Consider the rational number^. You all know the decimal 
numera'l ^ch names - It\ is -found' by dividing 1 by 3* \ 

0.333 ^ ' ' ' 

^3jlr*000* * * Witliout performin^^the division do you 

^ know what digits will"a'^)p6ar in each 
^ of the neit o places? At some'- stage ' 
^ ' in the division do we get a remainder 

.of z^ero? " ' 

The 3 dots indicate that the decimal numeral never enSsr 



/ 

/ 



Loolc alga in at the decimal niimeral for -g, Recail that \ j • 
it was. obtained by dividing 1 by 8. , - , 

. 0.1250... , ■ ' ' ■* 

^ .8)1.00606 . ' / . 
8 

^ 55 After the first subtrsiction the remain^ \^ 

16 ^ der is 2. . 
"^0 The second remainder is ^. 

0 * The third remainder is 0. * 

0 The fourth remainder is 0. Can you - 

predict the fifth and sixth . remainders? , 
The division process usually' ends at the stage where a zero 
remainder is obtained. However .you could just as well continue - 
dividing, getting -at each new stage a remainder of zero, and a 
quotient of zero. ' ; 

It is cle^r that ohce you get a remainder of zero every- 
remainder thereafter will be zero/ You could'* write 

i = 0.125000... Just as you wrote, = 0.333*.., but this is seldom 
done. .Therefore 0.125000. is a repeating decimal with 0 
repeating over and over again. Likewise 0.333... ±i a repeating 
^cimal with ^the- digit 3 r;epea,tingc .... ^ ' ^ ; » / 

The phrase decimal expansion gieans ^h^t there is a digit foi;f 
every, decimal plg^e/ l^ote th^t the decimal expansion 'of i and 
the decimal expansion of i aris, bdth repeating.' . 

Glass Discussion Exercises 
Let us look at th^ decimal which' name's the rational 

. nuiberi 0. 1428571^2857 . ^ 

number y . ^ 7) 1,000556000050 -;^ ^ - ^ 

1. • Can you tell, without performing the*divisipn, the digits 
that should app^^ in each of the next six places? 
^ 2. ' Is there a bloo^lc of^ digits which continues^ to repeat - 
j endlessly? . Let us place a horizontal bar Qver the , block- of ' 

digits which'-^r^ats. ' Thus 0.14^857142857. ^uses the bar 
to mean that the same <|JLgits repeat in the same order and. the 
3, dots to mean.^that the decimal never^ ends. 

o 
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3r l^ame by a decimal numeral. . 

4. ^ow soon can you recognize a pattern? 

5. Will theq:^^be a zero remalrcder if you continue dividing^ 

6. Does this decimal repeat? How should you indicate this? 

7. Observe that the fJecimal repeats as the remainder repeats 

Look at the procedure by which you found a decimal numeral 

' . forU. ' ' . ^ . ' * " ^' . ° 

f — ^ — ' 

7)i.opoo66oooo66 

After the first subtraction the remainder is 3. 

The second remainder is 2. 

The third remainder is 6. ^ 

The fourth remainder ^is 4. 

The f if th^ remainder is 5. ^ 

. ^ The sixth remainder is 1. ' ' , 

The seventh remainder is- 3.- Is 'the 
seventh digit to the* right of the decimal 
point the Same -a^ the first? 

• The -eighth remainder is t^he same as - — 

•second. Is the eighth digit to the 
, right of the decimal* point' the same ^ 
as the second? 



Notice that the digits in this quotient begin to repeat 
whenever: a, number appears as. Jbhe, remainder for. the s'econd time^ 

8; Make similar, observations when you divide 1 by 37 to find . . 

1 

a decimal numeral naming 

' You may conclude that every rational nvmiber can be named by 
a decimal numeral which Ather repeats a single digit or a block of 
digits over and over again. 
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1. Write a decimal numeral (or decimal) for 

(a) How soon, can you recognize a pattern? 

(b) Does this decimal end? ^ 

(c) How should you indicate that *it does not end? 

(d) Is there a set of digits whj^ch repeals periodically? 

(e) How should you indicate this? 
"2. Write the decimals for: 

^ See how soon you can repognize a 

'pattern in each case. In performing 
(b) X the division watch the remainders. 

8 They may give you a clue about when 

J X 1 ^> to expect the decipial numeral to 

9' begin to repeat. 

3. Write .the^ decimals forPN ' ^ 

(^) rr.' ("V:^ ' • -(o ^ ' ■ 

4. Is it true that the number 0.63'S3... is seven times the 
nvmiber 0.090^..; ? ' * 

5. Find the decimal numeral for "the first number in each" group 
^and calculate the others without divicjing. 

12 4 . ' • . ' ' : 

(.<?) 



4-12. Rounding ,, _ ' ' •; ^. 

Supposey^you wish only approximate -decimal value for y . 

You migjpt, for instance, want to represent this On the number line 

where each segment represents 0.1 as below; 

■ " 2 ' ■. 
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Where would w be on this line? You know its decimal form is 

' * - 2 

0.2857l4^.. . Perhaps you can see inunediately from this that "y.. 

must lie between ^0.20 and 0.30. /if this is not clear, look at 

i"t ,a little more closely. First: 

0.285714... = 0.2 + O.oB + 0;005 + (other decimals), and hence^ 

it is certainly greater than 0.2, the .first number in the sum. 

Second, 0.2 is less t^ian 0.3; 0.28 is less than 0.30; 0.285^ 

is less than 0.300 and so forth. No matter how far the decimal 



computed, what you get is always less than 0.3000000*.. Also 
2 



i^c 

yTO can see that y is closer to 0.^30 than -to ,0.20 since 0.25 

is halfway between 0.20 and 0.30 and the number 0 .285714. is 

' 2 ' ' 

between 0.25 and 0.30. So y goes on the number line in about 

the place indicated by the arrow. ^ ' ' • ' • 

2 ' *• 

You could represent y more closely on the qumber line if you* 

divided each of the segments into ten parts. Then you would see 

that y is between 0.28 and 0.29 but a little closer to 0.29. 

(You may want to write the reasons out in more -detail than is done 

above, .in order to make it clearer*) You would say' that y is 

0.29 'to the nearest hundredth. This is called "rounding w to 

2 ^ ¥f 

two places"-.^ What^would y be, rounded to three places? > 

The answer is: 0.286.' ^ . ^ ^ 

• This rounding is useful in , estimating results. For instance,', 
suppose yo.u have to find the product: 1.34 x 3^56. This would be 
approximately 1 *x 4 = 4 or, it you wanted a little closer estimate, 
you could vcompute: 1.3- x 3.6 = 4*. 7 approximately. 

Rounding is also useful when you are considering approximations 
in percents. For. instance, if^t turned out to be true that about 
2 . out of 7 families have dogs, it would be ^foolish to carry this 
out to manx* decimal places in order. to get an answer in percent. 
Zou v/ould usuklly just use two places and say that about 29 % of 
all families have dogs, or you could round this still further and 
refer to 30 7o. . . 
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' * • Exerciser 4-1.2 " 

1. ' Round the following number to two places. 

•(a) 0.0351 

(b) 0.0449 , .. ^ 

2. Round the following numbers to three places. 

(a) 0.1599 

(b) '0.00009 . • • . 
■ ^ (c) 0,3249 . • ' . 

3. Express the following nvimberg as decimals correct to one 
place. .' " . • 

^. (a) A piece 'of land is measured and the measurements are 

rounded to the nearest tenth of a rod (in othez;;;^ words, 
the measures, are rounded to one decimal place.) The. 
length, after rounding is' 11. i rods and width is 3.9 
rods. Find the area- rounded to the nearest tenth of-^a . 
square rod. . , ' ^ % 
,^(b) Suppose that the length is. 11.14 rods and the wicjth is 
3.9^ rods rounded to the nearest hundredth of a rod. 
Find the area rounded to the nearest hundredth of' a ' 
square rod.. Wh^t is the difference between this answer 
* and €he previous one? . - 



^-13* Percents and Decimals 

You have learned that' the number can be written as 51% 

and also as 0.51. Actually you can read bdth 0.51 and as 
"fifty-one hundredths". Here are. three different expressions for- 
the same number: ^ ' . . 

- ^ = 51*70= 0.51 , . • . 

which are read: "fi^ty-one hundredths is equal to fifty-one 
percent is equal to fifty-one hundredths". 
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Similarly , ' , 

I •= T§S ='°-50 = 50%= 0.5 . 
Also 65% = 0.*65 = Ife = ' . ' ' . ' 

and ^--1 = = 0.60 = 60%= 0.6 .. ^ 

i 

' Class , Exercises ^-13 

1. Express as percents: 

(b) 0.4 . ' ' ' • 

2. Express as decimals: • , ' 

^ (a) \ , 

' (b) 3% . ' . 

1 ^ 

"It is d little more difficult to expx'ess as a percent 

since 8 is not a factor of 100. You ki?ow that its decimal form 

' 12 S o» 

is 0.,125. Other ways of writing this number dre: or 12^.5% 

1 ' 

als*) or . Similarly, 0.375 is the same as 37.5^o or 

37^% and may also be written as:' 



375- . 25 - 15 15 « 3 * 5 3 
S5o 25 • ^+0 " "TO 



25 • ^+6 " "TO b • ,5 "5 • 
Thus 0.375 is equal to both 37^%*^ and -g . 

3. 'Express as percents:* 

,4. Express as decimals: 
- (a) l6|"7o ' ' '(b) 

' How .do* you. find the percent equivalent of whose 
decidual, 0.333.1. ;»epeats endlessly? If you wish an 
' approxim^ite value you can round ^the decimal to two places 
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^ and tiave: \ ' 

V ' is .approximately ^qual to 0.33 or 33% . - 

An acqurate mme in percent for one-third -can be foiand a?s follows 

- 3 = "T". = 100 = TCO = /o ^ 
SO that an accurate expression for is' 33j% . 
5* E^Qress approximately as percents: 

(a) i| " (b) I ' 

6. Express the^ above accurately as percents. 

- u ■ * 
How can 28 ^% be expressed as a fraction? 

50 ^- 200.. " . ' 

ofl-^<7 _ ^ T _ _ /200 ^ 1 X _ 2 , 

Express the following^ as fractions: 

\.(a) 25^% -{by 125|% 

8* Copy the following chart and fill in the missing names of 
numbers, 'The, completed ob^rt will^be helpful to you in 
future lessons. 
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♦ Fraction 
Simplest form 


Hur^red 
as denominator 


1 

•Decimal 


0 

• 

Percent 


(a) 


^ 








■ — ■ — 

^ ^00 ■ » 


V 




(c) 




0.375 




(d) 




• 


150% 


,{e)' ^ 




~ T 

1 ' ^ 


(f) 


1 

1 0.01 


.(g) V 




< 




(h) 






100 7o * 


* «- 

(i) 

1 * , 


1^ ■ 

TO 




j 


(J.) t 












* 




(1) 








,(m) 




0.005 





Draw a number line and name points on it with tbe percents in 
Probfera 8. , 
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^-1^. Applications of* Percent 

Percent Is u^ed to express ratios of numerical quantities In 
everyday experience. It Is JLmportant for you to understand the 
notation, of percent, and also, to.be accurate in computing with* 
numbers wltten as percents. Let us look at some ^examples In the 
use of percent. ^ ^ . ^ • ' 

Example 1. Suppose the annual income of a family Is ik^to 
and 32% of the budget Is allowed for food for the year. .Then If 
X stands for the number of dollars aalowed for food^ 



X 32 

?55o " Too 



lOOx = 32(4560) = 145,920. / 



Using Property 1, 

0 

Hence x = 1459.20 

and the amount spent for food would be $1^59.20. - 4 

Example 2. The number 900 Is what percent af 1500? ,Oan you 
find the answer to this example without use of pencil? 'if x% 
^s|;ands for the percent which 900 fs of I500, . 

x 900 

Agai^ using Property 1, 

^ ^ • K 1500 X = 100(900) = 90000.' 

Hence ^ ' ^ 

X - 90,000 „ 60' ' 

• _ ^ " i;5oo ~ ^ ^ 

and 900 is 60% of 150O, ^ • ' ' 

Example. -3>-. , Suppose, a ^family .with an 'annual Income of 4^360 
rents a house for $77.00 per month. What percent of the family 
income will be spent for rent? Pirst,^ the rent for the year will 
be twelve times the monthly rent, that is 4924.00. If x 7o.ls 
the percent that 92*^ is of ^p6o, 

' - ' x 92^^' ' : ^ 

and, using Property It again, ^ . ^ 
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4560x_ = 100^924) 
446ox = 92,400 

r4jD0 




• 3 • • • 



Hence x%j.s about 20 7o ; that is, about 2b7oOf the family income 
is spent for rent. • . 

Exerc ises 4-l4a 

In the^ following problems it may be necessary to round some answers 
Round the money answers to the nearest cent, and round percent 
answers to the nearest whole percent. - ^ 

1. ir the sales tax in a certain state is 4^o of the j^rchase 
price, what ta^g would be colijected on the ^Collo^fhg purchases? 

(a) A dress selling for 4^7.50 '^-^ 

(b) A bicycle selling for $49.50 

2. In a junior high school there are' 38o sevepth-grade. pupils, ^ 
385 eighth-grade pOpils", and 352 ninth-grade pifpThe. 

(a) What ±s the total enrollment of the school? 

(b) What percent, of the enrollment is in the seventh grade? 
{c) -What percent of the enrolliT\ent' is in the eighth, grade? 
(d) What percent of the enrollment is in the ninth grade? 
(e;. What is the sum of the numbers represented by the 

answers to^^.b), (c),. and (d)? 

3. Mr. Martin keeps a/record of^the anfounts of money his family 
pays in sales tax. At the end of one year hp. fn^mH that the 
fcotal was 496.00 for the year. <.If the sales tax rate is 4 %, 
what was the totair amount of taxable pi^chases ipade by the " 
Martin family dUring the y^ar? 



V 

H4 



t 
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*4. A certain ^^tol^e gives a 10%discount for c'ash and 'a 57odis- 
count sf or purchases made on Mondays. .That i3, if a customer 
purchased an artlcle>^riced at. $100 and paid cash it would* 
cost him $100 - $10 = $90 . Then if the day of his purchase 
'were Monday he would get a fufther 5%<3iscount, which would 
make the net' price $85.50 since 5^% of 90 is 4.50 and 

90 - 4.50 =^85.50 ; 

^'^^ Suppose the 5%^iscount on $100 had been computed first and 
the 10% second, would the ^inai net price be the same-? 
Would these two* ways of computing the final net price give 
the same result for an article priced at $200? Why? 

*5. In a certain store each customer pays a, sal^s tax of 2% and 
is given a iO%discount for cash. That Is, if ar^ustomer ^ 
purchasf(3 an, article priced at $100 and paid caish it wduld 
cost him $90 plus the sales tax or$91.80> since 27o of $90 
is $i.8o . Suppose the sales tax were computed on $100 and 
then tbe 10%dis<jount allowed, would the resulting^ net cost 
be the same? Why or why -not? . . - ^ 

*6. A customer in* the store of Problem *4 added the discounts and 
thought that since' he was paying, cash for an article on , ^ 
Monday, he should receive 15% discour^t . ' If this were the • — 
case he woCild have paid $85. for the^article priced at $100, 
instead' of the $85.50>. How should the shopkeeper have 
' ' worded his notice of discounts to make it cl^ar that he had 
in mind the calculation given in Problem *4?. ^ 

Percents of Increase and ^ Decrease v 

Percent is used to indicate an increase or a decreasre in *some 
quantity. Suppose- that Central City had a population of 32,000 
(roundefd to the nearest thousand) in 1950. If the population 
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increased to '40,000 by I96O, what was the percent of> increase? 



40,000 ^ 
- 32,000 



8,000 X t 
32,000 = TTO ^ 

4 800,000 



^ 8,000 (actual increase) 

X = 25 . ^ . . 
.4 ^ i There was an- increase of 25%. 

Notice" th^ the. percent of increase is found by comparing, the 
actual increase with the earlier population figure. 



3.2,000- 



->< — 8,000- 



.1007. 



25 7. 



40,000-77- 



The 40,000 w|s ^ de up of the 32, 000 ' ( lOOj^^lus the increase 
of 8,000 (25%). So the population' of ^40, 000 in 196O was 125% of 
the population of 32,000 in 19^0. 

Suppc^e tha,t Hill City had a populatit)n of 15,000 in I950'.. 
^If the poptilation in 196O was 12,000, what wa^s the percent of 
decrease? *^If x represents the percent of decrease/r then 



15,0001 



^12_^00C 



3,000 _ X 
15,000 ■ JUG^ 



3, OOC|y. .actual decrease 



inn 3,000 



X = 20 

There was a decrease of 20% . 
Jotice that|the population 'decrease also is found by comparing \he 
actual decrease ^with the earlier population figure. 



-15,000- 




80 7* 



207, 



-12,000- 



3,000- 
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The 12,.00p is the differ\^nce between 15,000 (100^^ and the 
decL^ease of 3,000 (2o7<J. So 'the population in 196o*^f 12,000 
vvas 8o% of the population of 15,000 in 1950. 

Exercises k^lkh 

In each proQlfem, 1 through 5, pompute-the percent of increase or 
decrease. If necessary, round percents to tne nearesjt^ tenth of a 
percent. ' , \ 

1. In a Junior high school the lists of seventh-grade^bsentees ' 
for a w^ek numbered 29, 31, 32, 28, 30. The next week the 
five lists numbered 22, 26, 24, 25, 23. 

(a) V/,hat was the total number of pupil-days of absence for 
th^ first week? 

(b) V/hat.was the total for the second week? 

' (c) Compute the percent of 'increase or decrease in the 
number of pupil-days of absence. 

2. On the first day of school a Junior high school had an enroll- 
ment of 1050 pupils. One month later the enrollment 4^as 1200. 
V/hat was the percent of increase? 

3. One week the school lunchroom took in $4^0.' 'Th'e following 
week the aiDOunt was 4^25. V/h^t was tije percent of decrease? 

^. ^During 1958 a fatnily spent $1^90 on food. In. 1959 the same 
"^^family spent $1950 on food. 'Jhat was the percent of increase 
in the mon^y spent for fcJbd?^'" 
5.. During 1958 the owner of a business found that sales were below 
normal.^ The owner announced yo^ hl% employees that all wages 
for 1959 would be cut 20% . By the end of I959 the t>wne.r noted 
that sales had* returned to the*1957 levels. The owner then 
announced to the e-^ployees thai; the i960 wages would be ±n-. 
^creased 20% over those of 1959. , ' ' ' . 

(a)"" V/hich of .the following. st^|:ements is true? 
^ ' (^) . "^^e i960 wages are the* same as t*ie 19^8 wages/ 

(2) The^ i960 wages are. less than the I958 wages. 

(3) 'The i960 wages are more than the. I958 wages. 

(^) If..your>p3wer to part (a) is (l), Ju^t^ify your answer. 
If your answer to pdrt (a-) is ^2) or (3) express the 
1960 wages as a percent pf I958 wages. 

' r 

l(y7 «■ ^ - . 
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In an automobile factory the number of bars Coming pff the 
assembly line in one day is supposed to be 5OO. One week the 
plant operated normally on Monday. On Tuesday there was a 
breakdown whi^h decreased the number of completed cars to 425 
for the day. On Wednesday operations were back to normal. 

(a) ^-mat was the percent of decrease in production on Tuesday 
compared with Monday? 

(b) What was the percent of increase in produjction.on 
v;t5dnesday 'compared ,with Tuesday? ' 

(a) A salesman gets a 6% commission on an article which he 
' sells for $1000. * How much* commission does he get? 

(b) A bank gets 6% interes^t per year on a loan of $1000. 
I^w much interest does t^e bank^get? ^ 

(c) The tax on some jewelry ^is 6% . - How much tax woul<3 one 
have to pa^y on a pearl necklace worth $1000.? " . 

(d) Can you find any relationship among (a), '(b), and (c) ? 

(a) An article is sold at a 5% discount. If the stated 
price i| $.510, what did it sell for? ' ^ / • 

(b) A small town had a population of 5IO people on January 
first, 1958.' The population decreased 5%i«Jliring the 

t following twelve months.- What was its population on 
'January fir^t, 1959? • 

(c) On a loan of $510, .instead of charging interest, a bank 
loaned it on a discount of 5^; that is, gave the 

^ customer $510 minus 5%of $510 at the beginning of the 
'u - year with the urrderstanding that the amount of $510 would 
be paid back at the end of the year. How ra^fch did the^ 
customer receive at the beginning of the year? - , 

(d) Can you find any relationship) among (a), (b),- and (c) ? 
What was the interest rate in problems (c). above? 
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10. (a) Mr. Brown paid $210 in gasoline taxes during a year. 

If the tax on gasoline is 31% , how much did he spend- , 
on gasoline? 

Cb) Mr* Smith made a down payment of ^210 on a washing ^ 
machine. If this was 31% of the total- cost, what did 
% the washing machine cost? 
.(c) In a certain town 31% of the population was children. 

If there were 210 children, what was the population of 
f the town? 

. (d)-* On an article priced at $210, a merchant made a profit ' 
'\ of 31% . What was the amount of his profit in dollars? 

, (e) Can you find any relatioriship among (a), (b), (c). 

The income tax collector looked at the income tax return of 
\Mr. Brown mentioned in Problem 10 (a).^He inquired to find 
that Mr. Brown drove a Volkswa'gen which would go about 30* 
miles on a gallon of gasoline. He also found that Mr. Brown 
could walk to work. 

(a) If gasoline cost $.30 a gallon" (including tax), how many 
'gallons did Mr, Brpwn buy? (use information from ' .' 

^ Problem 10 (a) .) 

(b) How far cou;Ld he drive with- this amount of gast)line? 

(c) ^ What would be the average per day?" 

(d) Why did the tax-collector question Mr, Browi:i*s return? 



4-15. L^rge Numbers 

The population of a ci'ty of over a million inhabitants might 
have been given as 1,576,961, but this Just happened to be the 
sum of the various niombers compiled by the census takers. It is 
certain that the niomber changed while the census was being taken, 
and it is probable that 1,577,000 would be correct the nearest 
thpusand. For: ^thia. reason there is no harm in rounding the original 
number to 1,577,000. In fact, -foremost purposes, you would merely 
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gay that the population of the , city is "about one and one-half 
million", which could be written also: ^ 

Population* of 'Clty ^ 1,500,000. 
The ^symbol ^ is used to mean "is approximately equal to". 

Ther^are other ways of writing this number. One million can. 
be written: 1,000,000 or (10 x 10 x 10 x 10 x 10 x lO) O]^ 10^.' 
The notation 10 x 10 x 10 x 10 x 10 x 10 -is sonj^titlies read '^the 
product of^ six tens". The exponent 6 indicates the number of tens ' 
used as factors in the product. ' You could also get the exponent by 
counting the number of zeros in the numeral 1^000,000. 

The number 1500 can be expressed in several way^, 150 x 10 
or 15 X 100 or I.5 x 1000 = 1.'5 x 10^. . Similarly, 325 can be 
written as 32.5 x 10 or 3.25 x 10^. Ir^ each of these two 'examples 
the last numeral is of this form: ^ ^ ^ . 

(a number between 1 and 10) *x (a power of lo) T 

In the first case it is 1.5 x 10^ and in the second case it is . 
3^25 X 10^.^ Write each of' tRe fpllov/ing this foi^m. 

Example: i^037 =>.037 x 10^ 

(a-) 859 > (c) 1^832.59 , 

♦ (b) 7623 ^(cj) 9783.6 

^ vmen 1,560,000 is written as 1.5 x 10^,. Ijb is gaid to be^ 
written in scientific notation. 



ir IS sad 

' L 

Why, \|r 
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(a) Is X ID^ in scientific, notation? Why, \|r why not? 

(b) Is 3.4 X 10' 'in scientific notation? Why, or x^hy not? 

(c) Is 0.12 X 10^ in scientific notation? Why; or why not? 

,pefinition. A number is express^(3 in' scientific notation if it 
is written as -the product of a number between, 1 and 10 . and 
the proper power of tenf .Also a numbe^r is expressed in sciefcntiflc 
notation when if is written just as a power of ten. 

Both 1.7 X 10^ and' 10^ are in scientific notation . - 
' No^te that 145,000 ='l.46 x 10^ could also be written as 
1.460 X 10^ or '1. ^600 X 10^. 
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„ - ^ Exercises ^-15a 

1. Write the following in scientific notation: 

(a) 1,00*0 ■ (d) 10^ X 10*^ 

(b) • lO-^x 10-^x 10-^x io'^ "(e) 10 x 10^ 

(c) 10 .X 10_x 10 X 10 ■ (f) 10,000,000 
Write, the follovjing in scientific notation: 

(a) - 6,000 (d) 78,000 

(b) 678 (e) 600 X 10 

(c) 't,59,ooo,qoo -^ ■ (f) 781 x 10'^ 
3. Write a numeral for eac^ of the follovfing in a form which 



.does, not use an exponent\)r indicate a product: 
'(a) 3 X 10*^ (c)' k2e X 10^ 

(b) 5.00 X 10'^" ' (d) 17.324 x 10^ 



4 Round off each of the following to the "nearest hundred.. 
Express" the rounded niiiyber in scientific notation. 
(a) .6^5 ^ - (<3); 7a,863 
(bl. 93 J * (e)* 600,000 • ' 
(c) 1233 ' ' .(f) 5,362,449 

Calculating ^ with Large Nt;mibers * ^ ^ 

♦ 

Not only is scientific notat;lon shorter in many c^ses but its 
makes certain calculations easier. Suppose you want to find the 
value of the product: 100 x 1,000. The first factor is the product 
of tv/o teris. The second is a product of three tens^ so,, you haye ? 
= ,10^ 
Then> 



100 ^=,10^* and 1000 = 10^ 



100 X 1000 = 10^ X 10^ 

= (10 X 10) x *(lO X 10 X 10) 
' = 10 X 10 X 10 X 10 X 10 

Hence ao^ x 10^ - 10^., Notice that the exponent 5 is the' 
sum of the' exponents, 2 and 3. ^ 

■■ f '. 

■ ' rf. • . ■ /' . ' . / ■ 

f ' i7i ■ ' "'. 
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Suppose you wish to find the product of 93,000,000 and ^ 
10,000. In scientific notation, thlg would be: . 

(9.3 X lo'^)^ X 10 ^9:2 X (lo"^ X 10'^) By which property?- 

» = 9.3 X lO"'--'- 

Now try a more difficult^ example: ' 
93,000,000 X ll,ObO = ' . 



(9.3 X 10'^) X (1.1 X 10*^) 
(9.3 X 1.1) X (10'^ X 10*^) 



Y 



^ 0- 



> Note : The order 
of the factors 
has been changed 
= 10.23 X 10-^-^ ^slng the 3 

^i, , associative and 

= 1.0^3 X 10"^^^ commutative 
*^ properties of 

multiplication. 

Distances, to .the stars are usually measured in i'light years", 
light y^ea:r rs 't^h^^/'^istanc^^hat light travels in one year. This 
is a good way to measure such distances. If they were expressed in 
miles, i;he numbers would be so^ large that- it would be difficult to 
write l^em, much less understand what they mean. 

Exercises 4-15b 

Ik • ~" - 

\ 

a. It has been determined that light traveis about 186,000 miles 
per.^^econd. In Parts, (a) to (d) below, do not perform the 
^' multiplication. Just indicate the ^)roduct (an example of an 
Indicated product is 2.4^ x 10 x 56 x 10^)." 

Using 186/OOO milesJper second as the speed of light, 

(a) How far would light travel in 1 mipute'? 

(b) How|Tar wbuld light travel in I hour? 
^ (c) How far would light travel in 1 day? 

(d) How farvwould light travel in 1 year? 

(e) Find the niomber wi;itten in Part (d) and show 
''that when "rounded off" it is 6.3 x'tO"*"^. 

(f) The number bitten in Part (e) is about / 

% • ^" ' ^ 1^ V ' , . ; 

'(g) ^Why is the number wa/it ten in Part (d) noTthe, 
exact number ofIJ^«es that light travels in ohe 
year? Try trr-^ve >v/o reasons. 
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Multiply, and expres^ your answer in scientific notation: 

(a) 10^ X 3.5. X 10^ ' (c) 7 X 3 X 10^ 

(b) 300 X 10^ X 20 ^ (d) ^9.3 x lo'^ x 10 x 10^ 

Multiply,/ and write your answer in scientific notation:^ 

(a) . 9,000,000 X 70>000 ' , (c) 25,000 x 18^,000 

(b) 125 X 8,000,000 (d) 1100, x 5 x 200,000 . 
The distance around the earth at the equator is about 25,000 
miles. In one second^electricity travels a distance equal. to 
about 8 times that around the eartjj at the equator. About 
]<DW far will electricity travel in 10 hours? 

Th'e earth's speed in its orbit around the sun Is a little 

less than seventy thousand miles per hour. About how far /v 

does the earth travel In its yearly Journey around the sun? * ^ 
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Chapter 5 
COORDINATES AND EQUATIONS- ^' 

5-1 The Number Line ' 

The Idea of .number is an abstract one. The development of a 
good number system required centuries in the ciyilization* of man. 
To help understand numbers and their uses, many schemes liave been 
used. One of the jnost successful of these ways to picture numbers 
is the use of the number line. 

You can 'thinl* of the i/ne 'in the drawing below 

^ 1 1 1 1 ' — I 1-^^ » ^ 

0 1 2 .3/ 4 5 6 



as extending indefini'teiy in each direction. You can choose any 
point of the litre ^nd label it 0. Next, choose another point to 
the right of 0 and label it 1. This really determines a unit of 
/length from 0 to 1. Starting at 0,^ lay off this unit length" 
repeatedly *^€r/iard the right on the niamber line. This determines ' 
th^ location of the points corresponding to the counting numbers 
2, 3, 4, 5, 

The number ^ is associated witji the point midway between 
0 and 1. By laying off this segment of length one-half unit over 
.and o'ver again, ^he additional points corresponding to \f \> 
are determined. Next, by using a length which is one-third of the 

^ unit segment and measuring this length successively to the right of 

1 2 '4 5 

zero, the points -j, -j^ -j^ are located. Similarly, points 

^ are locatted to the right of 0 the number line corresponding to 
fractions having' denominators ^, 5, 6^ 7, Some of these are 

shown in the following figure. 



By this ^natural process there is associated with each rational 
number a point on the I'ine.^ JoASt one point of the -line is associated 
with each rational number. There is thus a one-to-one correspond- 
ence between these rational numbers and some of the points 6X-*the 
line. Yo^ can speak of the point on the number line corresponding 
to the number 2 as the point 2. Because of this one-to-one corre- 
spondence^ between number and point, each point can be-named by the 
nurpber whiah. labels it. This is dne of the great advantages of. 
the number ^ine. It allows us to*^ identify points and numbers and, 
helps lis use geometric points to pictu^ relations among numbers.* * 

Remark ; You might think that- thiB one-to-one correspondence^ / 
assigns a number to every point on the line, to the right of 0. 
This is far from true. ^In fact, there are many, many more points, 
unlabeled than labeled by this process. ' These unlabeled points 
correspond to numbers like ir, y2> ^3, y5> which are not rational 
numbers. Later you shall study more about such number?. 

Properties of the Number Line 

The number line locates numbers by means of points in a very 
natural way. The construction of the number line locates the 
rational numbers in order of increasing size. ^ Hence you can always 
tell where a, numbej* belongs on the lin'e. The larger of two numbers ' 
always lies to the right on, a number line. Thus: 5>3 (5 is greater 
than 3)/ and'on the number line* 5 lies to the right of^ 3. A number 
greater th^n 3 corresponds to a point loCated to the right of 3.'' 
Since 2 < k, 2 lies to the left of You can easily check the 
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relative positions of niambers* such as 3, 0, .^^u^'.^* ^- Once you 
have located the corresponding points on the line it is easy to 
tell at a glance" Whether one. niamber is greater than another or 
less than another.. 

The point cor:^'sponding to 0 is chosen as a point of refer- 
.e^e and called- the origin. The half-line extending to the right 
from th^ origin along the number line i^ called the positive half- 
line. 'Any number which is greater thari zero lies on this positive 
half-line and is dalled a positive number . In particular, the 
cdunting Tiumbers . 1, 2, 3, 4 ••• are called the "positive integers. 

Addition ' on the Number Line • ■ , « 

- Addition of two numbers can easily be pictured on the number 
line. To add 2 to 3, start at ^ and move 2 units to the 
right. In this way the operation^ 3 + 2 = 5 , is represented' by a 
motion along the numb^er line. The motion ends at the point corre- 
' spending- to the sum. 



You^ay also think jof the number 3 as determining an arrow (or 
directed line ^sggmertt) starting at 0 and ending at 3. To 
represent the addition of 2 to 3, simply draw an' arrow of length 
2 to begin at 3 instead of at 0. The arrow ' (directed line 
segment) representing 3+2 thus 'begins at 0 and- ends at 5i 
To avoid confusion, ' these arrows are frequently indicated sligh'tly 
above the number line . J" 



. ■ : 'Tie 
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' Exercises 5-1 

For each of the following numbers draw a number line. Use one 
inch as the unit of length. Locate a point of origin on the 
line, and then locate the point corresponding to the number- 
Just above the number line, draw the corresponding arrow. 

Represent each of the following sums by means of three arroWs 
on a number line. - » , - 

(a) -l+'e ' , .,{c), 9 - 

(b) l + l * (d) I + 1.25 

Locate the^t^o^ lowing niunber^ 9n a^i^umber line and; determine 
which is^the largest in each set. 

(f) ^> I 4 ' . . ' ; " 

(b) '|, |, 0.875 ■ ' ' -Vy .^^ .• 
. ^ - , .ir- . 
Locate on a number line the midpoijgits of theifollCwinc; 
segments . : , 

(a) From 0 to 2^ -i^) From | t o X . 

/ \ 1 5 

(b) From gl. ( d) From 2 to' 6.5. 

Use a diagram representing addition by means of arrows on the 
number line to show that 2 + '^3 = 3 + 2. W^lat property of 
'addition does this illustrate? 



6/ using arrows to represent addition on the number line, show 

th$Lt . , . ^\ ' 

*^ ' <, ^ 

. (2 + 3) + 1 ^ 2 + (3 + 1). ' 

What , property of addition- does this illustrate? 

7. Thihk^of a way to represent the product 3 2 by means of ' 
'arrows' on the number line. Try it also for 5 . 2., and 6 

8. Hd^ would you show th'at 2*3= 3 • S by means of arrows on the 
number, line? What ^property of multiplication does this 
illustrate;?^ 

^ . ' V ' 

5-2 Negaj:ive Rational Numbers - ^ ^ 

In the preceding discussion of number lirle there is a very- 
serious 'gap. * The j)oints to thTs left of zero were not labeled. 
Only the Ijalf-line from the origin in the positive direction was 
used. To suggest how to label these points (and why you want tol), 
let us look at the familiar example of temperature. 

•A 'number line^representing temperature, such as you find on a 
iherpiom^ter, often JLooks like this. 

^ * ^ ^ ' o 

-50 '40 "30 =-20 -10 0 -^10 +20 +30 +40 *50 +60 +70 
- ^ Temperature in Degrees F^t'enjieit 



Here temj^eratures less than zero are represented by numbers td the 
left of the origin and designated by the symbol " " " . Tempera- 
tures greater than zero are identified. with the sign " *** Thus, 
""lO refers to=*a ^temperature of 10 degrees below zero (to the .left 
qf zero), aiidT^***10 refers to a temperature of 10 degrees above 
zero^r^to^^jyie right of zero). Actually, above zero and below zero 



3^em mora natural terms to use when ibe^cale is vertical. 
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This idea of distance, -(or of points) along a line on opposite 
sides of a fixed point o.ccurs. frequently in our ordinary tasks. 
Think .how often you speak of distances' to t^ie left or to the right, 

locations north or south of a giver) ^point, altitudes above or 

s / 

below sea level, longitudes east^or west^ or the time before or 
after a certain event. In eacl^ of these« situations, there i's a 
suggestion of points locat^ed ^dn opposite' s;ides of a given point 
(or number), or distances measured in opposite iir^ctioag from a 
givea point^(or number) . ^ All of them suggest the need for a num- 
ber line -Which uses points to the left of the origin as well as 
points to the right of the origin. 

The n&tural way to describe such, a number line is easy .tV see. 
•You will start with the number line for positrive rationals^ whach you 
have already used. Using the same unit lengths, measure off dis- 
tances to tj^e left of zero as shown -below: 



• 1 1 : 1 1 ' 1 r- 1 — ^ 

Locat? ~r as opposite^ to "^"1 in the sense that it is 1 unit to ^he 
reft of zero. Similarly 2 is opposite to 2, "(^) is located 
9Pposite to ~(-|) i§ opposite to etc. The^e "opposite" 

numbers, corresponding to points to the le'ft of zej'O, .are jcaLled 
negative numbers . Each negative number liefe to the left of zero 
'on the number line anc corresponci^ to the^x>|iposite posJjtive number. 
This direction "to 

Negative numbers 



left" is. called the negative direction, 
are-denoted as ""l, "2, *^(^), ~('|), ~('^) etc< 
by use of 'the raised, hyphen. You can read ("2) as "negative two." 
This symbol ^ " " tjells *us that the number is leiss than zero (lies 
tc/ the' left of zero). Sometimes io emphasize that a -numbfer is 
positive (greater than zero), the symbol "• " is written^in a 
raised positjLon as, in-> 2, (•^) , etc. 



blon as, in 

r 
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The hew numbers th^t have been introduced by this process are 
the negative rational numbers. The^set consisting of positive 
rational' numbers, negative rational numbers^ and zero,' Is called 
'tp4 rational ''numbers 

The special set of rational numbers which conslsj^s of the 
positive Integers, the negative Integers and zero is called the 
set. of integers-. This set is frequently, denoted as: 

. ' , I = ('"> '^,.'3, -2, "1, 0, 1, 2, 3, 4,...). . 

Note that th.e- set of integers consists of only the countlVig num- 
bers and their opposltes together with zero. 

Examples of ' the^Tfbe of Negative Nvunbers 

The negative jaiimbers are"^^s real and as useful as the, posi- 
tive numbers you, have used before. In fact you have used them many 
timgs without calling them neg^lve numbers. Their special use- 
fulness is in denoting the idea of "opposite" or "oppositely ' " 
directed" which was mentfened. * _ ^ ' 

Let us use positive numbers^o* denote distance east of 
Chicago; The negative numbers will denote distances west of 
Chicago. A number line like the one below - ' 



> T J—. "-n — : 1 1 1 

"300 "200 -100 0 /+I00 -^200^ +300 MOO 

. - ^ Distance from Chicago in niiles ' 



/ 



can therefore _be. used to plot'the poaijLtion' of tsan' airlirVer flying 
an East-West course passing over Chicago. For an airliner flying 
a IJorth-South course over Chicago, how could you interpret this 
nximlJer line? 

^ The time be*pt>e and after the launching of a satellite can ' 



\ 
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indicated on a nvunber line like the following: 



-6 -5 1A "3 "2 -| 0 +1 +2 +3 +4 +5 +6 

— ^ • , ^ 

(Seconds before l^unchlng)^ (.Seconds after 'laixnching) 



— 
'3 



flo^e that tne number line you use need not be placed horizon- 
tally. If you «peak' of altitude above sea level as positive- and 
altitude below sea level as negative, it may seem more natural to 
use- a number line' in the y^i^rticai position. 

To represent bus iness^pro fits and losses, a vertical line 
is more convenient. A higher position in the line seems naturally 
to correspond to greater profit. 



gxercises 5-^ * = ^ ' 

Locate on ttie nvunber line points corresporidir^ to the follow,- 



1. 



ing 


numbergu 






(a)' 




* 




(b) 




(e) 


1.5 


^, 




1 ' 


■(|) 


Are 


there lany pairs 


of 'bpposites" on 


this 



3. 



iSketcli the arrows determined by the following rational numbers 

,(d) 

' (e) "(f) 
181 
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3, Arrange the following numbers in the order in which they 
appear on the pumber line: "4, J, "(J), |, "6, 

Which is the largest? Which is the smallest? ' ' ^ 

Hwcourd you represent the following qi^sntities by means of 
•TOsitive and negative numbers? 

(a) A profit of $2000; ''a loss of $6000. L 

(b) An altitude of 100 ft. above sea level) an altitude of 
^ 50 ft. ''below sea level.. 

(c) A distance o'f^a^miles East, a distance o.f 4 miles West. 

5. Thii elevator control bca^d of a department store- lists the 

: floors as B 2, B 1, G, 1, 2, 3. Here G refers to ground ' 
level ^and B 1, B 2 denote basement levels. How could you 
use positivste^nd negative;- numbers to label these floors? 

6. 'D^jaw a number 'line indicating altitudes from "i' 006 ft., to 

10,000 ft. Use intervals .of 1,000 f;^.. Locate altitudes of ' 
"800 ft., '^100 ft., +^500 ft., *'500 ft. 



5-3 " Addition of Rational Numbers 



You saw that the addition of two 'positive numbers is easily 
.represented on^the numbef lln'e:~ O^.^e number line, the sum 

4 + 2 is" represented by the point .2^units beyond 4.; No4;e that . 

In adding a .posi^tve number: to another positive number,! you always 

move to the right "(in "the positive direction^ alorfe the' number line. 
. So tHis process of additj^on can be ^esCTijt)ed by saying that in ' . 

adding^ 2 to k,- you start <at 4 and move 2, tinits to the. right," 
•or 2 iinits in the positive'j.direction. You saw that a, convenient 

way to represent this process is by" means of arrovfs {directed line • 

segments) of " appropriate length. Thus," the sum 4+2 corresponds 

to/ this picture. • V , 4 + 2 



-1 — I — 1 — r 



0 1 2 3 4 5 6 7 8 9 10 
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^ • Think now of our construction for the negative numbers in the 
number line. Remember *that "2' is the opposite of 2. To say 
that ""g is the Qpposite of 2 means that ""2 is the sdle dis- 
tance from 0 as 



2 but in the negative direction as shovm here:' 



s 



— ^ — I 1 K 



The arrow associated with 



is 2 units in length and specifies 

How would you 



the negative direction ^s indicated in the sketch 
sketch "4; -(|); -^3; ^(|)? 

What would the sum 5 t'(\3) mean? Using- directed 
arrows, you can Tind the poinjfe'^ corresponding to 5 + (""3]} by start- 
ing at 0, moving 5 units in the positiy,e direction and then 3 
units in the negative (opposite) direction. Thus^ 5 + ("3) 
as shown in the following sketch: 



-3 



■ . 1 

2 J 3' 



4 ^ 



Here, 3^ J.s^ associated with, an arrow' pjf length 3 units directed 
in 1^he neg^.^*i:W dire'jc^tion.^ In adding' ("3) to 5, ,you simply draw 
th^ arrdW^ror "3 ' as originating at 5 (that is., beginning at the. 
end of the arrow ^corresponding 'to 5). 
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To add 3 and^ 'k, draw a sketch like, the fo^^^owing: 

"4 . 




Thus, 3 + {"k) = "1. Find the sum 2 + ("5) in the same way. 

-Consider the sum ("2) + ("4). Here the arrows , are both in 
negative '^li^ct ion. You can see from a sketch that ("2) + = (J6) .^.^-^ 





< 




"6 














"4 


f 


i 








1 


■r 

t — • — 1 — ' — H — 1- — 


i 1—4- 





In the- sdlfe way, find the svrnis: ("3) +^ ("2)^; (^1) + ("^; 
On^ property of special interest is illustrated by the sum 

(-2) + r2). - r ' ^ * ^ 



1 



2 ' 



'* 9 



-r!- ^ 



+■2 
I* 
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Here 2 corresponds to an arrow of length 2 units in the nega- 
tlve direction. Adding and ^^2) corresponds to moving 

2 units to the left from '0 and then 2^;units back to 0, Thus 
.(""2) (2) = or- Check that ('l) + 1 = 0; * -3-4- ("3) = 0, . . 

(-8) + 8 = 0. ^ ' ^ . 

You can see by the use of the niomber line that the addition of 
numbers, whether positive or-^negative, is really very simple. You 
need only ke^p in mind the loc^atign of the niombers on the number ^, 
line to carry out the operation. It is seen that: 

When both numbers are positive the sum is poj^itive., 

as in '4+2=6; 
f ' ' . ' • 

and,' - when both numbers are negative the sum is negative, 

, as' in • ("4) + ^2) = "6. * ' 

- vnien one number is positive and one niimber is negativ.e, 

it is the number farther from the origin which deter- 
, ,mine& whether the sum is positive or negative'. 



. For 'example: 

In ("4)* + 2 = "2, 

the sum is negative beckuse the "4, which is 
farther. from zero than 2, , ,1s negative. 



In. 0-^4 + ("2). = .2, 



the' Slim is positive, because the* 4, whi/ch is 
farther frdm zero than 2, is positi/e. 



/ ; 



Another way of saying this Is, the ^rrow of greater l^gth - i 
^ determin'es whether the siam is positive^ or negative. In fact, thi^ ) 
^one Aile also, works in the case when/both numbers are positive or 
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when both numbers are negative. Notice that in causes. *iike 
(' 2)-^ 2 ,and 3 + ("3), the arrtJws/ are. of equal lengths -feut 
opposite i43 direction. In these cases the sum will be ^ero. 



Exercises 5-3 

1. Find the following sums and sketch, using. arrows on the number 



line . 

(a) 9 + (-5) 
Cb) 10 + ("7) 



(c) . 5 + ("10).;- 

(d) ri2) + J- 



m 

2. Supply the missing numbers in each of the following statements 



so that each statement wiiy be true 



/ 



(a) ., 3 + (-3) = 

(b) ) + (-4J . 0 



(c) (-75) + 74 



14 • 



(-2)- = 



3.^ Obtain the sum in each of the folloj^ing prob'li^^s. Sketch 'the 
■ . addition by means -of -arrows on the number lit^e. . ' 



(a)" 25 + ("6) 

I - 

\ (b> t"5) + (-7), 



(c) (.-8):+ =11 

(d) ' ■ (-6)- + 



4. S|pply a negative number in each blank space -so 



will be corr'ect.' 



chat each sum 



= 2 
= ll • 



r 



i 

t ,„ ,4 . (-2) 

(d) ("4) I ( = .(iio). 



yl8Q ^ 

A company reports income for the first six months of a year 
as follows: 




January $5000 profit /April ' ^XOOa 'prof it 



■February' .$2000 profit May ' $^^000 i^pss 
March ' $6000 /loss June ^$3000 loBs ^ ' 

C 



6. 



«(^ How could. you represent * these income* figures in terms of ^ 
positive and negative numbers? ^ ' 

(b) What is the total income for the s^x-month* period? 

(c) What is the total income ]for the firet three months of the* 
year^ , / 

(d) What is the total inconj^' for the four-monfeh. period^ 
March, April, May antl June? 

'A 

In four successive plays from scrimmage, starting -at its own 
20 yard line, Franklin Hi^ makes 

a gain af/ 17 yards, then 
^a loss of 6. yards, next 
a gain of 11 yanis, and finally-. 
1^ loss of 3 yards. 

(a) Repres,ent the gain^ and losses in* terms of positive and 
ne'gative numbers". 

(b) Where is the ball .after the fourth play?. 



(c) 



What is the n6t gain after the four ..plays? 



(aj Think of a way to repres>ent the product 3(""2) byjmeans 
^f ^^rrOwsf.on thjsj number l^ne.^ Try it also^for: 

(b) 50)- 
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Inverse Elements ,under Addition 



Recall that +2,+ 't"l2) = 0/ Thi>yentence^ays that ("2) is 
the nvimber which when aSded to ■^2^$ields 0. You saw previously 
that 0' is the identity element under the operation of addition. 
Any two numbers' witVsum 0 /are said to be* inverse elenients under 
addition. Hence ("2) isAhe inverse element -corresponding to "^2 
under the operation of addition. Therefore ^;"2) shall be called the 
additive inverse of "^2. Likewise "^2 ,is the additive inverse o-f ("2l 
Taken together, the elements -2 ari^di ("2) are called additive 
inl^rses. * * ^ * 

' Class Exercises 5->3a 

1. Pifid the additive inverse of each of the following number^. 

7, ^('9), 11, . (S2), (-6), 15, (-20), 0, (-|^, 

i. "r7\ ' 30 . ■ . ' . . ' ... 

^ ^B>\ 31 . • . • , ■ ' 

- ' : . - ■ ' ■ . 

2. Which of the following pairs arfe additive inverses? "• 

(a)- +20; +20 • . (c) ; :5, '(|) ' 

' ' (b) ('5), (-5) . -(d)- 'I, 2.. . ■ ■ 



On the number line you can aee that any number and" its addt- *' 
tlve Inverse will be represented by ,arrows of the game length and 
opposite direction. When add^d, thfese. "opposite", ar^bws of equal- ~* 
aength always give ^ * - • " 'v' ' */ ' 
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Jn...the aUMtion of a positive and a negative number, it was 
noted ^;hatjthe larger arrow determines whether the sum is positive 
,or negatl/e^ The length of the arrow forvthe sum can be obtained' by 
the picture o^ additive inv.erses. For example, in .the -sum ^ ^ J* 
% + = 3 ♦ you may write . V * , • 



5 + {"21 = 3 + 2 + ("2) 



by introducing the additive inverse of th^. number represented by 
th6 smaller arrow. ^'Then,' . * | 



since^ 2 4- ("2/) = 0 ^ you have 



/ 5 + ('2) = 3 + 2 + ("2) = 3 .+ 0 = ,3. . 

Note that •the other arrow of the two into which 5' is^^arated 
represents the sum 3. - ' " y \ 




Tnis* procedure is a general one, as 
illustrate. 



the fallowing examples 



. 8 + (-7) = 1 + 7 + ("7) = 1 + -V 

(-8) + 7 = .("!) + ("7) + 7 = "1 + o:^Wa,-- 

■ • ,19'+ ("26) = 19 + ("19) + ('7) = 0 +'nS-=5»"7 .• ' 

each case, the additive inverses add up to zei?o, .and tp'^ remain 



- . .ing nvunber is the sum. 
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' ' Class Exercises 5g>3b ^ 

1. Sketch" tl^e arrows corresponding to the numbers in the above 

^ three exampl^. . In eacb O'^se, determine the arrow correspond- . 
ing to the sum,* . / v ^ - ^ 

2. perform the following additions, by introducing the additive 
inverse ^for the^ smaller arrow;, and sketch the operation on the 
.nxamber line . 

^(a) '-^10^ (-5) , ^ (c) [r\) + 3 

(b) a + r6) , (d) . (-13) + 9 



5-^ Coordinates and Graphs 
Coordinates on a Line 



Let us consider the number line l^rom'a different point of view. 
As you have s^en, a rational number can always be associated with a. 
poiftt on the number line. The number associated in this way with a 
pojjpt of the line is callecf^a coordinate of the point. In the draw- 
ing below, the number zero is associated with the reference^ point- 
called the origin. , - * . 



"6 "5 ^4 • -3 ^2 "1 0 -^2 > +3 +4 '''+5' 



Point A is denoted by^the number (■*"3). PpintrB is demijted by ("2). 
A(''*'3) is vrritten to rae'an that A Is the po^nt with cpordin^e j'"3/ 
likewise "2) fraeang tfiat B is the podnt With coordinate ("2) on 
the line. > vf' " ' v ' ■ ' 
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Recall that every 'positive rational number is associated with 
a point on the positive half^line. Every negative rational nvunber 
corresponds ta a* point on the negative haiif-line.- The coordinate 
that is assigned to a point in this way tells us two things. It 
tells us the distance from the origin to the. point. It also tells" 
us the direction from the origin to the j^oint. , , ; 

^ r ^ rt- Exercises 5-T4a 

8 ' ' ^ ' ' ' 

1. Draw a segment of a number line 6 inches in lepgth and place 

the origin at its mid-point. Mark off segments pT^ngfch one 
inch.' On the line locate the following points: \ 

A(-]i^),.,B(|)/ C(l), T(0), .L('|), P(-2)A^ 

✓ 

2. (a) In Problem 1, howfer is in incfl^s betwe.en the point 
— * labeled T the poipt labefle'd" L? 

(b) between P and B? 

(c) « between L and 't^?- -~ / ^ - r 

from the origin to A? * * ^ 

3. Usingv a 'number line with 1 inch, as, the .unit of length, mark ^ 
the following points: 



R(^), s(|), D( f), P 



If the line segment in Problem, 3/-were a highway and it was . 
drawn to a scale where J inch represents 1 mile^, how far in* 
mi*les^ is it between these joints on the highway: " ^ 

( a) F and R? ^ ' 

, '»'■-' 
and E? ' ' ' - , 

.5. \ Draw a number line in a yerticail instead of horizontal pasition., 
Mark your number "scaje with positive numbers above the origin 
and negative numbers below the origin. Label points to corre- 
spond with the national numbers of\, 2, 3, "l, "2, "3w"Hl'' 




' Coordinates in the Plane fp^ . ' ^ 

Recall from your previpu^work in this chapter th^t number *■ . 
/lines can be drawn vertically -as welL^as horizontally. 

^ You have learned that a single cooi?dlnate .locates a point on 
the number ligne. A poin4 like S below is not on the numfce^ine 
and cannot be lofcated by a single coordinate. Howeveis,. you can see/' y 



that 



•S 



^ +3 +4 +a.^+6 



0 



S is directly^above the point aC*"3), To locatfe point S,^ draw J) 
a T'Skj^tical \jumber line -perpendicular to ''the -horizontal number .linex" 
•"and in-tersecting ife at the origin. Your drawing sliould look like 
- this: T ; ■ . ^, 4 ■ ^ 



-t- 



0 
f3- 



4— !L_J^ 



5- 



Thi iiorizontal number" line is called the ^C-axis |ihd theviertical 
nuitaber line is called the Y-aXis/ When both* number lines 



referred to, they are called the axes. - 



are 



192 



186 



To determine the coordinates of i)olnt S look at the diagram ^ 
above. Draw a line segment from point S perpendicular to. the 
X-aj^is. It intersects^ the X-axis at - ("*'3) . ' Now drayr a perpendicu- 
lar from point S to the Y-axis at ('^2). Point S has an x-coor- 
dinate of (■**3) and a y-coordinate of ("^2), which is written as 
('*"3, ■**2). 'Parentheses are used and the ^-coordinate is alwaysSiritlben. 
before the y-coordlnate. 

In the diagram below, observe hoW' the coordinates of poitits 
A, B, C, and D were located. 



+3 



bO^)! ^» 



-t— 
"2 



/ 



A(^i3) 



if 



i 



^»t 



L- 



'3 
"4t 



□(■^2,-2) 



+4 



— f— 
+ 6 X 



f V 



' , . - , . 

Thus, in' general, P(x, y) represents £he point P in terms of 
its coordinates. This may be "done for any point P in the coordi- 
nate plane,4V-This system of coordinates is called' a rectangular., 
system because the axes are at' right angles to each other and 
distances of points from the axes are measure^ along perpendiculars - 
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from the points to the axes. Each ordered pair pf rational nvunbers 
is 'assigned to a pdint in the coordinate plane. Locating ,and mark- 
ing the pqint with respect to' the X-axis and the Y-eixis is called 
plotting the point . ^ ^ 

The idea of a coordinate system is. not new to you. When you. 
locate a point on the earth^s surface, you do so by identifying .the 
iongi.tude and latitude of the point. ^ ' ^ , 

Note that the order in wl^ich you write ^these numbers is 
importan-t^ Suppose you were giving directions to help^a friefid 
locate a certain place in a city laid out in rectangular blocks 
(street? at right angles to each other). You telY him to start at 
the center of the' city, go 3 blocks -east and two blocks north. 
Would this be the same as telling, him to go 2 blocks east and 3* 
blocks north? Of course not! Do you ^ee- why it is important to 
be careful with the order when writing a pair o*f coordinates? 



Exercises 5-^b 

1. Given the following se.t of Ordered pairs of rational ^numbers, 
locate the points in the^pl'ane associated with these pairs. 

' ((1^,1), ' (]„0), (0,,I)^ (2,1^), (It, If), 
. ' riri).^ ("3,3), (If, "3), rS.'s), (0,-5),' ("6,a)).^ 

2. (a) Plot 'the coordinate pairs in thef following set: 

A = {(0,0), ("1,0), (^1,0), r2,0), (+2,0), ('3,0),(+3,6)) 

*(b) Do all of the points named bjr Set A seem to lie on the 

same line? , * • ^ ■ 

(c). Does the conditi^-on'"^ y = 0 describe the line containing 
the points of Set A? 
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3. (a) PJLot the coordinate pairs in the following set: ' , 

B- ((0,0), (0,-1),* (0,+l), (0,-2), (0,+2),. (0,-3)", (0,+3)} 

.*'(b) Da all of the points named by Set B.seem to lie on the 

same line? . , . / 

(c]t Does the Condition x = 0 describe the. line containing 
■the points af Set B? 




Did ybw notice that the half p]^nes "above .and below the X-axis 
intersect- the half planes to the right and to the left of the' 
Y-axis? These intersection? are called quadrants and are numbered 
^ in'a counter-clocWwise dir,ectlon with Quadrant I being, the inter- 
section the half plane above the X-axis and the half 'plane to 
the right of the Y-axi^. This quadrant, does not include the points 
. on th^ pdB4tiy,e X-axis 6;r positive Y-axis, nor does it include the 
. origin. 



rip. 10) - ■ • • • (+l'o, ID) 
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Points in the int.ersection set of these * two hair planed are 
in the* f iyst quadrant or Quadrant I,. The intersection of the half 
plane above th| X-axis and half plane to the left oX the Y-axis is 
Quadrant II. ^Quadrant III is the intersection of the half plane^ 
below the X-axis and the^half plane to the left of the Y-axis. ' 
Quadrant IV is the intersection of the' half plane to ,the right; of 
the Y-axis afid the half plane' below the X-axis. Note that the 
coor^inat^e aJ^s are not a part of any quadi'ant.j 

The numbers in an ordered pair mSy be positive, negative, or 
zero,, as you have naticed in the zeroises. Both niimbe^s of the 
pair may be posit:^ve. Both numbers may be negative. One may be • 
positive and the other negative. One may be zero, or bo^h m^y be ^ 

zero . ' , . 

It , * 

'Where are all the point;^ for which both numbers in the ordered 
pair ^are positive? Will they all be In the same quadrant? Hovfcary 
you tell? ' ' ' . . ^ J. 

Where are all the' points for which both nUmbers of the ordered 
pair are negat;ive? Show this by plotting some points. Learn 'tp 
predict in. ,whiph quadrant the poir>t lie,s if you know its coordinates 



Class Exercises * « 
; — ' r ' • Q 

1. Given, the following ordered ipairs .of niimbers, , write' the number 
oi the quadrant in which you find the point represented by each 

- of these ordered pairs. 

Ordered Pair * • . . 

(a) (3, 5) (b) (1, -\) ■ (c) (>, k) s (d) (-3, -1) 
(e) (8, 6) (f) (7, -ij (g) (-3, -.5) • • " 

2. * (a) Both numbers of the ordered pair of coordinates are - 
X positive. The point is in Quadrant . , ' 

(b) Both numbers of the ordered pair of coordinates are' 

* ' . 

1 • • « 

I ' • • • , • 
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negative. The point is in Quadrant 



(c)^ The x-coordinate of an ordered pair is negative and the 
y-coordinate is positive. The point is in Quaduant 

. (d) 
3. (a) 
(b) 
•(c) 



The x-coordinate of an ordered pair is positive and the 

y-coordinate is negative. The point is in Quadrant 

The x-coordinate of an ordered pair is zero and the 
y-coordJ.nate is not zero. The point lies on which axis? 
The x-coordinate of an ordered pair is Tiot zero an'd the 
y-coordinate i£ zero. The point lies on which axis? 
Both coordinates of an ordered pair are zero. The point 
is located where? 



3." 



(a: 

(b 

(c 

(a 
(b 

(c 
(a 

(c 



(a 
(b 
(c 

>. (a 



tb 
(c 
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Exercises 5-,^c 



'Plot the points of ' sfet L = {A('*"2, '^l)rB{^2^ "^3)% . 
Use a, straight edge to join A to B*, Extend line segment 
AB. * 0 , • 

Line^ AB sdems to be parallel to wi^ich axi's? 

Plot, the points of ^et M = (AC*"2i :*"3), B^^S, "^3)}. • 
Use a straight edge to Xjoin A to B. Extend line .segment 
AB. . ' / ' 
.Line AB seems to be parallel to which axis? 

Plot the poiqts^f set N = {A(0,oj, bC^2, '^3)} • 
Join. A to B. Extend lin^ segment AB. 
Is line AB parallel *to either axis? - ^ 



Plot 'the points of set P 4 {aC*"4, +4)/ bC*"2, O)} 
^Join A to . B. Extend line segment AB. g 
Plot thfe pQints of set Q = {C('^6',+3), d(o, ' 
Join C to 'D. Extend line segment GDI • . 
What is the intersection set? . 



♦A. 



^Plot th6 points if set*-K^= (A(d,0), bC^,0)'^ CiW^-)^^ 
on the coordinate plane. ' ' * ' - ."^ 

Use a straight edge-to* join A-to b; ' B to C, C to A.^ 

Is the triangle (l) scalene, (2) ^Sosceles or 
(3) equilate'r^l? 

- ■ ' ' . ' 497 ' 1 • 
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(a) Plot the points of set S (a(^, 2)), g("2, "^2) 
CC2, "3), d("*'2, "3)}-» ; .y 

(b) ^ Use a straight edge to 'join A to B, *B*to'C, C to D 

and ' D to A, aw ♦ • • . 

« (c) %Is-the figTai*e a square?^ . ^ 

(d) .Draw the diagonals of ' the figure. ^ • 

(e) The coordinates of the point of intersectign of the 
diagonals s6em to be . 

7. • (a) Plot the points of set 'T -= ( A('*'2r ***!) , B('**'3, ***'3)',. , 



C("2, -^-S), D("3, -^-l)). 



V 



(b) ^Us^ a straight edge to Join A to B, B tS^i'C, . C to D 
. and ' D to* A.; ' . • . 

(c) -What is the name of^the quadrilateral formed? * ^ * 

(d) Draw the diagonals of quadrilateral ABbD. ' , ' 



(^)" The coordinates bf the point of intersection of the 
diagonals* seem to be . 



Graphs 



Consider the following statement: ' ' . 

^Draw a pair of coordinate axes and label, them. Locate a poitit 
(6,4) in the plane. Locate the five other points; {kt$^r. 
('2,4^)7 (5>4)> and (7',4)\' ^The statement . y = 4 . describes these 
orderep pairs of numbers since the y-coo^*dinate in each pair, is 4. 
^r.e there other iioints .ia- the plane witH a y-coordina^e of 4? 
Dra,* a line cont^ihing 'the ^et of points 'describe^ by thl^s state.- 
. raent ' y.^,4.. Are' the x'-coordinates of all these points ^qUal? 
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The\ graph of' the set of points ^escribed by the statement 
4 lies on the line' 4 units above and parallel to the X-axis. 

% 

Class Exercise 5- 4b < 

Whali statement descrilpes^the following set of ^oint^ in the - 
^coorcj'inat^^lane?' , - ^ . ^ 

(a). The -^et of points with 'y-coordinate ''3. ' ' 
'.(b) The^s^t of points with .y-coordlnate "3. ' ^ . , 

.(c) ^'he set^of ^points with y-ooordinate "4., 
\6) \The set .of points with y-'coo^dinate ^. ^ 

^ket>ch-the g^^aph of the set of points described by each of tJie 

statement's listed above/ * 

> - ^, ^ ^ / ' ' ' 

Sketcii thte graph of tl>e set of points\described by each/"state- 

ment lis-ted: * ^ 

1 ■■ . / ' 



(a«) . X = 2 ^ _ ^ (d) y L ,2| 

■(b)' y = 6. (e) ' .y =--l|' • ' . 

^\ ' . ^ 
(c) , ..X ; li' ■ \ . (f). '-x = "3 . 



Now let us consi'^pr^these sial^eraents : 

(a) . • y > 4 (b)' . ' y < 4 
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In diagram (a) linis^ , you recall, is the graph of the set of 
points descril?ed by the statement y Choose a point '(2,6). 

' Does, the statement y = k\ describe this ordered pair? Since^ the 
Vy-coordinate in/-fc:his ordired pair is greater than the statement 

V > ^ descr;i:l^es it. Are 1:;here^other points* in the plane with 
- y-coordin^i^es greate:^^ than Locate two other points, k and m,". 

* with y7<S'oqr<}inates greater than ^. Are these points above the 
^ llnej^'. Yes, they are in the shaded region which is one^ of the 
' i^i^f" pranes determined-.by -the line y = 4. ' 
\/ The graph of the"*set of points .described by the statement 
^ y >. '4 lies in the half-plaftfe above^ the line 4 units above and 
parallel tq the X-axis. 

In the shaded part of diagram (b) are located points for 
which the coordinates sa-^isfy the statement y < 4. Locate point 
{2,i) in this region. Since the y-coordinate is less than 4, the 
statement y <4 describes it. Locate other points in the plene 
with, y-coordinate's less thajn *4'. Are these points in the half 
plane below line^? Try ^ther points in the hailf plane below )liBe 
^to see if the;^ satisfy the statement y < 4/ 

-The graph of the set of paints ' described by the statement 
y»< 4 lies in the half plane below the line 4 units above and 
parallel -to the X-axis.. ' ^ - ' 

a- ' • " . ' " 2.0-0' ■ ■ 
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Exercises 5-4d ' . 

^ 1. Sketch the/graph of the set of points selected by each state 
X ment below. Use diffisrent cobrdinate axes for each graph. 



(a) 


•y = "^2 


(g) , 


X = "3 


(b.) . 


y > "^2 . 


(h) 


X > "3 


.(c) 


y < ■*'2 


(i) 


X < "3 




X = 3" - 


(J) 


y = "2 


(e) 


X >-3 


(k) 


y > "2 


(f) 


X <- 3 


• '(1) 


y < "2 



s 

f 

% 



'^Leii^us look at the statement y = x; Using the points n^ed 
by the 'coordinate pairs of set Q, sketch the graph of y = x, 

^ Q='{(0,0), (1,1),. ri,-l), (2,2), (-2,-2), (3,3), (-3,-3)) ' 

Dofes it seem to be true for 'every point on the sketch that the 
y-coordinate is equal to the x-coord'inate of the same point? 

' • ^- • . . ' 

y = X , , . y > X 
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How does the graph of y > x dlffep from 'the graph of y = x? 
*Is It^true that the set containing coordinate pairs with the 
^ y^-rcoordinate great.er than 'the corresponding x-coordinate i!s*th^ set 
.described by- the ^statement y > x? 



.1. 



• Exercises 3--4e 

Use a different set of coordinate axes for each graph. 

(a) Find four points different from the points 'in Q, des- 
^ cribed by the statement y = x. 

(b) Draw the graph of *y = x, ,^ . 

(a) Sketch the graph of y < x, 

(b) Construct a set R' cpataining the coordinate pairs of four 
points descrji>ed by the statement y < x. 

Describe the differences ' between the graphs of y = x, 'y > x. 



and^y < x, 
% 



5-5 Multiplication . Division and Subtraction of Ratlonlo. Numbers 

Some of the 'cell's In the table below have been filled from oui* 
knowledge of arithmetic . Also the 'pi^perty thdt the produ&t of a 
negative number and 0 Is 0 has beeoused. 



-2 



"1 



"2 
"1 

0 

1 

2 

'3" 







0 


< 




> 






0 








0 


0 


0 


0 

* * 


0 


0 






0 


1^ 


2 ^ 


, 3 




( 


0 


"2 


4 


6, 






0 


3 


S. ' 


9. 
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J^ow to complete tl:ir;table, observe, for example, as^you go up in 
the right hand column that -each number is 3 less than the number 
below^it. This column shall be referred to as the "3 column.'* 
Thus, the "3 column" Wuld become ^ 



/ 



' 0 



Similarly the "3 row" would become 



. 6 



'9 



Applying this notion to the remainder of th# cells, the table 
" , would be completed as shown be^ow. \ 
\ 



2 ^ 3 



2 

'1 

0 
l' 
2 
3 





2 


' o' 


"2 


"4 


"6 


2 


1 . 


0 


"1 


"2 


"3 


0 


0 


b 


0 


0 


0- 


"2 ■ 


"1 


0 


1 r 


2 


3 


"4 


"2 


0 


2 4 


4 


■ 6 • 


"6 " 


"3 


• 0 


i 

3 < 


6 . 


9 



er|c 
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In particular, you can see that the top row, which is the ""2 
row," is completed as shown here: 



^ In other words, if you are to keep tlie property of multiplication of 

counting numbers, which you recalled earlier for multiples of 2 ana 
^ If you must accept the following products: 



r 



\^2) • ("2) = 4 and ("2) • 3 = "6. ^ - 

* « . ^ 

You should notice similar results in other parts of^ the table. Pol? 

each ^column and each rpwV^the difference between two consecutive 

entries is a fixed amount. As far as this' table is concerned, the 

product of two negative numbers is a positive number, and' the pro-"^' 

duct of a negative .and a positive numbed (in either order) is a 

"negative number. , These conclusions are actually correct for all 

positive and negative rational niimbevs-. ' It should be clear, how- ^ 

ever,* that this result has not been proved,^ nor ha^ it been, given as 

part of a definition. Only one. i^efesqn 'has been shown .why the con- 

elusions ^re plausible. ' \ ' ■ 

it) the^xercipes your attention .yill be called to other ways 

which should make our conclu^io^hslabgUt prodjicts^of positive and 

negative numbers seem appropriate. 



Exeii^ises $^'5a 



1. Look a*^ the large mult;4.plicp,tion table v^ich was comple1>ed in 
this section. , In wh4-ch rows do the products increase as you 
move to the right? 



ERJC 
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2. Using the same table, in which columns do the products decrease 
^as you ^move dovm? , ' ' ^ . 

3. ' Giye, in correct order, the products pf 7 and the integers 

• from -"^f^ ^o 6, , 

4. Give, in corf eot order, the products of "4 anjd the integers 
.'froi^ "5 to 5. . . ^ ' r ' * 

5y Complete the following table. \ If ' £t helps you s^e the pattern, 
add appropriate columns on the right, ^or add appropriate rows • 
at the bottom of the table/ ' * ' 



0 ^ 1 







t 


> 








\ 










♦ 


J 














* 














t 


/ ' 


















\ 

6 


• 


f 







"5 
"3 



"1. 



6. Illustrate the comrautatiVe property of, multiplication for^ 

' (a) '2 and 1_ (b) "3 and 0 (c) , "4 and 5 (d) 15 and "6.- 

7. Illustrate the associative propWty of mnltiplication 'for 
numbers: *"2, "l, and 5. - - ' " ' ^ 



ERJC 
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8. Illusti^ate the' distributive property of mul^tiplication over 
^addition for>the sets'of numbers,^ using the last twd numbers 
in each set as a sura. 



(a) 4, (3 + 8)^ (b) 


2, ( 3+ 6) 


Find the products: 




fa^ "4 •^O 


^ (f) 


(b) - 4 • 2 - ^ . 




(c) "4 • 5 


(h) 


(d) 8 • "3 


(i) 


(e) 17 • "2 


(J) 


Find the products": 




(a) (-l)'-4 (b)r3). 


5 (c)ri)- 



49 • "5 ■ 
"6* "9'' 
"6 • - 8 • "12 



lu • "8 • "(|) 
(J) -(^)-""(l6)-"(^) 



il. Show ^the use of th^ rturaber line in finding the products: ^ 
(a) i*"2' (b) 5* "2 (c) 4"* "3. 



12. After 




f 



2 yards on each of 3 successive plays, a 
football team is on its' own 30-ysLrd line. ' ■ / ' 

(a) . At what position was the team before these losses? 

(b) If you express a lose of 2.3nards with the number "2, 
the i)OSltlon^of- the-^te^^ before the ^3 lasses is given v. 
by - 30- aCe) . vnijfc^do^you subtract 3("2)? 

13. Interpret' the foliowing'^exppWsldns in terms of losses or 

gains of a football team. - ^■ 

(a) 47 + 4(-5)i. ' ' . ■ • 

(b) 15^ 2("3). ^r- . • ' ■ 
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14. Find n in each of the follqwing equations,' 

(a) 3n ^ "36- " (d)' "Sn = 30 . • \ - . * 

(b) 5n =, '75 , ' • (e) "2n = fSv . ' ' ' 
' (c) '2n = 10* J , (f)- "6n-= "12 

15. In the following problems in multiplication put a nujnber in 
- the peirentheses so that the statements will be^ correct. 

" (a) ( ) . 6 = -12 (e) CS) -t ) = -20 • . 

(b) . - 5 •( )' * -"15 (f) '11 •( ) ,='>10 

(c) (-10). ( ) = 100 (g) (-1)'..( ) = 1 / 

(d) (-5) •( ) = 20 (h) (-7),-( )\ = 



Find the' products: » o 

(a) . re) / (-10) / M)^ r^) -'(-^o) 

(b) ^ (-3) • J-4) (0 ^ OO)' 

(c) I — 6 (S) (""10) • ^ 

(d) ;(f) • -6 . ' ^(h) (-6) • (-7) 



-Division of Rational Numbers ; ' , 

You know that if 3 • Ji f 39> then n = 13, since 3 • 13 = 39. 
Also% in the definition of rational numbers^ you call (or 39 4- 3) 

the rational number n for which 3 n =/39,' 

3^>tC= 39. ^ ' ' ' ^ * ; 

Let us apply these methods -4r\ division of rational numbers 
involving positive and negative' numbers. 

V \ ■ 
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Find n if 2n = "l8. ' ....... 

- We know * 2 ("9) ==""113' 
Hence, n = ""9. or ("*-^) 

': Ai^o ^18 2 = "'9. 

r « 

In this section, 'division will be discussed only as the opera- 
tion which 'is the inverse of> multiplication • To find "8 -r 
you can- think * ^ ' - ' 

""8 -r "2 = n or "2 • n = "8 

n = ^, since "2 '4 = ""^ 

' ■ "8 T *2 = ■ 

\ cThe question, "vniat is l6 divided by "it?",.is the same as 
the question/ "By what number can ^\ be multiplier! to obtain l6? 



You knox, = ^6. Hence * , 

16 V. - "^'.^ 

Which of the following are true statements? ^ 

(a) -63 -r ^9 = 7 (d)^ ^(|) = *3 

(b) Jt5 -r ^ = 5 (e) "2 + 3 ? "(^) 

(c) -8 . = lOit (f) ' 3 T "(|) = "2 



You should be able to show that all of these a^- tru^ state?: 
raents except (b) and (e). • ' 

Before starting to do the exercises," study the following and 
be sure that you know vAiy they are tAie statements^ 
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"7 • '(I) = 5*-' "35-f"7=.5" ,"35-k;5 =^ "7 



^7' 

7 f = - 5 7 = f ^ 5-V "= 7 • 

- 7 • '(|) =-5 -5 4- 7 =.-(|) V-i-(5)-= r '^' 

WKat is the reciprocal of "(^)? You know that "'(^) ancT 
n ate Reciprocals if 

• ' • ri = 1 ■ 

Since . (^) . ^(3) = 1 

and. ^ "4) .-(|) = 1, 

we have /. - - 




therefore, ''(^) is the** reciprocal of ''(^) 



t 



' : ! ^ Exe Incises 5- 5b 

1.' Find the products:* 
■ (a)' -4-7^ (d)' -(|) . 4 ' 

(b) "4 • "3 ^ (e) "10 • "(|) 
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^Find the quotients: 



(a) 


"2^4- 


7 


(d) 


"3 + 


4 


(b) 


12 4- 


"3 


- ' (e) 






(c) 


'12 4- 


2 


(f) 


2 . 
^'^ 





Find r so that these sentences will be true statements, 

(a) 5 r = "10 (d) 2 r = | _ . 

(b) -2. r = 6 - (e) 3 r = -(|) _ , 
(o) -3r = -21 , (f) .(-6)r=-(f) 



Write the reciprocals of each number ip P 

'3 



P = (6, |, 1, 5, -1, -(3), -(I)) 



Divide in each of the following: 

(a) '-^ ^ (e) 4| 

(b) . . . (f) f 

(c) 112 . ' (g) ^ 

6 ^ 



-6 



30 
"6 



Find n if: ' . 

(a) H. '2 4- 3 = n ■ (b) ' 2 4- "3 = n 
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Wrlt,e* (^) as a quotient in two ways. 



.10. 



11 



Find n if 

(a) 7 h = ^6 



(b) "7 n = 6 



Write two sentences, , using n, in which n = "(I) w^uld make 
the sentence a true statement. ^ 

Find n for each of these equations. 

(a) (-25)n = -92 ' ' (c) n = -(|) 

(b) ("92) ^ (-25) = n (d) -(^) ^ ("H) ^ n 

. Complete the statements: 
(a) If a and b are positive or negative i^ttegers, then 
r- is the rational number x for which 



(b) If ^ is a rational number then ^^is positive if a and 



0 

b are 



(c) If ^ is a rational number then ^ is ,n< 

*• t, 

either' a or b is - 

is * . 



!gative, if 
.nd the other 



Subtraction of Rational Numbers 



1 



In arithmetic youjearned, for example, that if 7 : 4 = 11, 
then 11 - 7 = 4 and 11 - 4 = 7. Or if 2S + 17 = 40, th^n 
40 - 17 = 23 and 40 - 23 = 17. Using letters for positive num- 
bers you make use in arithmetic the property: 



If a + b = b, 'then c - a = b 



and 



b = a. 
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This, property will be used for negative numbers as well. For 
example, it will be said-: " ' ^ ' ^ 

f ' , . 4 

^ > 8 + "5 = 3, then' 3 -8 = "5 and *3 - "5 = 8. , 

It may'Jierp yo^a to understand this if you refer again to the number 
.line. ' ' ■ ' \ 




The arrows above the iiCmber line 'show 8 + "5 = 3: The arrows 
below the number line show 3-8 = "5* In .the exercises you will 
• be asked to suggest ^Is^ of showing 3 - (''5) - 8, using the 
number line. This sho^d be easier to do after you have had a 
little practice with sub^action of negative numbers^ using the 
-"aaplitive" point of view. 

To find Ct) - 4/yoiijcan think of the number which added to 
k gives (""7). Since 4 ("ll) =."7, you know that ("7) - 4 
.. = "11. Let us consider some other examples. 



3 + "2 =- 1— " and 
"4 + ""5 = "9 and 



1-3=2 and 1' - ("2) = 3 
•9 - ('4) = "5 and "9^- ('5) = "4. 



^ Again, to find 4"15) - 8, ethink of the number which added 
jfe^-. gives ""15. The sum of 8 and '*23 is "15. Thus 



(~15) - 8 = "23. 
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.Suppose two boys had beeo playing. a game and at 9:10 P.M. the 
scores were: . 

Hgnry Jack . , . ' 

5 • ' . '2 .. ^ : • . 

"1 0 ■ ■ . < 

- ' - , , . 3 • ■ \ ' .\ .. 

2 "2 ' ' 



■ 1 



Then they recalled that they had agreed to atop playing at 9 

clock. In order to 'k6ep this agreement the boys decided not to 
count the Scores on the last rounti. Thus, 



^ Henry's spore would be 5 - 2 = ^3, and, 
.Jack's score would' b% . "1 - "2 » 

In order to subtract ("2) . from Jack^s score the boys thought of 
tl;e number vriilch added to "2 i? "l. This number is 1. 
["2 + .1 - "l.] You can check this result by noticing that the %um 
of all of Jack's scores, except th^ last':|yS 1.^ , 

* . ' ^ Exei»cises 5- 5c 

1. Add the numbers in each set. . 

(a) "2, 5 (d) "1^,) 1, 8' -(g) , -8, "1,3,' ""2^^ 

(b) 7, "7 (e) "2, "3, 15 (h) ."7", 5", "^10 

(c) "5, "2 -(f) 21, "6, -7 (!)■ -23, -19', V\ 



Find the sum of (^) and (^) and write two equations 
involving subtraction which carv be obtained from this suiti. 



Find X . 'in the fgllowing: 

(a) (-5) + 2' = X 

(b) (-3) +. X = 8 

(c) 8 + " X = "3 
•<d) X + (-it) = 11 , 



(e) -.(f) + -(|) 



(f) 



(g) "(^) + 
• (h) 

Supply the .missing' number in each case. 



2' 
x + 



1^ 



X > 



X == 





8 + 5 


+ 


( ') = 


8 




(b) « 


-6 + (-3) 


+ 


( ) = 






(c)- ^ 


Cll) + . 6 


4- 


( ).' = 


"11 




(d) 


("11) + (-6) 


+ 


( ) = 


"11 




(e)' 


("3) + ( ) 


+ 


(-8) = 


(-8').. , . , 




(f) ' 


("3) + ("7) 


+ 


(. ) = 


"7 





' '."as- 



suggest a way of subtracting ("8) from 3 making use of the 
number line." • , ' ♦ 

What are the -additive inverses of 




(a) 10 (b) -100 (c) '\ (d) \ IT^) (f) "(^) 

f 

Explain wfij|( subtracting 2i is the same as addxng the .additive 
inverse of 2, ^ ^ 
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Perform the 


following 


subtractions . 






(^) ('10) 


-• ("3) = 


(h) 


9 - 


("3) 


(b) ■ k 


-6 


• (i) 


7 


(5) 


(c) 16 


- 12 


■ ■ (J) 


7 - 


("5r 


(d) 8 


- ("2)- = 


' (k) 


2'- 


9 


(e) ~ *(-8) 


- 2 ' .= 


(1) 


2 - 


f-9) 


(f). ("8)' 


- ("2) = 


. (-m) 


'3' - 


10* 


(g) , ('9) 


- 2 W 


(n) ■ 


3 - 


(>1G) 



9. Complete the table for y = 2 x - 3. 



X 


"1 






■ 2V 


, 3 




y' 










— — 





• I'Q. Complete the table for ' y •= "2 x - ("l). - 



X 


T2 


"1 


0. 


1 


2 


3 




,y 






V 
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Graphs of Other Relations 

' You now have had experience with the four operations on the 
positive, negative and zero rational numbers. You have had an 
introduction to sets of ordered pairs of rational clumbers and 
gra'phs of a few simple conditions. Some other relations and thejr 
graphs will now be investigated. 



9 




The 5 points marked on the g^aph (a) at the left, above, have 
as coordinates elemertts of the set: * 

f T^;='[(0,0), ("1,"2),, (-2,-4), (1,2), (2,4)). . 

The condition, y = *2 x, describes the ordered pairs of numbers 

^ which ar^ elements of the- set, T. This is true since the y- 

coordinate two tirae^ th^x-coordinate in each pair. 

, * " In set U the y-iJoordinate is alsp: two time^s the x-coordinate 

in .e^ch pair, ' ' ^. 

• 

= {("3, '6), ("0.5,"1), (0.5/ 1), (1.5, -3), (2.5, p)). ^ 
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Without .marking in your book, locate these points on the gva,ph (a) 
" You wil^*" f in^ that^ these 5'points ^also aire on the"^^l>e drawn in 
the grjp,ph, Tha graph could be said to cpntain the union of the 
3et of points given^y the number pa?.^s in sets T atnd V. Can you 
*say that a point will be on tPiis line, if its coordinates satisfy 
the condition, or relation , y-> 2 x? ' . v>*^ 

In "the shaded part of graph (b), above, are located'the points 
for which the coordinates* satisfy the condition y > 2 x. The 
shaded 'region ► is one of the half-pl^es determined by the line 
designated' by y = 2 x.' Let us select a point in this region, for 
example, K. The coordinates of K are ("2, "3). If you substitute 
these numbers' in y > 2 x, you will have 

"3 > 2("2) v.* ox "3'> "4. ' r ' ' * ^ 

, This is a true statement £uid thus the point ("2, "3) satisfies 
the condition y > 2 x\ Try other points in the half plane above 
the graph of y = '2 x^^and see if the coordinates of these points 
satisfy the condition, y > 2 x. ' . 

Graph (c) above is ^he graph of ^the other half plane deter- 
minep by y ^2 x. The cbordinates of points in the half ;plane 
satisfy the condition y < 2 x. Check a few of these points to 
see if the condition is satisfied. 

Consider the following condition: — ^ 

y = 3 X + 2^ \ 



If X = 
If X = 
If X = 
If X 
If X = 



0, then y = (3)(0) + 2 or y, = 2 

1, then y = (3)(l) ^ + ? pr. y = 5 
"1, then y = (3)("l) + 2 or y = "l 

2, then y = (3)(2) ,+ 2 or y - ^ 8 
"2, then y = (3)("2) + 2 or y = "4 



(Check this)' 
(Check this) 



Set T below contains some of the ordered pairs of rational^ 
numbers described by y = 3 x + 2. ' 

T= {(0,2), (1,5), ("1,"1), (2,8), (-2r"4)}. 
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The ordered pairs in T are plotted' graph (a),, y = 2 x + 3, 
below. Do these j/^ints all seeip to 'lie on trie .same line? 



(a) y=3x+2 (b) y>(3'x + 2) * (c) y < (3 x + 2) 




The graphs, (b) y > 3 "x + 2 and <c) V < 3 x + 2/ are graphs of 

.the two half planes determined by the line given by y = 3 x + 

In Problems 6 an^d 7. you wiH be 'asked questions about these graphs. 
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Consider the following condition; 

■y = "2-x + ("3) 





• 






If 


X .= 


•"2, 


then 


If 


X = 


"1, 


then 


• If 


X = 


o; 


then 


If 


X = 


1, ^ 


then 










If 


X = 


2, 


then 



' Set P below contains some of the ordered pairs of rationeil 
numbers described by y = "2 x ("3) . 

"P = ((-2, 1), ("1,-1), (0,"3), (1,-^), (2,-7)) 

The nvuiibei^ pairs, in P are plotted on the graph (a) yf^ ~2 x +(~3) 
below. 

Sometimes coordinates of points, which satisfy a relation, as 
a table are displayed. In this example the table would be / 



/ 



X 

■2x + "3 



"2 


"1 


0 


1 


.2 


1 


"1 


-3- 


"5 





As with the other examples in this section, the graph of the ^ 
" condition y = ~2 x + "3 is displayed with the graphs of th? half 
planes determined by the line associated with y = ~2 x + 3. ' ' 




Exercises 5-5^ , ' 

1. Given the relation, y = 3 x, find five ordpred pairs of 
numbers which satisfy^this conditfon. ^ 

2. Plot the ordered number' pairs found in Problem 1 draw a 
-straight line through the points, . ' ■ - 

3. Draw the graph of the relation y > 3 x, r — • 
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4, Sketch the graph of y < 3 x, ' . ^ ^ ' 

5, Do the graphs of y = 3 x, y > 3 x, and y < 3 x seem ^to 
include all the points in the coordinate pleine? Why? 

6, Qive the coordinates of 5 points -in the graph of the condition 
y > 3^x-+ 2, (See th.is g ►agh in this section,) 

7, On which of the two graphs, y>3x+2ory<3x+2, 
are the following points? 

la) (1,10) (b) (-5,6) (c) (-2,0) (d) (0,0) (e) ("6,-6) 

8,, Draw careful graphs of the following conditions: 

(a) x= "5 (d) y ^ "(|) X 

(b) y « 2 X - 1 . (e) y > x - 2 
9, ■ Plot the following set of ordered pairs 

S = {(-0,0), (1,1), (-1,1),' (2,4), ("2,4),. (3,9), ("3,9)) 
• " ' (■'4,16), (-4,16) 

(a) Do they all seem to lie on a strai^t line? 

(b) Lightly sketch a curve containing the points plotted, 

, (c) Is 'it true €hat the y-coordinate of e^ich point. is the 
' square of the x-coordinate of the corresponding point? 

2 

(d) Does the Condition y = x describe the polnti^ named by 
Set S? ' ' * ^ 

(e) Construct' a set T containing ordered pairs described by 
y,« X >diich are not contained in set S. 

(fV Does the^curve sketched in ans.wer to (b) contain the ' 

2 ' '-f ' ' \ 

' graph of y = X ? ^ . , 

Study carefully the diagrams below* They contain- the graphs * 
of (a) y = x^ (b) y > x^ (c) y < x^. 



ERIC 



, - 221 



215 



(a) y> 



.(b) y > 
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' f ^ 
. 5-6 Finding the unknown 

Suppose you are trying to find .a certalrt number. Let us 

call the number x. Mathematicians oftert use letters like 

"x,"' iiy^ n 11^^ It gQ represent unknovm numbers. You are 

given the following clue: 

X + 5 = 7.' 

In words you may say that * 7 Is 5 more than the unknown number. 
In this example can you find the unknown number? 

Sometimes the unknown number Is not so easy to find. For 
example suppose you v/ere given this problem: ' ' ^ 

. yom bought a ticket for a football game. Altogether-^he 

paid $1.10 (or 110 cents), Including the tax. If the cost 

of the ticket Is $1.00 more than the amount of the tax, ^ 

what Is the amount of tax on the ticket? 

Again, you are given certain clues. You* must use the clues 
carefully If you are to find the correct answers. To help you 
find the amount of the tax you may use the clues to wrl^e a 
nmber sentence. If 30. represents the amount of the ta^ a 
correct number sentenceVis, 

X (x + 100) = 110. " 
In words the number sentence "states that the amount of the tax, 
X (In cents), added to the number of cents In the cost of the 
ticket;; X + 110, Is Qflual to the total charge In cents for the 
, ticket, 110. The correct answer Is 5 cents, or x = 5. 
The correct price of the ticket is $1.0^. The amount of the 
- tax is $.05, and $1.05 - $-05 = $1.00. 

"^Iji'both of the problems above the clues were used to vfrite 
number sentences, teich clue was a statement about numbers. Some 
of these nxuribers were known and some unknown. Since the verb in 
each o*f these sentences v/as the "equals" sign, such number sen- 
tences are called equations , vmen you are finding what number x 
represents, it is said that you are solving" an equation for the 
unknown x (or whatever letter you are using to represent' the 
unknown) . ^ ' f' 
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Equations are used in many ways in many different fields. You 
can solve equations to find the currents in an electrical network 
when you Know the voltages and the resistances. You can solve 
equations in* order to design airplanes' or space ships. You can solv^ 
equations in order to find out what is happening in a can'cer cell. 

You can also, use -equations to predict the weather. Now 
methods for predicting the weather very accurately are known. The 
only trouble is that these methods require the solution of about 
a thousand equations with the same number of unknowns. Even^ 
with the best of the modem high speed computers, it would take 
two weeks to compute the prediction of tomorrow's weather. 
Oherefor^ the meterologists make many approximations. They 
.simplify the equations in such a way that they can compute the 
prediction in a short enough time. They Will be able^ to make 
-better predictions when there are more efficient \{a'^ to solve 
;raany equations with many unknowns. 

Our progress in many fields of knowledge deprends on finding 
better methods for ^ffolving equations, tony leading mathematicians 
are working ojj such problems. Whemyou finish this chapter jTou 
should see that equation ^solving is' not a lucky hit-or-miss 
activity vrhich depe^nds on trial and errpr. 



Exercises 5-6 

In Problems 1-4 below, use your knowledge of arithmetic to find 
the valu^e of the unknovm in each of the equations so that the 
equations will be trjie statements. - » 

1. Plpd the value"' of the unknown in each of the following 
equations : 

(a) X + 5 = 5' (d) m + 25 = 51 

(b) y + 5 = 12 _ (e) s + 17 = 42 



(c) k + 15 = 15 (f ) t + 10 = 5 
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/ 2. Find the value of the unknovm in each of the following 



equations. 

^ (a) X - 7 = 2 (d) X - 5 = 6- 

• . (b) y - '5 = 5 (e) p - 15 = "l 

(c) n - 9 = 2 . (f) X - 5 = 5 

5. Find the value of the vmknovm in each of the following 



6. 





X ^ 


(a) itb - 12 


(d) 9m = 72 


(b) ' 5a = 9 


'(e) 15x = "15 


(c) 5w = 55 


(f) 7y = "56 


Find the value 


of the unknown in each of the 


equations . 




(a) n = 2 


(d) d = 2, ' 


•(b) a = »f 
If 


(e) = 5 
5 


(c) k = "2 


. ^ (f)'.^ = "7 
* 5 



4 ; 



'A' formuLa for findjng the perimeter of a rectangle is 
P = 2>P + 2^ . Find the pelvimeter of a rectangle v;^ose 
length is 7'' feet and whose width is \ feet. ' 

Use the formula A bh to find the 
number of square units of area in the 
triangle Shown at the right. 
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7* What Is- the area of a square whose length is 15 inches? . 
Use A = s as thet formula for the area. 

8. A formula used in finding simple interest is written 

i = prt, where ' 
i is the interest in dollars > 
p is the principal (or . amount borrowed) > 
r is the rate (or per cent) ,of interest per year, 
t is the time in yeaps. 

Find the simple interest for a bank loan of $750 for 5" years 

at 6^ interest. 

9. To find the circumference of a circle, the formula 
c = 2Trr may be used. Find the circumference of a 
circle whose radius is 10 inches. (Use -j^ 5«1^ 
forH* ). 



10. Find the area of the floor of a circular room whose radius 

2 22 ^ 

is 15 feet. The formula is A = ' "r . (Use or 




6-7 Ntambej* Phx^ases and Number Sentences 

In talking to people or when writing, you use sentences. 
In iHiatheitetics sentences are written about numbers. A sentence 
about /lumbers is often written in the form of an equation, 
such as, 

» X + 7 =^ 9. 

This sentence about numbers says, 

"If seven is added to a certain ntunber x the resUlt 

is nine." 

You are familiar with numbers, such as 9. The number 9 is 
a part of the number sentence above. Another part of* the 
sentence is x •f. 7. These expressions, x + 7 and 9', are 
not sentences. They are parts of sentences. Such .expressions 
are called phrases . 
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Phrases are not sentences., A phrase does not make a^ 
statement. In a sentence about numbers a phrase represents 
a number. A phrase that describes or represents^a number' 
is called a number phrase . 

A number^hrase may represent one specific number. For ^ 
example, the number phrases ^ \ 

3 +.5, 9, "in + V, and' 10 ^ 

represent specific numbers. In each of these examples, the ^ 
value of the number phrase is kno^vn, or it can be determined. 

What'number is repi'esented by x - 4? you cannot determine 
the number represented by x - 4 unless you know the value of x. 
Thus X - 4 may have many different values. Number phrq;ses which 
do not represent a specific number' are called open phrases . You 
rtay think of an open phrase ,as one whose vaLlue is "open" to many 
possibilities. Examples of open phrases eica^ 
X - 4, 7y,^ 2 + z, J ; 

^o solve problems -by using equations you must be able 
to translate the->clues given in the problem into an equation. / 
To do 'this you rms\ express the numbers in the problems as 
number phrases. InNbhe previous section, you used the number 
sentence, 

X + 5 = -7. 

Is the value of ^ known? V/hat about x + 5? Is 7 an "open ' 
phrase, ivhat about x + 5?. 

, To work with numbe^r phrases you must also be able to ' 
translate the phrase into words . The phrase x + 5'-^ may be 
transTated as "the number x increased by five." Can 7x 
be translated as "seven tim^s the number x?" , 

Som^^times pupils are confused because an open phrase 
such as X + 7 may have many different translations. For 
example, other translations are: ' > . 
"The number x added to seven," 

or "the number x increased by seven, \ ^ 

or "the sum of :x and seven," ^ 

or "seven more than the number x}" ' 
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However, • all of the *transla,tions have the same mathematical 
meaning • Furthermore, all of the English translations mean 
the same as + 7." With practice you will learn to luider 
stand the different ways of expipessing a number phrase, 

, Exercises 5-7a 

1. Translate each^of the follov/ing number phrases * 

• into symbols. 

(a) The sum of x ahd ^ 5. ^ . , 

(b) The number x decreased by 5. 

(c) The product of 8 and x. 

- (4.) One fourth of the number ;x. 
(e)- The number x incr^siafij^by IQ^ 
^(f) The number 7' multiplied by i: 
f^srT The number vmich ia 11 subtracted from x. , . 

• (h) The ni^ber x divided by 2.. " , 

2. For each , one of the • number \phrases in ^^roblem 1, 
firid the number represented]^ the phrase if ^ 
X = 12 in eaoh part-. 

5. Tr'anslate each of the following number phrases into 

• words : ^ 

(a) x + 1 • ' {^) T- 

X - 5 ' (e) • 

(c) 2x (f ) ^6 + X ^ ^ 

Find the nuj^er represented by each of Ihe number 
phrases in Problem 5 if x = 6. 

5. Find the number reiiresehted by each of the number* 

* phrases in Problem 5 i^* x*= ""2. 
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' The unknovm number is not always represented as x. 
Translate each of the following number phrases into 
•symbols using the letter of each part as the unknovm 
-number. For example, in Part (a) use "a" as the 
unlaiown n\amber. , " t>' 

(a)^ mie ^um.of six and a n\amber. 
.(b)^ Eight times 'a n\amber. ' 
•■ (c) Eight times a number and that amount increased 
byl. ■ 

(d) Three subtracted from eight times a number. 

(e) ' The amount represented by eight times a number 
^ divided by k. 

( Two times a' number; then increase that amount 

- by 3. " , ' . 

(g) Five multiplied by the sumbf a number asd 2. 
( h) Ten less than sev.en times a n\amber. 
'■Find \he number represented by eac^j of^ the number 
phrases in problem 6 if the unknown number is "3. 
Translate eaqh of the following number phrases ' 
intQ'wofds. Write the word "number" to represent 
the unknown niombfer in each phrase. / 

Example: 7 + 3 ^ A number /increased, by three 
(a ) 2h + 5 , ■ ' , ■ ' 

(b) 6 - 3g " ' . 

(c) (b-l) 7 . • 
( d) 5-d 



( e) 15 + 2w 

* 

Plnd the number represented by 2n.+ 5 for each of 
the follov;ing values: ' ( 

( a) n = 5 (c) n = 0 / 

( b) n = "5" - ( d) n = ~i 

Find the number'' Represented by ' 6 - 3q for each of 

the following values; . ' 

(a) 'q = 0 (c) q.= +1 . • ' 

( b) q = "1 ,( d) q = 5 ' . ♦ 
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Number Sentences 

'consider the following sentence's: ^ 

"The sum of 8 and 7 is 15-" ^ 
sJJ^e number twelve has six factors." 
"x +5=8." * • : - 1 

+ 5 = ' • ^ 

"5 < 2 + 4." 



"2^ > 2." 

,Do you agree that these are all sentences? 
of number sentences* Each of them consists 



The/ are examples 
of two number 



phrases connected Ijy a verb. What are the verbs in these 
sentences? The first two are easy to find. ^ The word "is'* . . 
is the verb in the first sentence, and the word "ha^" is the 
verb in the second* What is the verb in thejsentehce 
' "x + 3 = 8 t"?' Perhaps you have never -thought of "=" as a ^ 
verb in a sentence.' What are the verbs in the reihaining. 
sentences? 

♦ ' ^ , 

^ The three mos,t common verbs in number sentences are "=", * 

"<", and ">", but there are others. ^"Six is a factor of 

. ^twelv^" is a number sentence, and it is sometimes written | 

"6 [ 12." ^ The- symbol " j " is another "number verb" n\eaning 

"is a factor of". 

One worji of caiition: You woiOLd'not use the name- "number 
sentence" for such vague statements as, 

"^y^ "100,000,000 is ^ very large number," 

or ^ , i ' - 

^ ' "125,456 X 654,521 Is hard to fir^d." 
These sentences involve more than statements about numbers, 
liiey involve our reactions to numbers/ You will be interested 
only in sentences which are purely about numbers and their relation 
ship with other ©umbers. ^ 
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Some sentences are true sentences. Pot' ^-example, 
+ 5 = 3 • 3, " . and ' 
• "Th.e sun sets in the west/' 
are true. A sentence need not be true, however. The sentences 
j»3 > 2^+ 4," ' and ' 

"Abraham Lincoln was the first president of 
the United States," 
are not true sentences. Consider the sentences, 

'"Jimmy was at Camp Holly all day yesterday," and 
"x + 3 = 8." ' ^• 
Are' they true? Are they false? . You may answer, "I Son^t know. 
Which Jimmy do you mean? To what number does '"x" refer? These 
sentences are neither true nor false, because they contain words 
or symbols which do not refer to only one thing." ^' Jimmy" can 
mean any boy with that name, and "x" can stand for any number. 
You might look at the camp records and say that if "jimmy" means 
^iirany Mills of Denver, the first sentence is true, but if it 
means Jimmy Shultz of Cincinnati, then it is false. .The second 
sentence is true if x = 5, but-it is false if x = 6 or if x is 
any "number other than 5. 

«'What can you say about the truth of' the ^.following sentences? 
"13 - X = 7." ' K ' 

ll'Georg^' was the first president o'f the United States." 
"3 + X = X + 3-"- ^ ' 

"If Jimmy- was at Camp Hoi^ly all day yesterday, then he 
v/as not at, home' at that time." 
These sentences are similar in that each contains a word or symbol 
v/hich can refer ^o any one of many objects. • Do. you sjse anj^ 
difference between the first two sentences and th3 second two? 
Can the fir3t two sentences be true? Can the 'first two sentences 
be false? Can either of the last two sentences ever be false?; 

Suppose a number sentence involves a symbol like "x" or 
"y." Tj£ the symbol can refer 1k> anyc^ of many .nuirtbers the 
sentence* is called an open sentence . It is n<5t necessarily a 
true sentence, tt is not necessarily a false sentence, it 
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leaves the matter open for further consideration. 'Look at this 
open sentence,: 

X + 7 = ^ 
X - 5 

It is composed of thr^fe parts: a verb, "=", and two open phrases, 
"x 4- 7" and =^ — tt-* The open sentence states that for a 
certain niomber x tnese two open phrases repres'ent the same * 
numbejT. Can you discover such a number -x ? Can you find 
more than one? Try some iiumbers*. After working for a while 
you might say, "The sentence is true if x = 5 or x = "8, 
but it is false if x is any other number.^ The numbers 5' 
and "8 are called solutions of the open sentence.' The set 
t5**^''8) is called the set of solutions (or solution set ) -of the 
open sentence. ' , . 

When you find the entire set of solutions of an open 
sentence, you can say that you have solved t^he sentence. An equation 
is a particular 'kind of number sentence. It is a n\iml^er sentence 
which involves the verb "=". Hence to solve an equation means 
to find its entire set of solutions. The set of solutions of §n 
equation may contain one member or. it may contain several members. 
It might even be the empty set. 

Is this ' sentence an equation? 

"x - 4 > 7." / ^ ' ' *^ ^1 

Whatsis the verb in the sentence above?^ Is, it "="? Since the' , 
verb is not the sentence is not an equation. You might 

sav that the sentence indicates that the 'two phrases, x-4 and 
7 are not equal. Such a sentence ^is called' iTiequality . 

C» you 'determine the set of solutions for ^e inequality- 
'x - 4 >'7? How lafge must the number x.-be ^rder for, the 
inequality to be true? Is 5-^ > 7? 'is 7 - S 7? Is , 12.a>7? 
Do you s'ee that > 7"^ is true if x * is any number greater 

than 11? Also, >7" is false for any. other value of x. 

Thus the set of solutions of the\nequality IB the set of all 
numbers which are greater than 11. 
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Exercises 5-7b i 
^ . 

Translate e^ch one of the follovdng nvunber sentences 
into symbols 
(a 



(b 
(c 

(? 
(f 

(h 



.The nuHiber x increased^^by ^ is equal to 15. 
The number .5 subtraolte^ ^om x is ,egual to 7. 
The product of 8 and x is equal 24. 
When X is divided by 4 the quotient is 9. • 
Ten more than the number x is 21. 
The number 7 mul-tiplied lyy,^^ is equal to ""jS. 
The number 11 subtracted frfcm^x is "5. 
The number. 6 less than x is 15. 



For each one of the « equations you wrote in Prcblem 1,, 



find the set^of solutions 'by using your knowle^^ge of 
arithmetic. - \ * • ..1 



ic. 

Translate each^one of- the follovd.ng nurtber sentences 
into symbols . ' ^' ' 

(a) The number x Increased by 2 is greater than 4 
{'b) The number 5- multiplied by x is' less than 10 
j[c) The result of dividing x by ** 7 is greater 
than 2. • ' 

{d) Three less than the number x is greater than 6. 

* "« ^'^^^ 

(e.) The number x decreased by* 5 is less thain 15 . 
iff The product of ^ and the number x is greater 
, than ^9. ■ * ^ ■ ' 

For each one of the inequalities you wrote invEroblem 2j 
y^se ;your knowledge of arithmetic J^b fl^hd the set of 
solutions. * • V , 
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5. Translate each one of the following nvunber sentences 
into word^. Use the term "a nvunber" or^"^^- certain 
nximber^* to represent the unknovm number. 



*(a) 


y + 2 = 5 


• (f) 


7 - k =.2 


(b) 


z + ("5) = 7 


(g) 


d - 5 < ^ 


(c) 


2a = "10 • 


• (h) 


J > 9 


(d) 


h - 5 > 9 


(i) 


k - 7 = " 


(e) 


5m < 15 


(J) 





\ 

,6* Using 'your knowledge of aritliinetic, find the set 
of' solutions for each of the number sentences in 
Problem 5* 



A picture of a solution set using ^the nvimber line can be 
drawn. Consider the following example for the open sentenc'e, 
^ - X + 5 = 8, 

This open sentence has only one solution, 5- The set of 
solution is l5] T Oh ^the number line this set o^j^soiutions 
can be represented as shown" below: . 

-2 -I 0 +1 +2 +3 +4 +5 +6 
^ 4 1 I ^ 4^ j 1 V 

Since the only solution for this equation is 5, a solid "dot," 

or circl-e, is marked on the nvimber line to correspond with the 

point for 5. No other mark i's put on the drawing. 

How can you draw a picture of the set of solutions for this 

sentence, 'x + 3= 3+ x? 



First, find the of solutions.) Try x = 6. Dbes 6 + 5=5+6 
Try X = 15* Does 15 + 5 = 5 + 15? Try any otho? ntunber* What 
property of addition' tells us that this sentence is true no 
matter what number we use for jc? The set of solutions for this 
equation is/^the set of all numbers. This solution set is 
represented on the nximber line by drawing a heavy dark line 
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along the entire nvunber line as' shorn below. 

/ 



-2 -I 0 +1 +2 +3 +4+5 +6 



was 



Earlier in this chapter the inequality x - 4 > 7 
discussed. The set of solutions for this inequality is the set 
4>f all numbers which are greater than 11. ' This, set of solutions 
is represented on the number line as shown below: 

-2 -I ^0 +1 +2 +3 +4 +5 +6 +7 +8 +9 +10 +11 +12 +13 +14 +15 
— « ^ \ >y— < ^^ — I 11 1 1 \ > ^0 I I ' ) 

The .number "ll" is not in the set.' This is indicated by 
an open circle on the point corresponding to 11 on the number 
line. <r The part of the nvunber line to the right of the 11 is ' 
shaded showing that all points to the righ^f 11 j^re in the 
s'et of solutions. 

Consider the equation 'll 4- x = 4. v/hat is the set of 
solutions? Try some numbers. Recall what you have learned 
-about negative numbers'. ? What is 11 + {"?)? Is ("?) a solution? 
•Can you find any other solutiortS? You .should not be able to do 
vsa> The^set oT solutions for this equation is ("7j. This is 
^^^/^dpresented on tjie number line as' shown here: 



~9 -8 -7>-6 -5-4 -3 -2 -|- 0+1 +2 
< — I 1 ^ 1 I '' I »— < 1 1 1 1-^ 

VJhy is a "solid'" circj.e drawn at the point corresponding to 
7? Whjr is no other point indicated' on the number line? 

For what numbers is the inequality written below a true 
sentence? - ' 

, X - 4 < 1 I 

Try some numbers. Yqu should find that the -set of solutions 
is 'the set of a;Ll 'numbers less than +5. On the number line 
this i^ represented as an "open" circle at the point corre- 
sponding to +5 and a heavy black line drawn along all 
points of the number line whichvil^ tb the left of +5. 
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Het*e is the drawing: 



-4 -3 -2 -I 0 +1 +2 +3 •♦•4 +5 +6 +7 

• ' I ^ 1 1 h-^ 



ThQ sets of solutions for different nvimber sentences may be 
different. Some cf the solution, sets contain only one member. • 
Such sets may be represented by a single filled circle on a 
drawing of the number line. The circle dravm at the i)oint which 
corresponds to the number in 'the set of solutions. If the set 
of solutions is. the set of/all" number^, you may draw a heavy, 
dark line along the entire number line. In this case, the 
solution set is represented by the entire niomber line. The sets 
of solutions for inequalities are represented by a part of the 
number line. The inequaj-ities that were discussed were all 
represented by half lines on the number line. An open, or empty, 
circle was used to indicate a point not included in the set of 
solutions. ' ' 

Exercises 5-7c ? 



1. Using your knowledge of arithmetic-, find the set 
of solutions for each 'one' of the following nvunber 
sentences .» 

(a) x + 2 = 6 (e) X*- it > 1 • 

. '(b) it + X = 0 . (f) I = "1 

' Cc) 2x = 6 (g) 2x < 10 

(d) 5ic < 5 ■ ■ ' (hj it - X > 1 

2. For each one of the number sentences in Problem -1 
represent the set of solutions on a number line. - 

5. Using your knowledge of arithmetic, find-thi' set 
of- solutions for each one of the following number 
sentence. 
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(a) x + l= l+ x (e)'5w = "l5 

(b) . y - 1 > 0 . (f) lit + X j^l5„ 

(c) . 1 - b > 0 (g) 15 - x^=^lr4r' 

(d) , 'a + 2 = 1 + a (h) | = "l,>._„^ 
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For each one of tjie number aentences in Problem 5 
,show the set of solutions on a ^niunber line. 
Sometimes an equation or an inequality is only part of 
a sentence. Just as yolTcan build longer sentences out 
of shorter ones by using such words as "and," "or," 
and "but," you can Join niimber sentences together to 
make longer ones. Such sentences are called compound 
serjtences.- ' 

Consider the compound niimber sentence 

"x - 4 < 7 and x - L > 0." 
In order to be a solution of this sentence, a n\imber 
X must be a solution of both the sentence " x - it < 7" 
and the sentence "x-1 > 0." 

The elements of the solution set of the sentence are 
the numbers which are in both the solution set of 
"x -it < 7" and the solution set 'of "x - 1 > 0." 

The set of solutions of "x - it < 7" is the set 
of all numbers less than 11. 

The 9et of solutions of ,"x -1 > o" is the set of all 
numbers greater than 1. 

What is the- set of solutions of the compotind sentence? 
Show this set^on a number line. 

Is^/the set of solutions for the compound sentence in 
Problem 5 the intersectlc^n of the sets of solutions 
for the two inequalities or^is it the union of the 
two sets of splutions? 

For each of the following compound sentences find 
^the set of solutions. ' > 

(a) X - 2 < 7 and x + it > 6 ^ 

(b) X - 5 = 6 and X - 5 > 6 . 

(c) 2x > 6 and I < 5 , \r ' ' 

For 'each of the compotind sentences in Projblem 7 
represent the set of soliitiohi^ on the number line. 
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9. (a) Find the set of solutions for i*JK. 

2 

X - 9* (There are two poss^^ie , 
solutions). ^ 

(b) Represent the. set of solutions for Part (a) 
on the "number line. 

10. (a) Find the set of solutions for 

2 

^ (b) Represent the set of solutions for Part (a) 
on the number line. ^ 

11. (a) Find the set of solutions for the following 

compoxind sentence: ^ 
x + 7 = 6 or 2x - 1^= 5. 
(Note: , in mathematics "or" means either the first 
oxpthe second or • both the first and the 
second)!" 

(b) Represent the set of^ solutions for Part (a) 
on the number line. 

12. (a) Find the set' of solutions for 

"x - i = 4 or X - 1 > 4" 
( This compound sentence is sometimes abreviated 

"x - 1 2 • 
,(b) Show the set of solutions for Part (a) on 
the number line. 

V 

15 . Find the set of solutions for , ^ 

/ , ' ' ^ "x < 10 or X - 9 > 0." »^ 
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In witing sentences in mathematical language .you will 
be using letters to represent the lonknown numbers i You should 
first decide what the letter will represent. Then you should 
write your sentence. For example, write in symbols the 
following sentence: 

Mar^, who is 1^^ years old, is five years older than her 

brother. / ^ , 

Let "y" represent the number of years in Mary»s bro therms 



age 
age 



Then, since Mary is five years older, y -f 5 is Mary»s 



The 'sentence in symbols is, 1^ = y + 5. 
Remember, you should always explain what the letter represent;^ 
before you v/rite your sentence 'in symbols. By solving ^the 
equation for y / you can determine the brother«s age. 

; Exercises 5^7d" . ' ' . 

1. You are^to write each of the following sentences in 
symbols. First describe what^humber the letter 
^represents. Then write the sentence. 

(a) John, who is 10, is fou^^ears younger than 

his sister who is y years old. ^ / 

(b) Steve bought m model plane kits costing 
25 cents each and paid 75 cents. 

{o) Sam*s age seven years from now will be 20 
since his age now is b. 

(d) The number of inches -in f' feet is 72. 

(e) The number of yards in f feet is 5. 

(f ) Ann, who is n years old, was" 3 years old 
• ten years ago . , 

(g) The number of centg in^ , d dollars is ^50. . 

(h) A baby sitter chsirges x cents per hour before 
midnight and y cents per hour after midnight. 
She earned 350 cents while sitting from 

8 P. M. — 2 A. M.. 
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Translate each of the following sentences into an 
equation or inerquality. Pirst^ describe what niunber ' • 
the letter represents. 

(a) If 5 dollars is added to twice the money- 
Dick has, the result is less than 23. 

(b) At a certain speed the plane will travel more 
than 500 mXles in 2 hours. 

(c) If 1 is^-added to twice Susie «s age the 
result is 19. 

(d) Janet «s father drove from Mill City to Dover, 

a distance of 240 miles,, at an average speed 
of 4o miles per hour. How long did it take 
for the drive? ( 

(e) If Sally earns 65 cents per hour for baby sitting, 
how muchvwill she earn in 5 hours? r' 

t' 

In ^ach of the following: 

(l) .Describe the nuiiiber represented by the letter ^ 
you select* * 
^ (11) Translate the problem into an equation. 
(Ill) Solve the equation. 

(a) 'In ten years Mr. Smith will be forty years ol^d. 

How old is he now? 0 »^ ^ 

(b) If I give yoti $5.00, you will have ,^12 .00. ^How 
much do you have now? ^ - 

(c) Vera is two times as ta\l as he^ brother. She 
.is 64 inches talll How tall is ,h(B? 

(d) Paul was 14 years old in 1958- In v;hat year 
was he bom? 

(e) The area of a certain triangle is '55 square ^ 
inches.. The length df the base is 7^ inches. 
V/hat is the 'length of the altitude? 

(f,) Twenty percent of a rfumber is^- 10. What is 
the number? 
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(g) A store sells bicycles at a 20^' discount. 
If a bicycle sells for $28/ what was the 

* original price? 

(h) After traveling 120 miles a driver still had 
to gp ^ o'f his Journey, How many miles were 
there In his 'complete journey? 



5-Q . Finding Solution Sets 

You have seen that often' you wish* to find the solution set 
of an equation or an inequality* In most of the' problems you 
have met, the set of solutions may be discovered by inspection 
,or by trial . 

Perhaps a method can be found ^which will make equations 
easier to solver An easy equation will be used to illustrate the 
method, and then the method will be tried out oji a harder one. 

How* did you solve the equation 
X + 5 = 7? 

Perhaps you thought, "if I add "5 to x + 5^1 get x, so I must 
add - "5 to 7. If I do, I get so x must be k/^ If you 
thought that, you were already using this method, ar^a you were 

r 

using d very important^ property of "equals," 

s Suppose "a", and "b" represent the same nkmber. For 
instance, a might be 5 + ^ and b might be 5\+ 6 . V/hat 
can you 'say about the numbers a + 5 and t + 5? uo^jld they 
be different from each other, or must they be the sajn^?^^f 
"a" and "b" both represent 9 then a + 5 and b + 5 must 
both be 14; 

* 

The general principle can be expressed like this: 

' Addition Property : If you have two equal numbers and add 
third number to each of them, ^the resulting^ numbers are e 




ur 



24i 



9 * 



255. 

^ In symbols,, if a, h, and c a^e numbers, and a r b, then 

a + c = b + c and c + a = c + b. 
Can you discover a subtraction property of "equals"? 

- How can you use the addition property to solve the equation 

• X + 5 = 7? 

The solution would be easy to find' if the "3" were not there. 
If you use the addition property, adding th§ number "3, you 
have: < ' - ^ 



If 

a + c b +" c 

By the associative property and the fact that 5 + "5 = 0, - 

You can see that (x^ + 3) + "3 = ^ + (3 + "3) and x + (3 + "3) = x. • 
Thierefore, ^ * 

if .(x + 5) +"5 = 7 + "5 

then X = 7 •+ "5 . ' . • * 

Since 7 + "5 = it, you see that ^ ' 4. 

^ You have found, using the addition property, *h^t ^ if ; the' 
equation x +-5 = 7 has a solutio^i,\ then 'the sdlutlon mdst . 
be. i|. you still do not-' know that ^ solution*,* Let \is s^e. ^ ' 

If X = 4, ^\ , y ^^''"Z 

then ;c + 5 = 4 , /^^ /. ^ ^ 
sox + 5 = 7.' ^ 
Thus 4 -is a sblution. ^Since you saw first tUat^t^^e * 
cannot be any other solution,, it follows that h is th^'onljr ;^ , * 
solution of the equation. ■ In other words, the solution (^e^ " ' 



Notice that ^in^ the pro^ss of solving the equation ybu^^lt^e 
'done two things-. You Jfirst prove"d a uniqueness statement^ 
showing that there is only one .possible^ number for a soi^ution."^ , 
Then you pro.ved an existence statement, showing Ahat this^number " 



is a solutioi^. 
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In a previous section you learned how to find 3 + ("4), It 
Is "1. * Also, 3 -4 is "1. Thus, ^3 +^('4) = 3 - 4/. Perhaps 
,this is the way you find 5 + ("4) in your head; by thinking of 
'5 - 4, Similarly 7 + ("5) = 2, and" 7 - 5 = 2, so 

+.(""5) = 7 - 5- .What is "5 + (.72)? What i^^ ""5-2? Do they 
bbth^ equal ^ 5? What do you add to 4 to obtain 4-2? You 
add ""2. This is 1 true for any number: To obtain a - b you may 
add ""b to .a. 

If a and b are numbers, then a - b = a + ("b) . ^ 

Using this fact you can -.solve the equation 
X - 5 = 8 

by writing it as 

X + (-5) =8. 

^Then you c^n apply the adaltion property as you hai^e in the 
^preceding examples. What number. would you add to OT^ve this 
last equation? Wi^? 
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Exercises 5->8a 
(I) Use the addition property to find the only 
possibilities for solutions of the following 
equations. (II) Then show that the nvimber i£ 
a solution. ^ 
Example: x + ("5) = ii* 
I) (x + ("5))+ 5 = 11 + 5 by' the addition 

property, adding 5. 
(x'+ ("5 + 5))= 14 by the associative 

property of addition, 
^ Rince "3 + 3 = 



= 1^1 



II) 




If X = 14 then X • 






l4 is a solution. 


(a) 


X 


+ 5 = 6- (g 


(b) 


X 


+ 6=5 ' (h 


(c) 


X 


■+"7'=J^ (i 




X 


- 7 = "7* (J 


(e) 


t 


+ 6^ = "15 ■ ( k 




4 


= s + 5 , (1 



X + ("5) = 14 + (-5) = 11, 

^ r 



SO 



-2 = *"4 + X 



5 5 
y - f = t 

u + l4 = 5 



5 

1 + X 
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Apply the addition property to these^ eqj^ations, adding 
the indicated, niamber, and ^write the resulting equation 
Example: + 4 = 5 (add "4) 

(3x + 4) + "4 = ^ + "4. by the ad^tion 

property. 

33? + (4 + "4) = 1 ^ g by the associ^tl^ve 

property. 

The resulting equation is: 3x = 1» 

(a) 2x + 5 = 10 - (add "5)' . 

. (b)' '3x 4- 10 = 5 > (add "lo) 

(c) 5x + 2 = "2 : (add ~2) 

(d) lOx +-"ly= 9 (add 1) 

(e) 2u + 1 = 11 (add "1) 

I . 

(a) ♦I'/hat number -do you add (using the addition 
property) to solve x + 3 = 2? 

(b) What number do' you add ( usiffg the addition 
property) to solve x + ( "7) = 49 

(c) What is the relation between 3 and "3 
relative to addition? ' ' 

( d) V/hat is the relation between 7 and "7 

relative to addition' 

- . - , ■# 

-Solve the following equations. (Remember that ' 
"solving an equation" includes showing that any 
possible solution you find is a solution. ) 
ipi) X + 3 = 1-1 

(b) X + "6 = i * 

(c) X - 1 = f 

(d) 2x - 7 = X (First add ~x) 

(e) "x ='7 -2x 

(f ) |x +~2 = I..5 X 
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You are now ready to' try some harder ""equat ions , How would 
you solve the equation 

2 X + 1 = 11? 

Let MS not t3?y too much at a time! Before you ^sk 

what X is, first ask an easier question: What is 2x? 

You answered this question in SProblem 2 of the last set 

of exercises. The addition property tells us that 

/ \ if 2x + 1 = 11 

then 2x = 11 + "l ^ by the addition 

property adding "l j 

or 2x = 10* 

Now that yo^have found' 2x, you can try solving the new 
equation for x. This is a new kind ^of equation which you can 
solve u^ing anotjier important property of "equals." 

, 'v Suppose ^'a" ' and "b" .represent the- same number again, 
but suppose .you multiply a and b by 5 instead of adding 
5* Could 5a and 5b be two different nvimbers if a ^and 
b are the same? X, * 



1 



Multiplication Property ; If you have two equal numbers and ^ 
. multiply them by a third number not 0, the results are equal. If 
. a, * b, and c are numbers and a = b, then 

ac = bd and ca'= cb. 
Can you discover a division property of "equals"? 
'Be careful! Remember that you cagnot 'divide by jsero. • • ^ 

If you apply the multiplication property to the equation ^ 

2x- = 10, 

What number do you want to use as a multiplierv You wish to 

' "eliminate" the 2. so -k, the reciprocal of * 2, would be a 
«t <t * 1 ^ 

good choice, v Using the piltiplicatipn property with ■g^ as a, 

multiplier, you will have: 

r Q ' b . ' . 

If 2XL = 10 ' 
\hen }f •{2x) = • 10 *. • . . 
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Applying the associative property of jnultiplication, you have 

|{-2x) = (| • 2)x = 1 • X = X. .you all" know that ^ . lo = 5, 

so, X = 5. . * 

. You have found that if 2x + 1 = li has ^ solution, J^hen ' 
^ it must be 5 (a uniqueness statement), you still havej to show 
that 5 is a solution (an existence statement). 

If . X = 5 ' . 

then 2x = 2*5. = 10 
and 2x'+ 1 = 10 + 1 " ^ 

or 2x + 1 = 11. 
Thus 5 is a solution. " ' ' 

*You have used two properties, the addition property to 
•find 2x and the multiplication property to find x. This 
process will make' it possible to solve without difficultf- even 

the hardest of the equations which were examined at the. beginning 
of this sectiop.^ 



" Class Exercises 5-8 
1. Indicate v/hich piijoperty, the addition or the mi^ltipli- 
cation, is used in solving the following equati6ns. 

(a) 'X + ,16 = 22 ' (f-) 14 - X = 0 

(b) 6,.2 + X = 1.12 • . (g) ^x='l7 , • 

(c) '-2 + X = '10. (h) 18 +^y = 8.6 

(d) 5 X = 15 (i) u + 6 = 5 + 3 

(e) 6 = ^ t • (j) 19 = 6 - y 
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2. V/hat property is used, and how is it used> to get °the 
the, second equation from the first? 

Exampler".^ ( 1 ) 2x + 4- = 7 * ' ^ 

(2) 2x = 3 ; addition property, 
adding ~4 . 

(a) (1) 2(y + H^d (d) (1) fx = 10^ 

(-2) y ^'^^ ^ . (2) i X = 5 

- (b)" (1) 1.6 = 4y 5" , 

- (2) 04-y (0.5m) -7.2 = 5 

- (c) (1) 2fa + 5) _ ^ (2) (3m) -72 = 50 

• - 5 ^ (1) 5x - 2 = 3x + 6 

( 2 ) 2x - 2 = 6 

y 

3. Use the properties as indicated on the following 
i". equations-. ■ . 

■ Example: ^ 3y - 2 = 7 Addition property with (2). 

.. Answer: ( 37 - 2 ) + 2 = 7' + 2- 
3y + ( "2+ 2)- = 9 
^y = 9 

(a) 7 = 3x + 1 , Addition .property with ("l). 
-=(b) 6 = 3w Multiplication property with 

(c) I -1.7=' '1.3 Multiplication property with 
• ' • (2),. 

(d) b = j5 Multiplication property with 

. ■ (18;. <^ 

r- (e) 0.l4 + x.= 5.28 Addition property .^ith (-0.l4), 
(f) 5x - 7 = 2x, Addition property with 

■ ' i ''2x)^ r - 



I 
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, < Exercises 5-8b 

Solve the following equations by. using the properties^ 
of "equals." Give yoyr reas^ for each step, 
•(a-) 2x + 1 = (c) |. 3 - 

(b) y - 2 ^ 6 > (d) 3x - 5 = -it 

Solve the following equations. 

(a) X + 3 = 5 (e) y -3 = 5 

{b) 3 :M(=-5 y (f) 2w - ^= 5 

(c) 2v + 3 = 5 ' ^ (g) 2t - 11.= 5t + 1 

(d) 3 + 2m = -5 ^h) -15 -5v; = 2w + 1 

(a) In solving the equation 9x - 2? what number would 
yOfi use as a multipliaf"? " 

(b) In solving the equation =■ 4 what numbei; would- 
you use as a multiplier? ' - ♦ 

(c) In solving the equation = i what number would 
you use as a multiplier^? -> 2 

(d) What_is the relation between ^ 9 and ^ , relativ^ 
to multiplication?j ' ,f ^ 

(e ) What is the relation between/^' and ^ , ^^felative ' 
to multiplication?, " / ^ 

Which of the two properties '^multiplication and . ; 

addition) of are ,also true' of "< ?" ' 

Replace ■"=" with "< " in each property. and tell 
whether it is stllf true or not. If it is not *■ 
true, give exan5)les with' niunbers in which /t 
is false. - < - \ - ; 
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In solving an equation such as 5x + 1 = 9jyou hkv€ 

learp^d to use the addition property first (to .find 

and the multiplication property second (to find x), 

Sojnetimes you will find it best to reverse the or<|ler 

ir^ which you use thes# properties . Solve the 

following equ.ations by using the. multiplication 

property first. 

(a) 4(x + 1) = 12 ^ (d)' 0.6(x - 0,5) = 0,2 

(b) 7(x.2) :=15 (e).22^.^7 • ' 
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REAL NUMBERS 

6-1 l^evlew of Rational Numbers 

In your study. of raatheraatics you have used several number 
systems.'' Probably tKe first of these was the systfem of counting 
nuhibers. You learned that this number system has various 
properties. Other- number systems have some of these properties; 
some of these propertied ^re not found in any number sy^ms 
other than the system. of counting numbers. Let us recall" a few- 
familiar properties. Each Counting number has* an immediate 
successor, the next larger counting number. The sucessor of, 
the counting «umbpr n is .n -t 1.' With .one exception, each 
counting^ number ,n has an immediate predecessor, the next 
smaller counting number n - 1. What is the one exception here? 
The system of cpuntiijg numbers has "a smallest 'element (what, is ' 
it?) but no largest -element. The- system of counting numbers * 
is' closed under the operations of addition' and multipli6atidn,. 
but not, under the operations Qf subtraction and, division. 

Jn an earlier chapter^ you studied the system of Integers' 
which contains the set of counting numbers (now called positive 
integers). For each, positive Integer a . there is an ppiSosite 
number "a. The opposites of positive integej-s are called 
.negative" integers. If a is a" counting n{unber, then _ ^ + "a = o 
-The systems-'of integers is" closed under the operations" of 
addition, multiplication, and subtraction, but not under 'division 
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I'he set pf integers is contained in knottier set of numbers 
which is called the set of rational numbers. As you know, the' 
set of integers, is adequate for many purposes, such as reporting 
the population of a country, the number of dollars you have (or 
owe), the number of vertices in a triangle, and so on. The \% 
integers alone are not suitable foi^. many purposes, particularly 
for the process of measurement. ' If only the integers could be 
used for measuring, names for subdivisions of, units would have to 
be invented. This is done to some extent; instead of saying 55 
feet, 5 . feet 4 inches is sometimes said. But a different 
• ^^name for a subdivision of an inch is not used. Instead, 7*^ ' 
inches, or 7-25 inches is written using rational numbers which 
are not integers. If "only the integers could be used, you could 
never speak of '"s^ quarts, or 2.3 miles, or 0.0,001 inch. 

Recall that a rational number may be nsimed by the fraction ' 
symbol ^ where p and q are integers, amd q / 0 . . - 

Just as there is a negative integer which corresponds to each 
positive integer (or counting number), there is a negative rational 
nvunber which corresponds to each positive rational number. 

Y^u already may^l^e observed the familiar properl^ies for . ^ 
rational numbers, which may be summarized as follows: 

CJ^osuiie: If a * and -b are rational numbers, then a b, 
a • b . (more commonly writteh, ^ab), and a - b are National 
,n\arabersj ^ fs a rational numbe^^/it b / 0^ 

Ccamnutativity: If a and b are rational numbers, then 

a + b = b + a and a • b = b • a (ab = ba.), . 
Associativity f b - and- a are rational numbera, 

then a H- (b + c) a (a + b)- + c ^ and a(bc) = (ab)c . 
Identities: There is a rational number zero such that if 
' ^ a is a rational number, then a + 0 » a 

There is a rational number 1 such that *a • 1 - a . ^ 
: DistributiVity:' If a 9 \ , and^^c are rational numbeVs, 

then a(b + c) » ab .+ ac| 
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•Additive inverses: If a is a rational number, then there 
a number ("a) such that a + ("a) = 0. 

•Mul.tiplicative inverses: If a is a rational number 

3- ^ D, then there is a number b such tl;at ab = 1. 

Order: If a and b are different rational numbers, then 
either a > b, or a < b. 



^ ^ Exercise 6-1 

1. .Is there a smallest ne^tive integer? A largest one? 

2. If n represents a negative integer, what represents the 
next larger one? the next' smaller one? - 

3. Is the set of negative integers closed under the operation 
of • , * 

(a) addition? * '(-c) multiplication? 

(b) subtraction? (d) division? 

i^. What is the .multiplicative inverse of -(J) ? 

5. What is another name for "multiplicative inverse"? { 
b 



How 6an you tell whether two fractiohs represent' the^same 
rational number? 



7 . What .are three 'other names for the rational number ' | ? 
8 . Look at each statement below and tell which -of the- properties 
^•^ listed for rational numbers it Illustrates. 

(a) ^ (|) + f = j^-, and is a rational number. 

(b) I + 0 =1 

^ ■ (d) "(|)-"(|) = .11?, and ."^i^ is a rational number.' 
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■(e) f . (|.|).(f •IjMl-i) 
' (f) •■(l)--(l) = 

.9. Express each of the following in the form ^ or where 
p and are counting numbers. 

' , • / 

(a) 17^ (d) -0.35 

^ - (e) 10 - 

(c)- "4 + ^ - - J 

10. What is the additive inverse of each of the following? 

d 

J 

(a) -28 ■ '(c) ^3^' 

- " (b) 756 . • . (d) -(^76) 

11. Complete the statement, "The simplest name for a rational- 



numbe^^itten :^n the form ^ is the one in which a and 
b have no' co^on factor except " . 



12. The only rational number that does not have a reciprocal is the 



number ^ v/hen p is > ^ 



13. Arrange the,, following rational numbers in order; List the 

smallest one first. ' , , 

♦l4. Find the average of the t.wo rational numbers "8* and* "^4. 

♦1$. , Ife It always .^possible to^i^d the average^f two integers and 
have the average be an' integer? Explain. 




2kl 

6-2 Density of Rational Ni:unber3 ^ • ' 

On^ of the observations you have made about the integers is 

that every integer is preceded by a. particular integer, and is 

» * *^ 

followed by a pai^ticular integer. The integer which precedes 
/••^ * 
, o is 9, and. the integer Which follows 1005 is 1006. In 

other words, if n . is an integer, then its predecessor is (n - l), 
and its successor is (n + l). There are no integers between 
(n - l) and n or between n and (n -p 1). 

This means that on the number line there are wide gaps between 
^ points Which correspond to the integers. , There are many, points 
between the points corresponding to n and (n +1). 



-3 



-2 



-I 



4 



Figure 6-1 



Now consider all the rational numbers, and the points on the 
number dine which correspond to them. Such points are called 
rational points. On the number line below are shown -the rational 
points between "3 and k which may be named by the fractions 
with denominators 2, 3, and 6. % 

^ I 'I' ' "I I III I III I il. I .1. I .h I .1. I .1. I . li I .1. \ .1. I ,1. I .1. l' ^ 
-3 -2 -I 0 I ^ 2 7 3 4 ^ 

Piguii-e 6-2 

^- ' Consider two positive rational numbers r ^and s, with 
r < s. Then consider what happens when r and s are added 
to each of these numbers. ^ 



2r 



r(r+s) 



adding r to r 



adding s to r 

r+s 



I i ^ ^ adding r to s 



r+s 



^ adding s to 



2s 
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YOU see that 2r < r + s < 2s. Taking half of each you get 
\ r < |(r + s} < s. It is not difficult to show that r'< |(r+ s) <s,. 

even if r is negative or r and s are both negative. You might 
0 try to prove this yourself using the number lihe, if you wisrt. The 
number ^(r + s) is the average of the niombers r .and s. You have 
observed, then, that the average of two rational numbeES is between 
these numbers. On th^ number line what point do you suppose corre- 
spondd -to the average of two numbers? It is the mid-point of the 
segment determined by the two numbers. If r and s are rational 
'niimbers, is i(r + s) a rational niomber? What properties of the 
rational rtumber system tell us that it is? 

To summarized The mid - point of the segment JolTiing two rational 
points on tW number line is a rational point corresponding to the' 

.average of the two numbers . . . 11 

The mid-poirit of the segment Joining the points^ for ^ and ^ i 

is the point corresponjiing to the number since 



\' 1 1 

The mid-point of the segment Joining the points for ^ and y 

15 - ^ ' 

is the- point corresponding to the niimber yj-j, since. 

5y finding the average in this manner it i-s possible to find 
rational numbers between each pair.of consecutive niombers represent- 
ed in the row of fractions below. 

0 1 1 1 1 1 2 1 3 2 3 1 3 5 I 5 3 4 5. 6 •? 1 

If these new fractions are inserted in the* row, the row would begin 

oil 15 . 1 13 
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If yoti found all the new fraction^ in this row which could be 
found in this Vay, there would be 43 fractions between j and . 

This process could be continued indefinitely. You could find point 
between j and j^, between ^ and ^, and so. on. You could 

find as many rational numbers as you wish between 0 and 1 by 
taking averages, averages of averages, and so on indefinitely. 

T?he discussion above suggests an important property of the 
National numbers.' This is the property of density ; Between any 
two distinct rational numbers there is a third rational number . 
On the, number line, this'mean~s that the number of rational points 
on any segment is unlimited; no matter how many points, on a very 
small segment have been named, it is possible^to name as many more 
as you please. There is no "next rational -point to the left* 
or right of a given rational point. * ^ . , » • 

Exercises 6-2 

1. Are the integei^s dense? That is, is^ there always a third inte- 
ger 'betw^n any two integers? Illustrate your answer. 

"2. li^ there a smallest" positive integer? a largest? 

3. Is /here a smallest negative integer? ^a largest? 

4. Is thfre a smallest' positive rational niamber? a largest nega- 
tive 'rational number? , . ^* ' 

Think of the points for 0 and- on ^the number line. Name 
, the rational point P which is halfway between 0 and -j^. 
Name "the point- halfway between ^ the ^bint P and 0] between- 
the point P and . 

6. In the same way, find three rational numbers between ^ and 

To • ' ' / . ' 

7. ThinH hf the segment with end-point^ and Show a 
plan* you could follow to> name as many rational points as you 

• . please »on this segment! Use your^Rjan to name at^least five 
points. 




9 



4 
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6-3 Decimal Representations For The ' Ration^ Numbers 

* It is oftfen very helpful to be able to express rational lyunbers 
as decimals.. When it is necessary to tiompare two rationals that 
are very close togieth^r, converting to decimal form makes the com- 
parison easier. The decimal form is particularly helpfulAf there 

, are several ^a:tional numbe/^' to be arranged in order. For example, 

13 ' 27 3 Q 
consider the fractions' ~, ^, and ^ and their correspond- 

ing decimals 0.^2, 0.5^, 0.37.5^ and 0.45, it is much easier to 
order the numbers when they are written in decimal form. 

Some rational numbers are easily written in decimal form. You 
know how to j^ite, by inspection, 

I = 0.5, \ = 0.25, ' ^ = 0.125, ^ = 0.2, = 0.0^ . 

^ = 0.008, and also • ^ = 8.'5, 5| = 5-75, ^ = 1.75. 

For other rational numbers, a decimal, expression may not be as'^ 
obvious but y5u can always obtain it by the usjial process of divisioa 
For example 

/ 

. ^ = 0.33333 ... . ^ 

I 2.6666666 .\ . . 



Y = o: 1^128571428571^2857 ... 
^ = 0.07692307692307 ... 
i = 0.b9090909 ... ^ 

^ = 8.78571^2857142 \ 



The *exampleg that, have been discu9sed seem to suggest that 
the decimal expansions for rational numbers either terminate 
(^r^^kT^ = 0'.5) or repeat (like = 0.3333333 ...). What 
wovild be 'a reasonable way to study such decimal expansions? Since 
* you have used the division of numerator by denominator to obtain 

• * 
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a decimal representation, you might' study carefully^ the process 
which you carry out in such cases. ^ 

» Consider the rational number If you carry out the 

indicated division you would write 
* 

- ' -875 

8)7.000 . 



6 4 
— ^0 

o 



remainder 6 
reijiainder ^' 
remainder "0 



In dividing by the ohly remainders which can^occur are 0, 1, 

3, 4, 5, 6, and ?• The only remainders "which did occur were 6 
at the first stage, then 4 and finally 0. When the remainder 0 
occurs, the division is exact. Division is exact if after some 
stage the process of division continues to produce only zero 
remainders and zero quotients.-'^'-Such a decimal is often spokten of 
as a terminating decimal. - , . 

^ What about a rational number which does not have a terminating 
decimal re'presentation? Suppose you look at a particular example of 
this kind, say The process of dividing 2 by 13 proceeds 

like^ this: ' . - 

0.153846153 



3 


remainder 


70, ; 


7 






50 


5 


32 




110 


11 


104 




io 


6 


% 


8' 


"ho 


^ 2 


13 




70 


7 ■ 




5 


ifo 


11 


etc . 
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Here' the possible remainders are 0, 1, 2, 3, 5, 6, 7, 8, 9, 

10, 11, 12. vNot all the remainders do appear, but 7, 5, 11, 6, 6, 

2 occur first in this order. At the next stage in the di-vision the 

remainder 7 re-occurs and the sequence of remainders 7, % H> 6, 

8, 2 occurs again. In fact the process repeats itself again and 

again. Tne corresoonding sequence of digits in the quotient 

--1538^J-6--will therefore occur periodically in the decimal expan- 

sion for yj-- This t^^e of repeating -decimal ^is sometimes refer^red 

.to as a periodic decimal. . » . ' ^ 

\ 1 *' \ 

In order to v;rite such a periodic decimal concisely and vu'^hout,^ 

ambiguity it is customary to writes 

0.153^^^61538^61538461. . . as 0.153B46 . . . 

Tiie bar (vinculum) over the digit sequence 153846 indicates the 
set of digits v^/hich repeats. Similarly, 0.3333.., is v/ritten as ^ 

'0.'5'... . If it seems- more convenient-2£Ou can wite 0.3^3... as 
0.3*3'... or 0.33T. .., and 0.153b4b. . . as 0.153846153^45. . . . • 

The^method which has been discussed is quite a general one^and 
it can be. applied to any rational number ^» If the indicated divi- 
sion is performed then th^^ only possible remainders which can occur 
are 0, 1,*2, 3, ... (b - l). It is necessary to look only at the 
stages which contribute to the digits that repeat in the quotient. 

'^These stages usually occur after the zeros begin to repeat 4n the 
dividend. If the remainder 0 occurs, the decimal expansion termi- 
nates at this stage in the division process. Actually, a ;tferminatirt 
decimal expansion like 0.25 as 0.25000 ,..01? 0.25?J may be \ 

written With a repeated zero to provide a periodic expansion,. Note 
that a zero remainder may occur prion to this stage without termi 
hating the process, for example, 

' 112.2 
5}5bl.O 
^ Remainder 

.06 0 . ^ 

"4l V? 1 . . 

12 

10 1 . ' 

10 - 
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If 0^ does not occur as a remainder '^after zeros are annexed to the 
dividend, -tnen after at most "(b - l) steps in the division proc- 
ess one of the possible remainders 1a2, (b - i) v/ill reoccur 
and tiifi^digit .sequence will start rep^afriiig^ 

You can see from this argument that any rational number has a 
decimal expansion which is p^iodic , 

J Exercises 6-3 ' jf 

1. Find decimals for these rational numbers. Continue tne division 
until the repeating begins, and write your ansv;er to at least 
ten decimal places. 



(a) 


9 






(o) 


* 

5 ■ 
2? 






(c) 


3 







Which of the following convert' to decimals that repeat zero 
^(terminate)? '• 



\ - ■ ' (J) ^ ■ ' 

3* V/rite in completely factored form the denominators of those 
fractions that te.rm^ated %ln Problem 2. 
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'k, €arry to six de^raal places tl;e following fraction^. \ 

(a) ^ ^ (a) ■ ■ ■ 

(c) f . " ' (f)^f • . . - 



6-4 The Rational Number Correspondink To A Periodic Decimal 

You saw how-^o find by^divisiqn the deciinal expansion of a given 
rational number.. But suppose you have th^ opposite situation, thati 
is, you are given a periodic decimal. Does such a decimal in fact |» 
re'present a rational number? How can you find out? • / 

This problem can be approached by consi^ring^^an example, 
£et us write' the number 0,132132132132 . and call it^ n, ' 
so that ^='0.13213213? ... . The periodic blpck of- digita is ; 
132. If you multiply by 1000 this shifts the first block to the 
left' of the decimali point and gives the relation \ 

• m 

lOOOn = 132.1321321^ . , 

Since n = * 0.13213213? ... 
You can <s-tibtract n form each side of tjie first equation to yield 
' ' . •999n = 132 . so 'that * ' 

- QOQ> 0^ i^ simplesf .form, \ 

-f * 44 

• * You find by this process that 0, 132132132132 = -j^. 

The example here illustrates a general, procedure' whicli mathema-? 
ticians have- developed to show that every periodic decimal repre - 
sents a rational number. You see, therefore, that there is a 
one - -to - one correspondence betweeh the set qjP rational numbers, and , 
the set of periodic decimals . It would^^^l? quite equivalent then for 
us to define the rational numbers as the set of numbers r-epresented 
by. all Wch periodic dedimala, g ^ ^ 
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^fore ycu leave the subject of decimals there is one interesting 
faet|abo\it Uerminating decimals which will be disciifeSed. 

Y^ix -saWsthat rationals like 0.5, = 0.^, ^ = 1.875, 

0.397^^."^ 27.68 all are represented by terminating , 

decimals. How can you determine when this will, be^ the.casp? If, 
^or irisplration, you look ^t tl)e rationals^ of this type which have^ 
been Ml^ussed, there is a\i obvious clue: The denominators sfeen to 
have only the prime factors 2 or 5, or both. ' (See Problem 3 in 
Exe'rcises 6-3-) 

Consider a rational 'number in which the denominator is a. power 
of^ 2, such as 39. ^ : --^-^ 

, : 7 ' ' 

4 '■' • . ♦ 

Bjr multiplying by ' 1 = ^ you can write 

5 



' 39 ^ 39-5^ ^ 39-5^ _ 39-625 '_ 2^,375 _ p u.^. ' ^ - 
2^ 2^ l7 10,000 - 1^,060 - 2.'^375. 

Sltfillarly if you have a rational nxaraber fn which the denominator is 
•a power fcf 5,^ you can. proceed as in the following example, 

3 .3 _' 3-2^ 3-32 96 k r^r.^r.C 

^ - -55:;5 = ^ = IOO700U = 0-^96. . ^ - 

• « • 

Quite generally, if you Have any rational number with only powers^ 
of 2 and powers of 5 in the denominator, you cap use the -same 
teciinique. For examplie, ' 

3791^ ' ' -5791 -5"^ 2^ ^ 3791 > 5^ '2^^ ^' 3791 > 5^^ -2^^ 3791-5'^-2\ 
""^ (27)5^(5^.2^^') : (2^5'0.(5^V^') 10^.10^^^ 10^1 ' 

and this gives a temiinating decimal representation. ' 
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In order to establish a general fact of this kind suppose you 
ask the following question. What rational number £ (p and q 
asswied to have only i, ks. a common factor) c an be- represented 
oy. — where N is an integer? . / . - 
\ Suppose , _ ■ 



q - ^ 



Therefpire q-N = p-lO*^. 

^ This says that q divides the pro'duct of p and 10^^ ' But 
you assumed that p e^nd q= have only 1 as a common factor.' 
Hence q must divide 10*^. But the only possible "factors of 
10 =^ 2 ^ are multiples of powers of 2 and powers of . 5. 

Thus you hav^ proved that a rational number r has a terminat- 
ing decimal representation if and only if the denominator of r 
consists only of products oX powers of ^ and. powers of 5; that 
is, r must be of the 'fom / 



r = 



' , . ' ' Exercise 6-4 

.1. Express each of tne foHo^ing as a' decimal. 

, (a) 10x0.9999... * (d) 1,000 X 0.613451JIF5 ... 

(b) 100X3.121?... (e) 10,000x6.01230157,.. 

(c) .10 X '0.004W . - ' ■ 
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2. Sub.tract in each/ of the following. 

I 

(a) • 3128.995 • ' • (e) 1.233331 ... 

312.899 ./. • 0.123331 ... 

(b) 9.99| . .. / ^' '(f) 35^.5'tM • • . 
0.99^ . . . / " ^ 3.5^5^ . . 

(c) . 162.162^.... • (g) 27075.075075 ... 

0.1621^ ... 27.075075 ... 

(d) 301.010m ... (h) * 416.47777 .. . 
'"3.010101 ... 41.64777 . . . 

3. Write each of the folding in the form ^, where a"^ and b 
are counting mxmbeps. 

' (a) (.;), 1^ . (,,1^ . 

'^. The first- step in writing a rational number in decimal form as 
a fraction is to choose the power of 10 by which the original 
decimal number should be multiplied. For each of the following 
numbers N <find the smallest number of the form 10^ (10,' 100 
1000, etc.) s'o that (10^. N)- N is, a terminat^g decimal! 
Show this to be true.. , ^ ■ * 

.Example: N= '1.324^... 

lOON =132.424?? ... 
N = 1.324?r ... 

lOoN-w =i3i.ioboo .:. 
_.fe) 0.555 ..; - (e) 163.177 ... 

(b) 0.7377 ... '. •. ■ ^f) 672.42lf/!'.-. 

(c) .O.901OT ... ^ .', (g) 0.12345655 

• (d) 3.0233:? • (h) , 3.41000 ... ■ 



mc: 



258 



5. Irfliat rational numbers have these decimal expressions? 

(a) 0.0905 ... (e) .0.1625 _ 

(b) O.lllT ... ' (f) 0.166E ... 

(c) 0.0555 ... , (g) 5.1251^ ... 

(d) 0.1231^ ... (h) 10'.04575 ... 

6. Write each denominator of the following numbers in completely 
factored form. 

/ 

' (a) , 3^ ■ (e) 



■(c); I . . (£) ^ 



7. Which of the numbers in Problem 2 have" decimals which repeat 
" zero? * 

8. Assuming the a to have the value one (l) in the rational 

number r-* what numbers between 63 and 101 may be b and 

^ ' a ' 

€ive a terminating decimal- expression for ? - • 



6-5 Rational Points on the Number Line 

If you think of the rational numbers as specified by decimal 
representations, you can see immediately how to locate and how-to 
ordefr the corresponding points on the ni:uijber line. 

Consider for example the rational number ... and its 

place on the number line*. The digit 2 in the units place tells 
usr immediately that the corresponding rational point ?] lies f 
between the integers 2 and 3_ on the number line. Graphically 
then the first -rough picture is this: 



P 

J-JL-L 



9^ 10 
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A more precise description is obtained by looking at the first two 
digits 2.3 which tell us. immediately that "*P lies between 2.3 
'and 2.4. On the interval frgm 2'* to 3, then, divided 'into tenth? 
(and magnified ten times for easy comparison) P is found as shown 
below 





P * 

1 1 Vi 1 I 






1 


2.0 


2.3 *2.4 2.5 






3.0 



If you continue the process of successively refining the loca- 
tion of P on the number line you will have a picture such as the 
following , • * 



^ (2.3...) . ,2 ;o ■ V-^^' .' ' 

P (2.3961/..). . ■ ^^-•i.-.J^J ' 'e^j > ^ ,o 

P (2.39614...) Z.jfel^r" ' ^ ' ' ' ' 2^1^ 20 

, Location o^ point P corresponding to 2.39^^ 



.Prom .such a decimal representation for a rational number you 
can- easily find how to locate the number to any desired degree of 
accuracy on the number line. / 



♦ 

Moreover, given any two distirlct rational members in this form 
.it Is a simple Wtter to tell by inspection which is larger and 
which is smaller, and which precedes the other on the niomber line* 

3 ' 

If you think of locating the point y carefully on the niomber 

line would you prefer to use y or 0.42b571 ...? If you wish to 

3 3 
compare y with another rational, which form is easier to use, y 

or 0.42^5571 / 



Exercises 6-5 ^ • 

1. Arrange each group of decimals in the order in which the points 
to v/hich they correspond would opcur on the niomber line. List 
first -the point farthest to the left. 

'(a) 1.379 • 1.^93 1.385 5.^68 1.372 

(b) "9.^26 '2.7o5 '2.761 "'5.630 ^2.763 

(c) 0.15^75 0.15^67 0.15^'63 0.15^75 0.1$598 

2. In ProbJ^m .(ic), v;hich points lie on the following segments: 
(a) The segment with endpoints 1 and 2? 

• (b) The segment with endpoints 0 and 1? 

(c) The segment with endpoints 0.1 and 0.2? . 

(d) 'The se'gment v/lth endpoints 0.15 and O.16? 

(e) The segment with endpoints 0.15*^ and 0.1-55?, 

3., Draw a 10 centimeter segment; label the endpoints 0 and 1, 
and divide the s-egment into tenths. Mark a^id label the follow- 
ing points*: 

(a) 0.23 (b) 0.1^9 (6) 0.80 (d) 0.6 (e). O.08 (f) 0.95 

4. Arrange each group of rational numbers in order of increasing - 
^ ^ size by first expressing them in decimal form, 

^3 • 17 3 ^ 

9^ ' ro' 50 ^ * 7' .J 

(b) 2 , 67 . ^ ILS 
y>) 3-. T5o ' 909 
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6-6" Irrational Nijmoers ' ^ , - \ * 

You have learned many things about rational numbers, ^ 6he of 
tf\e most Important is the ^density property; between any two distinct 
rational numbers on the nimiber line there Is a third rational number. 
This tells us that there are many rational numbers and rational 
points - very many of them. Moreover, they are spread tnroughout 
the number line. Any segment, np matter how small, contains . 
Infinitely many rational points. One mights think 1;hat all the 
points on the nmber line are rational points. Let us locate a 
certain point on the number llr\e by a very simple compass and ^ 
straight edge construction. Perhaps this, point will have a surprise 
for us . 

a. Construct a number line and call It Let A be the 



point zero, and B ^e thp point one. 

At B, construct a ray m perpendicular to ^ ^ 

On m construct a llne^ segment BCf" one unit long. * 

Draw segment ACl 

With A as center and radius AC, draw a circular arc 
>vhlch Intersects^ . Call the point- of Intersection D. 




Figure 6-3.^ 



Now consider two* questions : ^ ^• •^ 

(1) To what Aumtier (IJ^; any) doeg point T) .corresporid? ♦ 

(2) Is this number a^atlonal number? 
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Consider the f irstSuestlon, "To what number does point D 
correspond?" First find the length of Jc, since and , 115 

have the same length. The uni|, of measure used will be the unit 
distance on the number line. In Figure S~i, triangle ABC, is a' - 
right triangle. The Measure of AB is 1. The^easure of W is 

V 

1. You can use the Pythagorean property to find AC. " -u 

i - .• A ' 

^ .AC" = BC + AB 

' AC? = i2 ' ; ' ; ' 

The positive number whose square is 2 is defined as the square 
root of 2^ and is w!ritten ^2^. 

Thus, • - ' ' ' 

' AC « so 
AD = 1/2. 

Therefore, the. point D corresponds to the number ^2, Is* 
a rational member? . Is it the quotient of two^ ihtegers, and can it 
be represented as a fraction ^, in which p and are integers 
and q / 0? ' ' ' ^ 

^ To answer this question, line of reasoning which people very 
often use' will be followed. This type of reasoning can be Illustrated 
by the following ^conversation bfetween^'mother and her son. John was 
late from school. When his mother, scolded him he tried to avoid 
. punishment by saying that^e^haTd i^in all the way hom^. "No, you 
didn«t run all the way," she said fimly. John was surprised and 
ashamed, and ask-ed,^ "How did you know?" "if you had run all thai/ 
^i^ay, you -would have been .out of breath,", she said, "you are not . 
out o^ breath. Therefore you did not run." 

John^s mother had used indirect reasoning. 'She assumed the - 
opposite of the * statement she wished to prove, and showed that 
this assumption led to a conclusion which could not possibly be : 
true. Therefore her assumption had 't6 be f^lse, and the original 
•statement had €0 be true. 
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It will be proved that V^" is not a rational number. Indirect 
reasoning will be used. It will be assumed that ^f2 is a rational 
number and then it^ will be shown that this assiomption leads to an 
imppssible conclusion. * ' 

Assume that Y2 is a rational number. Then ^2" can be 
written as ^, where p and q are integer's and q 0. Take 
^ in simplest form. This means that £ and ^ have no common 
factor except 1. ^ 

^If- ^2"= ^> then 2 = and 'so 2q^ = p^. Since p and 

q ; f 

2-^2 

q ar,e integers, then p and q are also integers. If 

2-2 2 
p = 2q then p must be^an even number, (An integer is even 

if it is equal to 2' times another integer.) ThiTs, p*'p must 

be even. An odd nvJmb^er tJonas an odd niomber is an odd number. (Do 

you remember why?) Thus, p must_be*even, and ca?i be written as 

2^^ whei?e; is an integer. 

:Then, p = 2q may, be written as (2a} 2q 

. and (2a) . (2a) = 2q^ . 

and . 2.(2a^)= 2<^ 
> and 2a^= ^ 

\ i . 

Tnis tells us that q is also an even number since it is e6ual 

to 2 times another integer." So q is also an even number;'' 

, Thus our assumption, that ^ is a rational number £ in 

simplest form, has led us to the conclusion that p and q both 

have the factor 2. This is impossible, since the simplest form 

for a fratjtioii is the one in which p and ^ q have no Icommon 

factor other than 1. So the statement "^2 is a rational 
number" must be fals6. 
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Since the measure of segment AD in Figure 6«-3 i&f" '"v^/ '* then 
2 must be the number which corresponds to point ,.t^.''/lt has 

2 is not a rational number. Therefore, there 
is at least this one pcriflt on the number line which coi^responds to 
some nvunber which is not a rational n\imber. In-other words, even > 
though t'cxe rational points are dense, the set of points on the 
number line contains more points than there are rational numbers. 

A nxomber like Yi", which is not a rational number, is called 
an j-rrational number . The prefix "ir" changes the meaning of - 
"rational" to "not rational." 

Exercises 6-6 

1. Construct a figure like Figure 6-3, and label point D " V^" . 
Then use your compass to locate the point which corresponds to 
) the number "(V^), and label it. 

4. Drafw a number line, using a unit of the same length as the 
unit in Problem 1.^ Use the letter A for the point 0 and 
the letter B. for the. point ^ At construct a- se^ent 
^ perpendicular to the number line and^ 1 'unit'"In length, and' 
call it BP. Draw ,IP. What is the measure of segment AP? 

3. Use the drawing for Problem 2, and locate on the niamber line 
the points which correspond to and "(Vs)* Label the 
points. 

4. Do you think ^5 is a rational number or an irrational number? 
Why? 

5. Using the same method as in Problems 2 and 3r locate the point 
Vs . Can you work out, a way to locate .the point for 

For y?? ^ ' * ^ * 

6. Locate the points which correspond to these numbers: 

(a) 2^f2 -(b) (c) -(3V2.) " , 

■ Ji : 

•r 

<^ 
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7. Do you 'think, that (2^2) is a rational number or an irrational 
number? • • • * 

Prove that^ is an irrational number. (Use indirect 

reasoning very similar to. the' line of reasoning which was 
used to show that -Z? is irrational. At bne point you will 
have to know that if *l.p^ has 5 as a factor, then p also 
has 5 as a factor. Prove this simple fact. Before you try 
' prov^^^thaj- is irrational, think of the unique factori- 

zation property' of counting nujnbers. If the prime numbei^ 5 
were not -3. factor of p then how could it be a factor of P 

Enumerating the Rationals" """"^^ 

In the precexiing discussion it Was proved that V2" is not *a 
rational number. Moreover, it appears tha,t there are many other 
numbers, such as and which are not rationals. If you 

think about the rationals and the irrationals a bit you can see 
how to J^S^^ many, many irrationals. For example, every number 
of the form Y^' where is rational, will oe irrational. 

Hence the set ^"^^^^2) can be put into one-to-one correspon^dence 

with the set of rationals (~) * Yet the set (fV^} Is obviously 

'^only a very smjLll part of the irrationals! 

Indeed, you have suffered a great disillusionment - the rational 
numbers, despite being dense on the number line, actually leave 
empty more posi<fions than they fill! An even worse shock to our 
j^ntuition, perhapij is to find that a line segment whose length is 
not given by a rational number ^^n be constructed so easily. 

In fact, one of the really important distii:ictions' between the 
rational number system and the system of irrationals is that you 
can show how to display all the rationals.. One scheme ia to* 
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proceed as follows, \Jv±te the array' as follows. 



1^ 3/0 ./D t/> 

. /T . /T A /I T /T yl 




You can find the positive rational ^ in the i^t'h column at 
the fifth row. ' In what row and what column would you look for the 



rational 



lo; 



For 



17' 



For 



?y following the snaky line in the above display a one-to-one 
correspondence can be shown between the set of positive rationals 
and the^,set of counting numbers like this: 



Counting Numbers 



Rational 




6 ^ 



^ In this listing of the rational numbers the snaky line has 
been followed but all fractions whi>ch are not In simplest form have 
been left out, ^because they are only 'other names for numbers already 

in our list. Tn hhi s H-lnnlatr 2. a -f-K^^ 1 ^ 



in^our list, 

is the 6th rational niomber, what is the ^8th rational number? The 



In this display ^ is the 3rd rational number,- j 



11th? If the above were bontinued, ^ 
number? • v 



would be the what-th rational 
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When a one-to-one correspondence has "been, set up between a ^ 
given set and the set of counting numbers (or a subset of the 
set of counting numbers) mathematicians say thatfl^he set has been 
"en^ijnerated". Thus the^se^ of positive rational numbers above 
has been ."enumerated". s * 

Geqrg Cantor (l845-19l8) discovered in l874 that the set of 
- irrational numbers cannot be "enumerated" by any method. There are 
so many irrational numbers that it is impossible to set-up a one- 
to-one correspondence between the set of these numbers and the. set 
of count ing^numbers No j^atter how 'you try to display irrational 
numbers some irrational numbers will always be. left out - more 
.than have been included, as a matter of fact. This is whgt is 
meant when it- is said/ that the ratioifal numbers leave more places 
empty on the number linfe than they fill. 

If y6\i^,^r^ interested' in learning more about this important " 
phase of mathematics you might r^fer to* One Two ^hree . . . Infinity 
by Geroge Gamow (pages 14-23). A brief but interesting history of * 
Cantor's life can be found in Men of Mattiematics by E. T. Bell 
( Chapter, 29) . \ - * . • ^ 



6-7 A Decimal Representation for V2 . . ' ' > ^ 

Numbers like ahd Y2" correspond to points on the 

number line, they specify lengths of line segments and they 
satisfy our natural notion of what a number is. Perhaps the most . 
unusual aspect about is the way it was defined: Y2 is ^ ' 

the positive number n which when squared yields 2,- so that 

' • : ~ 2. . • 

This differs from the previous way of defining numbers, since up 
to now this chapiter has dealt mainly with integers and numbers ' 
'defined as ratios of integers 

ft 
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In order to help us gain >a better understanding of a 
new way of describing ■>/2 ii^ terms of more fanTiliar potions will." 
be -discussed. If, for 'example, could be expressed as / 

decimal this would help^ us to | compare_^ it with the ratio^ial numbers." 
It would also' tell us where to place/it on the number line. ► , . 

Let us think about the definition of the number V2 , namely ' 
.(V2) = 2. If you thi^ik of squaring' 1 and 2 ^you will ' note 
immediately that : ' " ' 



^ 1^ < (Vs)^ < 2^ and hence 1 < V2.< 2. ^ 

This says thal^ ^f2 is greater than 1 and less than 2, but 
you already knew that.- You might try^a-closer approximation by test- 
ing the squares of 1.1, 1.2, 1.3,' 1..4,, 1.5. A little- arithmetic 
of this sort (try it!) feads^s to the -result ^ ^ ^ 

1.96 = (1.4)^< (.V2)^ < (1,5)^ = 2,25, " ' . 

and therefore you conclude that - lA* < 1;5, I. 

The arithmetic involves a Id-ttle more work at the next^ stage 
I buf you can' see with a little more cof^j^tation that 

; ' ;l.988i = (1-41)^ c'i^f < {lA2f = 2.0164, 

and therefore 

1,41 < yi < 1,42, ■ . - , . 

If you 

'l.,"4l4 < Y2 < 

You can see that^this process can be 'continued! as long as our 
y - If 
enthusiasm lasts, and gives a .better^^decimal approxl nation at every 

stage'. If you continued to 7 piace decimal's you woi Id find 

; ^ 1.1H42135'< 1/2 < i.4l42l36. - .* 

This is a very good_ approximation of V^,' f or (l .4liJ2l36)^_ 
= 2.00000010642496. 



ry to extend the process further you will get at the nejct stag^ 

1.415, ' 
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. . ' 5y the use of the defining property, ( V2)^'= 2, then, you 
can find decimal approximations for ^2 Which are as accurate 
asyouwish. You are led to write 

-y/l = 1.4142135 .* . . ' ' 

v;here the three dots indicate that the digits^ continue y/ithout 
.terminating, as the process above suggests. 

Geometrically the p]^ocedure youhave followed can be described 
as follows- in the number line. Looking first at .the integers of 
the number line on the segment from 0 to 10, you saw that ^2*, 
would-be 'between 1 and 2. 

^ ♦ I I ▼ _ i I I t I I I I I 



0 I2 3 - 45 6J?|8 9I0 
t • 

Enlarging our view of this segment (by a ten-fold magnification) 
you saw that. v2 is on the segment with end-points 1.4 atndo 1^5 

I I I I tjl I I I » ^ ' 

1.0 ^ 1.4'^ 1.5 ' 2.0 

and again magnifying this picture, "^2" lies within the inte'^rval' 
(1.41, 1-42)'' ^ . ^^^.''t 



1.40 1.41 U2 1.45 1.47 I.SO 

aid so on" till the 8th stage shows jkjg thatVs- lies between" 
4142135 'ana 1.4l42l36. 



4 



J L I « i 



r;4l42l30 1.41421^5 ' " 1.4142140 

■ . 41 * 

This process sho ws us how to r ead the successive digits in, th^^ 



decimal representation for At the same time it gives a way 

to define the position of the point on the real line*. , - 
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\<hen you write the^ number • Y2 as l.i^li^2135 • . ..it looks C 
suspiciously like many rational numbers you have seen, such as 

.^-0.3^33333 ... and ^=011^^28571^^^. . . 

You pause td. ask, hoV aa^e thejjr different and how can you tell a 
rational from an irrational number when you see only the decimal 
representations of tlie numbers? . : 

The one special feature of the decimal representation ot 
a rational number is that it is a periodic decimal. As you have 
seen') every periodic decimal represents a rational number. TOien 
the decimal representation of "^2 cannot be periodic, for Y2- 
is irrational. You can be' sure' that as you continue to find new 
digits in the decimal representation 

^ 2 l.i^liH2135*^. . . . • ^ 

no group of digg|^j^lll^er repeat indefinitely. ^ You can only be 
certain that ^^'"decimal names a rational number wh^n the'periofl of. 
the declmal^is indicate^/ usually with a vinculum {^) . j 

♦ Exercises/6-7 \ 

1. Between' what two consecutive integers are the following -irra- 
tional numbers? (write your answer as suggested for {a)).' - 



(a) 




Vso" ^ ? < V30 < ? j 



19 
53" 



V^3o"(Hint:^ k2QQ- is \2.-QQ x 10^, so be^in estimating 
by thinking of "^^-10) . • ' 
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2. Express- (a), ^(b); and (c) as de-clmals to' six' places:^ 
(a)' (V3)^ ' ■ 



(b) {i<^s2y 



3. 
4. 



(c) (1.733)^ 

(d) Find the difference between your answers for (a) ^d (b)*; 
find the difference between your answers for (a) and (c). 

(e) To the nearest thousandth what is the best decimal expres- 
sion for V^*? ' , 

V/hich of the numbers^ suggested is the better approximation of 
the following irrational numbers? 

.yS: or 1.7^ ^ ' - ^ 

VlB:-^ 3.87 or Jfe.88 



5. sV637: 25.2 or 25.3 



Pind^ to the neai*est t^nth, the nearest* decimal expression 



for these irrational numbers: 



6. 



9. For what number n is n = ID? 
10. For What number h '^is " 



8. Y221 • 



• 6-8 Irrational Numbers and 'th6;-Real Number ! Systej 



' You have- seen that all rational numbers have periodic decima'i 
representations. You saw also that ^2 is not rational and thai 
itr is represented by. a Jion-periodic decimal., is called an' 



irrational number. * • 

This de'cimal form is now used to define the set of irrational 
numbers. An irrational number is defined as any ntamber with , a 
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non-repeating; decimal* representation 



The system composed of'^all rational and irratlonal^^umbers Is 

called the real number system , . ' 

From this you see tnat any t^e^l niu-nber can be characterized by 

a dec imal reoresen^tation* " ' , ' • 

\ * — ' 

the decimal representation is periodic tlie number is a v 
rational number, otherwise the number is an irrational number . 

V/i^h^^every point. P on ^the real mimber lln^ there Is associated 
one and onl^ one number of this form by a proce'^s o^ successive loca 
tlons in^decimal Intervals .of decreasing length. Tne "drawings 
below Illustrate the first few steps In finding the ""decimal corre- ^ 
spending to a point , P ' on the number line. Cons l<^r. point P 
bet,ween 3r. and 4. 



1 



<r-^ ; 

3.0 

— H 1 ■ 1 


\ 

y : 
•1 




1 '.K 


I 


— 

4.0 


3.00 . » 
< 1' r — 1 -L 


1 


1 


A . . 
3,6 • • • 

' P 

1"' IIUllI 




4.00 

-U 



Note that any two distinct points- artd Pg v/ill correspond 
to distinct declmar representations,. -for if they bcoup as 



.on the numbej? line you need only subdivide the^'numbeij line by a • 
sufficiently *flne decimal subdivision (l^jenths'^ hundi'edths, 
thousandths, etc^) to assure that P^ and P^ a]?eJ separated by 
a point of subdivision. * ^ , 
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^ Conversely, given any decimal, you'haye found how to locate, the 
corresponding point of the rfeal numbej* line, by considering succes- 
sive rational decimal approximations provided by the number.- 
(RememHerjhow you started' to locate the point 2.39614... in Section 
5.) • ' ■ 

Thus there is a one-to-one ^orrespondjence between the set of 
real numbers and the set of points on (£he number line. , * 

•The set of real numbers, contains the set of rational numbers 
as a subset. YLouhave learned that t^iese rational numbers form a 
mathematical system with operations, addition and multiplication, 
and their inverses, subtraction and division. The same is true 
of tJiSsjent'ire set of real numbers. You can add real numbers, * 
rational or irrational, and you can multiply real numbers. The 
resulting number system has all of the properties of the rational ^ 
number system. In addition it has one Important property which 
the rational number system -does not have. This will be discvv^sed ■ 
below. . ' ' ' 

' . ' ' - S 

The familiar properties which the real number system shares 

with the ijational number system are listed first. 

Property 1^, Closure . - 
a) Closure under Addition. The real number system is closed under 

the o^feration of addition, i,e.,"if a and b ^re r^al 

nxlmbers theo a + b is 'a real number. 

b;. Closure under Subtraction, The real, number system is closed 
_ under the operatlqp of subtraction (the inverfee of additidn), 
I i.e.. If a- 1 and ;b. are real numbers then a - b. is a real 
^num-berj ' -I . ^ ' Ih' . . \ " ' ' 

e) ■ Closure under Mint^piicatlLonr'Vrhe rea^/number System is. closed 
under the pperatl^n"'brTnaist<iplj^^ I.e., 'if;; -a and b are- 

real numbers then^.fa*b is a re'al* .number. . " ' ■' *.'* 

"fi" "'"- ■ " . • ~ • \ ' \ ' ^ ' 

d) Closure UQder Division,. ;"''?'h'e re&l -numbeP system is closfed xind^i 



the operal^'io^ of 'di^vi'Apj\\{the^Xmfrae oi"' multi^llQation) , , ' • 

i.-e., if "a^-'-and''"b dTfe-^tial ^WbelBS tlien . $ Kb' (whien b-;^ 0}; .; 




The operations of addition, subtraction, multiplication, 
, and division on real a\inibers display the prOpyties which you have 
already observed for rational s. These may be' summarized as follows: 
Property 2. . Commutatiyity > ^ *' 

a) If a and b are r.eal ^umbers, then a'+*b = b + a. . 

b) If a and b are r^al numbers, then a»b = b*a. 0 

Property 3, Associativity . ' ^ ^ , ^ ' 

^a) -If a, b^ and c ^re real numbers, then a + (b + c) . ^ 
= (a b) + c. 

\ f o) If a, b, and- c ^ are real numbers, thea (a*B)-c ^ a-(b*c). 

* , Property _4 . Identities . , » ^ ^ 

a) If a is a real number^, then a > 0^ a, ^ i.e., zeroiis the • 
identity element fop/ the operation of- addition. 

> bX I^" a .is a real number, then a*l = a, i.e., one is the 
identity element for the operation of ^mul triplication. 

^ Property 5. ' Distributivity . If a^ b, an<J c are real 
"^numbers, then a*(b + c) = (a*b) + (a*c). ,5^ 

Property 6. inverses. . . * 

^ a) If a is a real number, there is a rea?. number ("a), called 

the additive inverse of a sych that^a + ("a) = 0. 

! ' b) ^f a is a r|al i>umber and a 0 there is a real number b, 

called the multiplicat^ive inverse of a*. such that a*b = 1. ^ 

Property Y. Order . The real- number system 'is- ordered, i.e, if 
a and b, are different real numbej^'s then either a <y\,or 
a > b. ^ s ' - • 



1 



1 ^ 



2^1 
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. Property 3. Density . .The real number system is dense, i.e., 
between ar\y two distinct real numbers there is always another 
. re^l number. ^ Consequently, between any two real numbers you 
can find as many more real numbers a^ you wish. In fact yoii 
can easily see tdiat: l) There is always a rational number 

.between any two distinct real numbers/ no matter how close. 
2) There is always an irrational* number' between any two 
distinct real numbers, no matter how close.. 
. j The ninth property^ of the system of real numbers is one - 

^ which is not shared by the rationals,. 

Property 9. Corapleteness T.\e real number system Is co..:plete, 
i.e., to each point on the number line ther^ corresponds a real 
^ number, and, conversely, to each real number tliere corresponds 
a point oxh the -number lin^. • ' ' \ 

, ^ ^ / 

You sav/ that in the system of rationals the^e -is i)o number 
v/hich when squared yields 2. However, in the real number sysltem* 
as definecl, such a n'onoer is included. " ^ . 



If a and o are positive and b = a^ v;e v/rite 

n 

iread ",a is an nth root of b Since — ^ t*t*l 



.a 



« a a a 

Q 0 Jb 



a 
b 



% is an 



nth root of 



. a 



n 



a 

-pj is called^ a perfect" nth povrer.- In general, iJf is a 



— . The 



jiiber 



positive rational number written in kuoh- a way. that ' c and d 
6re counting numbers with rfo c9mmon ffactors other than 1, then 

-^-lls c all e d s u^)ei^fe^ — rvthi povfer/^^nd only if 'both ^ an(^ ' ^ 

^ are nth powers of some counting numbers. \he niomber 4r is a^ 

perfect 3rd "power,, the nunjber is a perfect^ 2nd power Xsinc^e 

it can be written as- ^), but the number " ^ is not a perfect, 
nth power tor any. ^n greater than 1. . ' ' . ' 
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It h3.ppens that the nth "^root of any positive rational number 
v;hich is not itself .a perfect nth power is>-an irrational niimbe^r. 

Tiiis means that*sych niombers as Vs'^ . V ^ 




irrational numbers whereas V^S^ a/sT! 
' ' .V VTP" 

rational numbers. Hence, in the system of rationalsyou^cannot hope 

to extract nth roots of any numbers which are not perfect nth 

powers. Hov/ever, when the irrationals are^ included to form the real 

nxmber system*, nth roots of positive rationed numbers can be found* 

Tiius a very useful property of the real niomber system is: . 

Tlie real numbe;? system contains nth root#, ^ of all 



positive rational numbers ^, b / 0. » ' 

This a'ssures' us that among the real niambers there can be found 

numbers as V^T 1 + -"^^^ other 

nth roots of positive rational numbers . 

.'In additicih to irrational niimbers v/hioh arise frorfi finding 
roots of rational numbers there are many more irrafional numbers 
v/hich are called transcendental numbers. One example of a tran- 
scendental number is the number ir which you have met in«-ybur study 
I of circles. Recall that ttI is the ratio oflthe measure ojf the 
' circilmiference of a circle tc^ the measure oX its diameter, ^It is 
surprisingly hard to prove i;hat ir .is irrational, but it has been 
don^./^ Tj^e decimal . repre ;ation . 



IT = 



3.1^159265 



22 PP 

cannot be repeating. The niomber ir *is not although is \ 

a fair^ approximation to tt. (Compare the decimal repre^^sentation of 
^^fi-th that of TT..) 1 . ' V 

Vfhen you 'studied logarithms in high fir6hOQl,\y6u were studying 
nximbers which are almos\ all" transcendental n\Mb'e7?s. If N ^is 



mos^all' transc 
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any positive real number and x is tne exponent such that 



10^ 



N 



then it is* said^at x is the logarithm of. N to the iDase 10. If 
N is a power of^lO, saj N = 10^, then clearly 10^ = 10^, so 
2 is the logarithm of iO^ to the bp^e 10. In such a case, the 
logarithm is a rational number. But for most nvinbers the logarithm 
v;ill be a (transcendental) irrational number. 

The trigonometric ratios, sine of an angle, and ^t^ngent ,of an 
.."aJigle aye^ other expressions which usually turn out to be transcen- 
dental irrational numbers. These ratios are defined in a later 
chapber. - 



* y . Exercises 6-8 

'rnlch of the following numbers do you think are rartional and 
v/hicn irrational? ^^-'»'- i -< r,-k.; ^ • 

(a) 0.231^.'.^^ 

(b) 0.23123112311123. /. 

(c) i-jS 



Make two list.s 



[(e) |0.783^. ..' 



'.(i) 0.75000 
(k) 0.959559555955559 . . 



Problem 1 as a decimal ' 



2. V/rite each of the rational numbe;?s iri 
1 andi as. a fractiorT. ^ • j 

3. For each\ of the irrational num.^ers^'^n Problem 1 wite a decimal 
correct to the nearest hundrecth. ^ 

• . » ' ' ' 

(a) Hake up 3 terminating decimals for ratior^l numbers. 

i ' ' ' • - ' / 

(b) ^ Make up 3 repeating decimals for rational numbers. I. 
, (c) -Make up 3 ^decimals Jor irrational nujjibers. 
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Y^'have learned how to insert otii4r rational numbers between - 
tv/p-giyen^ rational s. Now that you have studied deaimalCrepreifeenta^ 
fcicyis f on real numbers, you^can see how- to^ insert r.ational'^ # 
irrational n'orat^ers betv/een i*eal numbers. Look at these decimal'd""'^^ 
for twoNaumbers a and- b,"^ f ^ * ' 4 ' 

• a =' 4, 219317. , ' I 

' . .b = 4,2a4(IWX)1000100001\ , , ' < 

Thiese ^umbers are qUite^ close together, but an;^ decimal which 
begins 4.22... will be greater than a and ies's than b. You can 
then continue the decimal in such a way as to make it rational or 
or to make it irrational. exar.iple^ , 4,225225' . . is rational 

and 4.. 225622506225666. . . is irrational. * . . * 

5. ^ (a) V/rite a decl:;;al Tor a ratiojhal nvunber ^bety'een'^. 38468^. 

"and- 2:369^... , ' ' \ / \ 

(a)V Write -a— oecifaal for an irratlonaj. number betv/een tne^ 
nvunoers in (a) . ' . / • , 

\ * [ ; , . I 

6. yrite decimals for (a) a rational* number and (.b.) an irrational 

nuinber between 0.346019;'.. and ^0.*3*^>28o6:^. 

\^ ' *i . ^ ^ 

7. V/rite decJma^^.or (a) a rational number and (b). an irrational 
humber between^T . 283 . • . and 67 . 28l0'6006 ... 

8. ^ Do you think thatNthe real nujtlber ^system coiitains squark roots 

of all Integers? Sy.pport your ansv^i;* -by an exa}jiple< 



5. An approximation v/hich the Baby3.(5ndarts* usee/ for V -v;a$ the 
interesting ratio y^^. Hpw good '^^Midmaji 



'^i^ma^'ion is t'his? 



Is it as good a,s ^ 



^2 

T 
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6-9 Irrational Numbers in the World Around Us ^ 

You see many examples of rationals every day the price of 

gro^ries, tl^amount of a bank balance, the rate of pay, the 

y^amount of .a v;j)lkly ^ajarjr, 'the grade on a test paper. 

Although the irrationals have nVt been considered for very long, 

i^ is easy to see many examples v/hich involye. irrational niimbers. 

For example, consider a circle'of radius one unit. V/liat is its 

circumference? V/hy, .2 tt uoits, of course. In fact, any circle 

v/hose radius is a rational niomber has a circumference v/hich is 

irrational. Also, the circular closed region of radius r has 

an area, th^ measure of - which is an Irrational number (ttt ). 

The volume of a circular cylinder is found by the formula 
2 * 

V = irr h and its lateral surface area A by A = 27rrh v/here h 
Is the altitude of the cylinder. Here also the volume__and_arfia. 1 
are given by irrational numbers if itjie radius r and altitude 

. Y\ are given as rationals. ^ . ^ 

Also, you will ;Learri how to construct lengths of irrational 
measure by the following simple . succession of right triangles: 
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» Exercises 6-9 

V/hich of the following numbers are rational and'v/hich are 
Irrational? 

The niimbQr of units in: / » ♦ ' 

(a) ,the c^^umf erence of a circle wl^^c^e radius is ^ tmit. 

(b) the area of a square v/hose sides are one unit long. 

(c) the TiypoTenuse of a right triangle whose sides are 5 

and 12 units long. . * ^ 

(d) the area of a square ^ who s.e sides, have leng^ "^3^ units. ^ 

(e) the volurge of a cj'-linder v/hose height is 2 \ units and 
\^ v/hose base has radius 1 unit. ' 

• (f) the area of a r,ight triangle with hypotenuse of length 
2 units ji^and equaj sieves. * \ 

With the use of the facts that VF «^ 1.4l4 and that ^ 
» 1.732 show that , Vs-V^".*^,*^ » 2.^49. 

^ V/hen you begin to Compute witH irrational numbers you sometimes 
encounter relationships which look rather peculiar at first 
but v/hich make perfect sense on bloser inspection. 
Here ai*e tv;o examples: , ' 

/ ' Tife multiplicative Inverse if | is . 

The multiplicative inverse 6f ' ( V^" Vs) Is 

(V3"j- V2I/ • ' . . . 

*(a) Verify these assertions approximately by usin^j^ the 
decimal approximations given in Problem 2. 

*(b) ^Verify these assertions exactly by computing with the 
irrational numbers themselves. 

Find the radius of a^ circle whose circumference is 2. /Give ^n^ 
approximate vali/e for the radius. \Use 3.l4l6/^or m . 
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AppenQ^^ 
HATHEMATICAL SYSTEMS 



A-1 . A New Kind of Addition. 



■ » 




The sketch abov^ represents the face of a four-minyte clocks 

Zero is the ^Starting- point and, also, the end-point of ^ rotation 

of the hand . " . . \^ '/r^ - ' i ' , ** 

' " With the model you ij^ifght start stt 0 .and move to a certain 

position (numeral )^and the^ move on to another position" Just like . 

the moving hand of a clock, erPor "examplev you may start with 0 

and move \ of t^e distance around the face, Youwohld stop at ^. 

If you f ollo\<? this by a -j^ '^rotation (moving. like the hand of a - 

clock), you would stop at J. After a rota'tion of ^l^^from cT yo'^ 

could follow with a ^rotation. This would brinlgyou toggv^ . The 

first e^^ample ddulsd b$ written 2 + 1 gives, 5 where the* .2 
2' ^ ^ ^ 



•^indicates 



the 



' by anothe 

4 



rote 



Tj- of. a rotation from 0, 
othej? 'rotation (l^ke the hand of ,a c 

tatabn, thus you^arrived at the posit ^ ^ ^ ^ 

of a V rotation from O) . The second example wpi^^fejie*' 2^"^ gives 
2 and 4- still^mean the same, as in tW^ first* 
5 means a rotation. of A corambft wa^ to'. 



means to follqW thisK/, 
i)> and the 'i; m^ans 
5 (oi* \ 



*^arke<l 



1 where^ the 
example - and- the 
write this is: 



2 + 5 s 1 (mdd^if.) 
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which is, read: . / 

•Two plus three is equivalent to one (mod k) . 



The (mod k) means that there are four numerals:- 0, 1, 2, 3 
on the face of the clock. The- + sign means what is described 
above - this is our new type of addition. The = bi^tween. the 
2 + 3 and the l" indicates^ that' 2+3- ahd I 'are the same 
(that is-, "equivalent") on this clock. This is called brieflj, 
"addition (mod k) - Of ours e there are other possible notations 
Which could be used but this is^the usual one. The .expressi'on 
I' (mod. it)" is derived from the fact that sometimes k is called 
"the mpdulus" which indicates how many, single steps are taken 
.before repeating the pattern. 

1 • * 

. Example. pind (2 + 3) +3 (mod k) {•,■ 




2 + 3"'s- 



1 (mod k) ^. . 
72 + 3)' + 




1 + 3 = 0 (mod k) 
1+3 = 0 (mGd-^it) 



. :The following table illustrates some of the addition facts 
in the (mod ^) system. , , ' ■ 

• * ' (Mod 4) ' I • ■ 



* : P 
'1 

->2 



2 ' 

'3 0 
1 
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A table of ihis sort Is read by fo^Llowing across horizontally 
^rom any entry in the left columii,'' for instance 2, to the^ 
position below some entry^ in the top row,\such as" X (see arrows). 
The entry dn this position ii;i the table ^is^N^hen taken as the 
result of combining the element in the left column with the ^ 
element in the top^owi(in that o^der). In th^ ca^e abore you. 
can write 2 +' 3 s 1 (mod 4). Use thertable to check that^ 
5 + A = 0 (mod 4). ' . . . . * 



Example * Complete tiie following number sentences to make 

> *♦ 
them true statements . ' ^ . \ ^ 

(a) 5 +'4 s ?*(mod 5-) - \ 

The mod 5 system represented by the face 'of a clock 
should hare fire positions; namely, 0, 1, 2, 5, and 
^ 4\ If you draw this clock you will see that 

■ 5 + 4 s 2' (mod 5) sincg the 5 means, a rotation of 
I" 'from 0. This is followed by a rotation which 
ertdfl at 2 . * » 1. .o 

(b) . 2 + 5 - ? (mod 5) . • V . 
, .2 + 5 s 0 (mod 5)*.' .This is a ^ rotation from' 0. 

followed by a ' 2. j:»qtation which brings us to ' 0. 



Exercises A-1 . , ^ 
a • Copy and complete the table for addition (mod 4f . IJBe It to 
complete the following number sentences: , 

(a) 1 + 5 = .? (mod 4) (c) 2 + 2 s ? (mod 4) 

(b) 5 + 5 s ? (mod* 4) (d) 2^ 5 s ?^(mod 4) 

2. ' Make a table for addition (mod 5) and for addition (mod 5). 

5 . Use the tables in Problem 2 "to find the answers to the 
♦ following: 

(a) 1+23? (mod 5) ' ' (c j 2 + 2 a ? (mod 5) 

(b) 5 + 5 s*? (mod 5) <d) 4 + 5 s ? (mod 5) 



Make whateyer tables you heed to complete the following 
^number santences.* ^ . ^ * \ ' 



(a) 5 + 5 = *? (mod 6) 

(b) 5 + 5 f ? Cnjod 6) 



^ (c) 3 + 6' = '? (mod 7) 
(d) 4*+ 5 = ? (jnod 7) 



5. 



Note: t)e sure ^o keep all the tables you have.' made. You 
will find use for them later in^this chapter. 

Find a i*eplacement\^r x to raak^ each 9f the foi:).owing 
number sentenc*es a true statement • 



(a) 5 + x-s 2 tmod 5) 
,(b) X + (mod 5) 



(c) X + 2 s 0 (jnod 5) 

(d) / + X H 1^ (mod 5) 



6: 

'7. 



3even hours afte^ eight o«cldck is what time?, What n6w kind 
of addition did you use here? . . - - 

Nine dayS^ft^er the '27th of March 'is what date? ^What 
kind *of addition) did you use here? ^ * 



new 



A IJew Kind> of Multiplication :^ > , s ) , ^ 

* Before consiSering a new multiplication let us look. at a 
part of a multiplication table for the whole numbers. Here it is: 




X 


. 0, 




2 


' , 5 




5 


6 


' 0 ■ ' 


■ 0 




0 


' 0 


0 


• 0 


'o" 


1 • 


• 0 • 




2 


5 


,4 


5 . 


6 




0 


2 


^- . 


. 6 


' 8 


. 10 


12. 




0, 




> 6 


9 


12 


15 


18 • - 


k 


0 




8 


12 


16 ' 


.20 


24- 


— *5 


• 9 




10. 


15 • 


20 


" , 25 


50 ' 


6_ 


;.°/ 


/ •6.: 


12* 


18 


24 - 




56 - 

* 



, If you had this table and forgot what 5 

1 «../•./ >- 



times 6. is" equal to, 
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' could look in the row labeled 5 and the column labeled 6 and 
find the answer, * 50, in the ^5-row and 6*-c6lumn (seeVarrows 
a'bove)'. Of course it is easier to memorize the table ^since you u^e 
it^so frequently^y^ut if you had not memorized it, it might be a 
very .convenient-xh^g to have in our pocket for eiasy deference . 

How would you make ^uch actable if you didiT^t know it 
already?' This Hould be quite eas^ if y<^ could add. The first 
line is very easy — you write a rowof zeros. *Por the second 
line you merely have to know how \o count. For the third line you 
.add 2 each time; for the fourth line ^add 3 each tiiAe, and so^ 
forth.' ' ' . ' • 

Now,- if you use the same method, yo^.can get a multiplication 
taljle (mod 4'). First block it out, filling^ in the first and 
second rows and columns: a r ' ' • " * 

(Mod 4). ' , . ^ 



0 
1 
2 
5 



0 
0 
0 

0 i 



0 , 

1 

2 



0 
5 



There are Ju'st four blanks to fill in. To get the 2-row (indicated 

by the arrow above), add twos. 'Thus the third entry (Which is , 

2'x 2) is 2 + 2 s 0 (mod 4). Then our first three -entries will 
look like this: 

2 j 0 . 2 0' 

To -get the fourth entry, add 2 - to the third entry. Since 

0+2 ■ -2 (mod 4), the complete 2-row is now - . 

2 I 0 2 0 . 2. • 
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^ For the last ^ow you will hare to add^threes. Ifere 5 + 5 s 2^ 
(mojd 4) and 5 + 2 s 1 (mod 4). The complete table is:. 



0 * 

0, ® 



0 
1 
2 

5 



0 
0 
0 
0 



0 

1- 
2 
5 



0 

0 

2 



0 
5 
2 
1 



The last row, foryinstanc^e, is obtained by adding 3 successively 
(mod 4). \ .",,». 

Now consider one way in which this table . could be used.. /-^ ,'_ 
Suppose a lamp ,h|is a four-way switch so that it can be turned to 
one of foyir positions: off, low, medium, high. 'Ytiu might let *. 
•numbers correspond to these positions as follows: \ 

• " off low- 4nedium high 



5j 



If the light were at jigdium and you flicked the switch three tides', 
thedight would be at fihl low position since 2 .+ J> = )■ (mod ^^) • 
Suppose the light were off an^ 'three people flicked the switch . 
three times each;, what would be the final position of the li^t? 
■pie "answer would be "low'* since 5.- • 5=1 i^od 4) and Ifhe,' number 
1 



corresponds to'^^'low*" 



Exercises A>-2 

(a) Make a table for multiplication (mod*5)» 

(b) ^Make a table for multiplication (mad 7). 
(q.)*^ Make a table for multiplication (mod 6). 

tNote:, Keep these tables for future- use. 
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Complete the following nuirfber sentences to make, them true 
statements. You may find the tables you constructj.e.d in 
Problem 1 useful . . " * 



(a) '5 ^ 2 s ? (mod 5) 

(b) 5 x = ? (mod 6) 

(c) 6 x k = 7 (mo4 7) 



(d) . 1 + (5 X i^) = ?| (mod 5) 

(e) 5 + (6*x'5) (mod 7) 



f '5. ^fi^d a replacrement for, x to make' each of the following 

number sentences a true statement; (Draw the clocks which' 
.* you need. ) , , ' , - " • ' 

-Jar). 5V 10 ^'X (moan) (c) (5 • ^) + S^fek (mod 8)., 

. (b) 7 • 15 s X j£mod 15) ' (d)' {k • 7) 4^5-^ x /mod* 15). 

■ 4. Form a table of remainders after division by 5^ where the 
entry- in ariy' row and coiiimn is the remainder after the- 
'product is divided by 5*.->For ins^iance, since the remainder 
2^- 5* is divided by 5/ there >ill be a j| 1 In 
and 5-column (see arrows).' Complete the table: 



the. 



1 when 
2-row 



V 



0 

1 

■ >2 ' 



.0. 



0 
0 
0 
0 
Q 



1 



3* 



0 
2 



0 
if 



0 

it 
5 



*0 " X"^ 
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5. Do you notice any relationship between the table of 
, ^Problem 5 and another you have fdund?" Can you give apy 
' 'reason^ for this?' ' How' can used to make the solution 



of somei^of the problems simpler? • n , k . . 

*6. Usey the- multipifcatlon 'table > (mod 5) to find the 

\ -replacement Tor x to make each of the following. number 

. sentences a|^true statement: ^ * ^ V : 

' ' • ^ ) ' ^ 

^ (a) ^5x.s 1 (mod* 5) ' (d) .5x s V (mod 5) 

.(b)^ 5x ,(mod 5) ^ (ej 5x s o ,('mod 5) ^ 

* 

. , (c)* 5x-= 5 (mod 5) ^ . * * * ' . . . • 

*7. ^If it wei?e (mod 6) instead of (mod 5) in the preyious 
< problem, would you be able to find x In each case? ' If 
not-. Which equivalences wouldggive some vaginae of x? , X 

8. .A' Jug" of Juice'lasts three days in the Willcyjx' faihily. ^ One*^' 
Saturday Mrs. Wl'llcox bought s,ix Jugs which 'the family started 

y using on the -foll9wing *day.^ What dajr o^* the vJeek would it be 
necessary' to purchase Juice again? Answer this question using 
. numbers (mod 7) . ^ . \ 



A-^. What is an Operation ? > ,/ 

are*familiar with the (Operations of ordinary arithmetic — 
addition,' multiplication, subtraction and division of numbers. 
In Sedition A -1, different operation was discuSsed\ You made a 
table for th^new type of addition of the numbers 0,'^1, \2j 5. 
This operation is complet^iy>d^cribe(r by* the table that you made 
in Problem 1 of 'BxerciseS/^ -1 . That is, there are no numbers to 
which th^ operation is applied except those' indicated 'and the , 
.results of the operation on all pairs of these ^numbers are given. 
The table tellS- what numbers 'can- b'e put together. For instance, ^ 
the table terls us that tihe number 5^ cannot be combined with any 
nurnb^ in theVew type of addition since "5" does notvlappS^r in ' 
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* the left column nor in.^he top row. It al'so' tells us that . 
' .2 .±^-.^* 1 J^"^o^ ^ J • Here* are some other tables*. 



' (a) 


+ 




.-2 


3 

✓ 


4 


5 (ti) 


+ 


5 


5 


7 


, 9 


/ 

" *■ • . i * 


1 


2 


• 5 


>i . 


'5 


/ 




r 
0 


Q 


10 


IZ 


S 








f 
















» * 


d 


5 






X 


d 


C 


Q 
0 


JIU 


Id 


JL t 




5 


4 


5 


1 


2 




7 


10 


Id 


IH- 


10 ^ , 








1. 


2 


■ 5 


4 


9 




1 Jl 
14 


10 


10 






1 


2 


5 ' 




5 






















/> 


> ■ 




• 








(c) 


□ 


0 


■ 1 ' 


2. 


5 




0 


1 


2 


5 






0 


0 


1' 


-2 


5 




1 


;5 


.1 • 


2 






1' 


' 2 


5 




•5 




2 


1 


2 , 


5 






2 


4 


'5 ' 


6 


7 




.5 


' 2 


. "5 


'1 


♦ 




3 


6 


* 7 


8 


9 















I' 

(e) 



A 


1 




5 


,4 ■ 


5'.-: 


•6 


1 


i 




"5 . 


1 


5 - 


6 


2 


2 


4 ' 


6 


1 


5 


5 


5 


5 


6 


2 ■ 


5 ' 


.1 


4 


4 


4 


'1 • 


5 


2 


6 r 




•5 


5 


5 


1 




4' 


2" ' 


6 


6 


5 


^ 4 


5 


2 .„ 


. 1 
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In each c^se you have a set of elements^: in (a) the set is , 
{:)., 2, 3, hr'5]l in (d) it Is, 2/5}- You also h,ave 

an operation: in (a) it is + ; in (d) -It is O^. 
Finally ^you have* the result of combining any two elements by mean , 
of the o|)eratipn; in (a) . the results > are 1, 2,, 5, A or 51- 
in (c) they are 0, 1, -2, 3, 5, 6, 7, 8*, 9-' All of 

these operations are called binary operations because they are 
applied to two elements to get a third. So far the elements have s 
been numbers but yo\i shall see later that they do not need to be. 

The two elements which you combine may be the same one and the 
result of the operat:J.on may or may not be an element of the set 
but it must'b4 something definite - not one of several possible 
things , , ' , " 

You are already familiar with some^ operations defined on the 
^ set *of whole numbers . ' " • " 

Any two whole numbers can be add^d. AdditioA of 8 and 2 
gives- -IG-,^ — .- ^ if c 

fy two whole numbers can be multiplied. Multiplication .of 
2 gives 16. ' , , 
Addition -and multiplication are twq different operations 
defined 6ia the 5et of whole numbers. • , ' 

Vihen an operation is described by a table, the elements o<f 
the set are written in the same order in the top row (left to 
right) and in the left column (top to" bottom). Keeping the order 
the same ^ill make some of our later work- ea'sier . 

You must also be careful about the order in which* two elements 
are combined. For. example, 

2 0 1 = 5, but 1 □ 2 ='4. ^ ^ 

For this reason, you must rememb'er that when the procedure for / V 
reading a- table wa:s explained, it was decided to-write the 'Element 
in the left column fiast and the element in the top second 
with the symbol Tor the operation- between them. You must examine 
each new operation to see if it is_ commutative and associative. 
These properties have beep discussed In previous chapters^; tliey 
are, briefly reviewed here. . * • 
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An operation + Refined on a set is called conunutative if, 
for stny elements, ^a, • b, . ,of the self, a b == b + a. 

An operation + defined on a set is called associative if 
any elements, a, b-,>.c, of the set can be combined as ' 
(a + b) + c, and also as a + (b + c), and the two results are 
the same: (a + b) + c = a + -(b +' c ) . 

- Exercises A -3 

f . Use the tables at the beginning of this section to answer . ^ 
the following questions: 

.(a) 3 + 5 = ? if youuse Table (a), (g) (2 O 5) O 5 = ? 

(b) 5 + 5 = ? if yo«use Table (b). (h) 2 Q (5 O 5) = .? 

(c) .- 5 □ 2 = ? * (i) (1 □ 1). 0 .2 = ? 
• ' (d) 2'D 5 = ? • (J) -1 □ (1 0 -2) 7 ? 

(e) ' 2 0,2 = ? ' ' (k)' 2 A (5 A 4) = ?, 

(f) 1 O 1 = ? . • (^) (2 A 5) A ^ = ? 

2.. , (a) Which of the }3inary operation^ described ia the tables 
in this section are .commutative? 

. (b) Ik there an easy way to tell if an operation is. 
commutatiye when^you examine the table for the 
\ ' operation? What is it? 

5. How can you tell if an operation is associative by examining 
a table for the operatipn? Do you think the operations 
described in the tables in this section 'are associatjtve? 
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4.- Are yie following binary operations commutative?^ Make 

at least a partial table for each operation.. Which ones do 
• you think are a&sociaHve? 

(a) Set: All coUrlting' numbers between 25 and 75!' * 
Operation: Choose the' smaller number. 

Example: -28 combined with * 56 ' produces '28. 

(b) Set: AllsC(>unting numbers between 500 ^ and 556. 
Operation:* Choose the larger number: * 

(c) Set: The prime numbers. ^ - ' 
^Operation: J Choose the larger number. 

(d) ' Set: All even numbers betweei^ ,'39 and bl. ^ 

Operation: " Choose the first number* 

" ^(e) ^^et: ' All counting numbers less than 50. 

\ Operation: Multiply^ the first by Z .and then add the 
/ second . ' \ 

\ , ' 4 / 

(f) Set: All counting numbers. 

• Operation: Find the greatest ^'common factor. 

(g) Set: All, counting numbers. ^ x 
Operation: Find the least common: irfultiple . 

(h) Set: All counting numbers. 

Operation:^ Raise the first .number to a power whose 
'exponent is^ the second number. 
.Example,: 5 combined with 5 produces 5^* • 

5. Mal^e a table for an operation that has the commutative 
propetrty. - 

^6. Make up a table f6r pper^ation that does not, have the' 
.commutative property. '^ ^ ' 
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The word "binary" indicates t'hat two elements .are combified to 
^produce a result. (Note that' the wqrd "combine" is used with any 
operation, not Just v/ith addition.) There are other kinds of 
operations, r A result mi§ht be produced 'fhom a single element, or 
l?y ^combining three or more elements. When. you have a set and, 
from any one ^element of the set, you can deterrjiine a definite 

is* ^ V 

thing,--it *is said the^e is a '*unary operation" defined on the set. 
If 'you combined three elements to produce a fourth it would be 
called^a ^ternary' operation". One example of a ternary operation * 
would bfe finding the G^C.P. , of three counting numbers: e.g, 
'the G.C^F.^ \of 6, 8; and 10 is -2, 



*'7 



to ishow a way of describing the folLowing unatv 
'operation by. some kind of ^a* taMe? 

Set:^ All the whole numbers from 0 t'o. 10.- , 

Unary Operation: Cube the number.^ 
j^fixample: poing the operatign to 5 , pt'o^ucfis 



5^'= 125. 



(a) 



Closure . 



(c) 



+ 


' i 


2 


5 




5 






• 5 


5 


_ 7 


9 


1 


2 


y ' 


'^ . 


5 r 


i . 




5 


6 


■ 8 


10 


12 


2 


,5 




5 


,1 


2 




.5 


• 8 


10 


1-2 • 


.14 


5- 




5 


•1 


,2 


5 




7 




12 


''l4 


16 


K 


\5 


1^ 


2 


3 


h . 




' 9' 


12 


lit' 


16 


18 


5. 


✓ I 




5 






1 h 

/ 












□ 


-0 


1 


2 


5 






o 


1 


2 


5 




0 


b 


1 


2 


•5 






• 1 

> 




1 


' 2 




1 


2 


' 5 
/ 

5 




• 5 • 




\ 




1 


2 






2 




6 


7 


• 






• 2 • 


5 


1 




5 


6 


.7 


8 


9 

















r 
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\ Study the Tables (a) and (b). I.n Table (a) the numbers in . 
the body of the table resul'tlng from performing the operation are 
the same numbers which were combined by the operation-, 

^(1, 2,- 3, ^, 5). But in Table t^) the'niimbers in the body of 
the^table resulting from pej'forming the operation were different 
numbers/from those combined (6^ ^8, 10, etc. instep of 
3, '5^ ly .9) • Yoa have seen this kind of difference before, and 
there is a name ^f or it* It has been said the set of whole numbers 

^is "closed under addition" because if any tv/o whole nujn^ers are 
combinexJ by adding them, the result is a whole number. In the 
same way the $et {1, ;2, 3, 4, ' 5} in Table (a)' is Qlosed' 
under the new'^typfe of addition tt^ere since lihe results of the 
operation are again in the same set. 

_ However, the set of odd numbers is not closed under addition 
since th^^esult of adding two odd niombers is not an odd number* 
In the slme way, in Table ("b) the set 5, 5^ 7, 9 is not 
closed under operation of addition given there sinc'e tfte 
result is not one of the set^ [5, 5, 7, 9]. 

Example 1^: . 

^The set of whole numbers: {J, > 2, 5, 4) is not - ^« ' 
closed under multiplication because 2 • 5 = 6 which is not 
one of the set. Of course "l'* 2'= 2 is in thef set but for 
a set to be closed the result must be in the- set no matte'r 
what numbers of the set are combined. , 

Example 2 : 

The set of whole numbers is n^ closed under subtraction. 
For example, consider the two whole nuinbers 6 and 9. 
There are twb different ways you can put these , two numbers 
together using subtraction: 9-6 and 6-^ 9. The first 
numeral, "9 - 6", is a name for the whole niomber 5, but 
the numeral "6 - 9" is not the name of any whole number. 
Thus, subtracting two whole numbers does np-t always give a 
whole number. 
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Exanrple 1: ' 

The set of counting numbers is not closed^ under division^ 

O • s 

Jt is true that ' «| = 8 + 2 is a cQuntlng .li^umber, but there 
*is no counting number |-/ Can you give r^om^ other 
illustrations of closure, that is, sets clpsed under an 
operation an'd sets not closed u^der an operation^. * ^ 



Exercises A-^ 

Study again Tables "(a) - (d) in this sectipn. .Which tables 
determine a set that is closed under the operation? Which 
tables deternjine a set that is not closed under the operation? 
How do you know? - . ' ' 

V/hlch of the sets below are closed under ' the corresponding 
operations? ^ ' ^ 

(a) The /set of even numbers under addition. 

(b 

(c 

(d 

(e 

(f 

.(g 



(i 
(J 



The Iset of^veh numbers under multiplicatip»ni? 

The aeJt'of odd nvunbers under multiplication. ' » . , 

The set oi odd nvunbers under addition. 

The set of multiples of 5 under addition. 

The set of multiples of 5 under subtraction. 

The set (1,* 2/ 5, upder multiplication (m^d 5). 

The'siet of counting numbers less than 50 lender the 
operation of choosing 'the smaller number. 

The set of prime numbers under addition.'. . . 

The set,; number^ whose numeral % In base five end 

in "5" under- addition. ' * ' ' 
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Find the- smali^est set of counting numbers . 

(a) Closed under addition\nd containing 2 

(b) Closed und^r multiplication and; containing 2. 

Is the set'of&il whple numbers' closed under any of the 
-following operations: multiplication, addition, . subtraction, 
division? Give i'easons. 

Consider the numfee^s 1 and 2. If a. set containing three 
numbers is to be closed under multiplication, , it must contain' 
2 • 2, that is, k. Then it must have 2 '-k ' afid 4 • 4." 
In fact it must have all the numbers: 

(S) 1,,2, 4", 8, 16,: 32, 

that is, all numbers expressible in the form 2^ where k 
is a natural-, number, a^ well as the number 1 itself. It is 
said that^ 2 "generates" set of numbers,* S, under' 
multiplication. 

(a) Find* the set generated, by 7 under addition. 

(b) Find the set generated fcy 7 xinder multiplicatidn. 



6. ^ Let S be' the sit 'determined by Table (d) In this section. 
" Find the subset (jf S which As generated by 1 under Q . 
: Find the subs-et of - S whicJb is generated by- 2 under ,Q'. 
*1 . What subset of the set of rational numbers is, generated by ' 
Is this set closed under division? (Is 5 , in the set? 
Is' j^in the set?' Is '5 + ^ In the set?) Does 
(5 + 5h+ 5 = 5 + (5 + 5)?' Is the division operation 
associative? * * # • 

*8. If an -operation- defined on a sefi^ commutative, must the ' 
- set -be closed under the operation? ^ 

J''^ an apej:'ati.on defined on a self, is associative, must the 
set be cl'^s»ed under the operation?"* 
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*10. Make up a table for an operation defined on. the set {0, 43, 
100^ so that the set is closed under tKe operation. ^ 

Make 'up a table for an operation defined on the set {0, 45, 
100) so that the set is not closed under the operation. 

' 

A-5*« Identity Element ; Inverse of an Element . 

In the study of the number o;ie in ordinary arithmetic, you 
observed that the product of any number and 1 (in either order) 
is the same number. 

For instance ^ 

2x1 = 2, 1x2 = 2, 156 .x^l = 156, 1 X 156 = 156. 

For any number ri in the arithmetic of rational numbers, 
. n ' 1 = n- and 1 ' n = n . 

In the study of the nimiber zero in the arithmetic of rational 
numbers you observed that the simi cf 0 and any number (in eithej? 
or,der) gave that same number; that is- the sum 'of any number and 0 
is the number. For instance 

2 + 0 = 2, 0 + 2 = 2, 468 + 0 = 468, i 0 + 468 = 4*68 

. For any number n in ordinary arithinetic, n + 0 = n and • 
' 0 + n = n. • - ' . « 

One is the identity for nf^tiplication in ordinary arithmetic. 

Zero is ^Ke identity for iffdition in ordinary arithmetic. * _ . 

• Suppose * ^ stands a binary operaticm. Some 
possibilities for * are the following: " ^ i 

' 1. • If * means addition of rational numbers, ' 0 is an 
identity element because ^0 * a = .a = a ♦ 0 for 
any rational number, a. 



If,-* means multiplication of rational numbers, 1 
is an identity elemei 
any; rational number. 



is an identity element' because' l*a = a = a*l^ for 
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If * means^ the greater of twb counting numbers, then 
1*2 = 2 because » 2 is greater than '1; l %5 = 5 
because 5 is greater than I;'' l. = 4 since"' ^ 
Is greater than 1, etc . ' In fact 1 



1 * a =: a 
a' * 1 =: a 



'and 



no matter what counting number *a. is. So 
identity for this meaning of the •operation 

^ This could be stated .formally as follow^: 



1 



is the 



If * stands 



for a binary operation on a set of elements and if thei;»e is same^ 
element, call it e., which has the property that' \ ' 

* e * a = a. and 
a * e =^a ' 

for' every element a of the set, then e is called an identity " 
elel»en\ of the operation ^ . 

As another example consider the following table for an. ¥ 
^ operation vhich is called # . , 



# 


A,. 


■B 


c 


c 

D 


A 


B 


C 


D 


A ' 


B ■ 


• C 




A 


^ B 


C 


D 


. A. 


B 


C 






f 






D 


A* 




C " 


D 



Is , 

the 
see 



Is thei-e an identity -element for Could it- be A? 

A # B = B? (Read "A sharp 3 equals B"). Since, from 
table A # B ) C, the answer to the ^uestidn Is "no" and you 
that A 'cannot be the identity. Neitl^er can B be the 
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for # , since 
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A # B • is not A. - However, D is an identity-' 



A#D = D#A = A, 

B # D = D B =• B, « • 

C # D = D 3* C = C, 

D # D ='D. ■ ■ 

Compare the column under D with the column under the # . 
Compare the row to the right of W With the row to the right of 
the # • What do you notice? Does this suggest a way to look for 
an identity element when you aV^ given a table for the operation? 

If you have an identity element then you may a;Lso have what 
is called an inverse element. If the operation is mull: iplicat ion 
for rational numbers, the -^dentity is ]? and> the two rational* 
nuinb^rs^^^^ and b are called inverses of each pt^^]^ if their 
product is 1, that is, if each Is the reciprocal bflttje ot^er.-^ 

Suppose' the operation is addition (mod ^V. Here 0 is the 
identity element and two numbers are called inverses if their sum 
is - (J, that is, if combining the twc5 numbers by the bperat^^rr<^ 
gives 0. To, find inverses (mod 4) .for addition, from the 
table: ♦ ' . ^ ^ ' 



0 is the identity 

2 + 2 s 0 (mod k) 

3 + 1 s 0 (mpd 4) 

3=0 (mod k) 



0 

1 

2 
3 



(Mod 4) , 
0 12 



0 
1^ 
2 
3 



1 
2 
3 
0 



2 
3 
0 

1 



^ 1 are inverses^ of each other. 



3 

0 • 

1 

2 



Here 0 is its own inverse, 2 is its own inverse, and 3 and 




( -Definition. Two elements a and b are inverses (or 

■ ' ^ * 

:either one is the inverse of the other) under a l3inary 
dperation * with identity element e if a*b=e 
^-^-^d b * a = e. 
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Exercises A -5a 
Study tables (a) - (d) in Section A -3. 

(a) Which tables describe operations having an identity- 
and what Is the identity? 

(b) Pick out pairs of elements which are inverses of eacj;i 
other under these operations. Does eaoh member of the 
set have an inverse? 

For each of the operations^ of Problem, 4, Exei'cises A.-3; 

la; Does the operation have an identity and, if so, i^at is 

it? '^4. X 

(b; Pick out pairs of elements which are inverses of eaoh [ 
other under these operations. ^ ^ 

j[c) For which operations does each element have 'an inverse? 

Can there be more' than one identity element for a given 

. . - <^ 

binary operation? 



You have^Just had an* example of 'ah additive inverse. If t^e 
operation is^ mull^iplication the inverse is calle.d a multiplicative 



inverse\ 



Recall the (mod 5) multiplication, 



0 

1 

2 

* 3" 
4 



0 ■ 
0 
0 
0 



0 

1 

2 
3 
4 



0 
2 
4 

i 

3 ■ 



0 
3 
1 
4 
2 



. 0 
4 
3 
2 
1 



How would you decide what elements of the set [O-, 1, 2} 3, 4) 
ha^e (raultiplicat;fve)» inverses in this mathematical system? The 
Identity for multipliodtipn (mod 5) is 1. .You would b^ looking 
for products which are the identity, _so -you should looic fir ones 



ERIC 



307 



. 501 



In the table. There are. k "ones in the table. They tell us 

tAfit • 1 • 1 H 1 (mod 5),^ 2 • 3-1 .(mod 5) , 3 • « 1 (mod 5), 

and' = L (mod 5). (Xou supp:).y,the misusing numbers.) 

Thus the multiplic^tlve-^inverse of 2 in (mod 5) is 5. What 
is tbe/multiplicative inverse of . y in (mod 5)? of ^? 

Division is called the ioyerse operation for 'multiplication 
because dividing by -a.nuijiber a has t^he same effect as multiplying 
by the multlplicaj^ive inverse oX a. 

^7 ^ ^ . r Exerciges A -5b • ' 

1. '(a) Use the mult^plicati^ table for (mocf 6) to find, > 
r wherever pospble, a replacemeht for x to make each ' 

^ ' of the following number sentences a true^^atement,: ' * 

) 1 x= 1 ^mod 6)' \ l^x = 1 (i 

. 2x H "1 (mod S) )] ^ 5x3J^"(1fK)d 6) 
5x s 1 (mod 6) 

(b):* Which elements of' 




the set (0, 1, 2, 5, ^, 5) have^^ 
multiplicative i^^rses in (mod ^)? 

Remember' that 'division\s defined as the inverse operation 
for multiplication. • ThusXi.n the arithmetic of rational 
numbers, the question^"Six divided b^ two is what?" means, 
/really, "six is obtained' by Aiult^iplying two by what?" Divi- 
sion (mod n) can be defined'ln this way.' 

6 + s ? (mod 5) means 
(i^)(?) E 6 (mod 5) . 
Using the multiplication table~^mod 5) find 3 -f a (mod 5) 
for a = 1, 2, 3, k and then find 3 • i (mod ..5),^ for 
thdse four values of^a.* Show that the results are t:he same 
for each value of a. 

3. Using the table for addition (mod 5), aall (-a) the addi- 
tive inverse of a and show that ' 3 a (mod 5) and 
3 + (-a) (mod 5) are equal for each valure of a 
(a = 1, 2, 3, k). ; 
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In the arithmetic of rational numbers which of the -following 
sets is closed under division? ' ^ 

(a) ' {1, ,2, i) • ^ ^ ^ 

(b) (1, 2,. 2^, "2^, ^ ' * . 

(c) The non-zero 6oiip'ting numbers. 

(d) . The rational nu^nbers . * ^ 

(a) V/hich of the following sets is closed under 
multiplication^ .(-mod 6)? 

' ' LO, 1, 2, 3, 4, 5}, (2, 4), {0, 1, 5], 

' . (1, 5}, (5}? ^ . 

(b) Which^of the ^sets' .^n (a) contain a multiplicative 
inverse (mod/^); for each of its elements?- 

(c) VJhich of the .aets in (a)- is*closed under divisidn 
^ (mod 6)? • ' 

(a) ^ich^of the sets (A, B), (C, D], (B, C, D],' * « 
(A, -D) is closed under the operation ^ * defined by 
• ' the table below? *■ ' » 



B 
C 
•D 



A 


B 


C 


D 


A 


A 


A 


A 

< 


A 


A ' 


• B 


B 


A 


B 


. D 




A 


B , 


' C 


. D 



For instance,* (A, D) is closed under the /operation 
because if we .pick out that part 'of the table we have 



the littl-e^table 







■A 


D 




A 


- A, 


,A. 




D 


A 


D 



which contains only* A^s and D*s. ^ On the other hand 
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the set- ,{A, C) is not closed^since it|^it!tie table 
would be ' 



AAA 
C . A D 

Jiere the table contains a' D, which is not one of the , * 
set (A/ C) . 



(b) Is'^here an identity for -*? If so, what is it? ^ 

(c) - Which of the sets in (a) has an inverse under * 

for each of its elements? 

*(d) Which of the sets in (a), is closed under the 
inverse operation for *? (You might use the 
s^bols £ for thi^ ope'ratdon^ so that a * b'= ? 

means b* '? = a\ ) ' ' 



6 



A -6 . What Is a Mathematical System ? 

The idea of a set has been a very convenient one in this 
book some use has been made of it in almost every chapter * 
But there is really not a great deal that can be done with Just 
a set of elements. It is much more interestincJ4L something can 
be done with th^ elements (for instance, if th^elem^ 
numbers, they can be- added or multiplied). If youhave*3l set and 
an operation defined on the set, it is interesting to find out 
how the operdtion behaves* Is it commutative? associative?. . 
Is there an identity element? Does each element have an inver^se? 
The "behavior" of the arithmetic operations (addition, subtraction, 
multiplication aiM division) on numbers was discussed in Chapters 
5 and 4^ You have seen that different operations may "behave 
alilce"'in some>^.ways (both s commutative, for instance'). This >t 
suggests- that sets with operations defined on them /are studied to 
see what differer^t possibilities there are. It is too hard for^ 
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us to list all ^the possibilities, but some examples will be ^ven 
in this section and the next. These 'are examples. of mathematical 
systems . 

'Definition. A mathematical system is a set of elements 
together with one or more^binary'operations defined oh the 
set . . , • 

The elements do not have to be numbers^ They may be any objects 
Whatsoever. Some of the examples below and in th^ next section^ 
are concerned with* letters (1^ geometric figures. 



\ 



Here are 


some 


tables . 












(a) 0 


■■ A 


B 


(b) 


I* ■" 


Q 


R 


s 


A 


A . 






R - 


_ S 






B 


A_ 


B 


Q 


S 


R* 


Q 


.- p 








R 


P 


Q 


'. R • 


s 




r 


• 


S t' 




P 


- S 


R 


(c) 


A. □ 


b-V 


<- 

/ >- 








■ s- 


A, 




b \ 




























□ 


□ 0 


\ . 


V 










. o 


o \ 


A. □ 








• / 





\ A □ 0> 



Exercises A-6 



erJc 



1^ Which on^, or ones, iof the Tables; {a^, (b), .(c) describes 
a mathematical * system? Show. that youi^ answer is corrept.^ 
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2. Use the tables above to complete the following statements 
corr6ctJ.y. 

(a) E 0 A = ? (e)- R = ? ~ □ = ? ^ 

A~0=? (f)R»S = ? Cj) B b B = ? 

(c).\~ \=?. (g) P]* R = ? . (k) A 0 A = ? 

«(d) A 0 B = ? (h) □ ~ O = ? U) , S * S =*? ' 

5. • Which one, or ones', of the binary operations -Or *, is 
^ commutative? Show that yoi^r answer is correct/ 

4. WKlch one, or pnes, of ' the binary operations o, *, has 
, ,.a» identiliy element? What is it in each case?' 

' » /' . 

5. Use the tables above to complete the following statements 
correctly. * . ' • ' ^ 



(a) P*.(Q*R) = ? (f) * (P^* S) = ^ 



i 



(b) (p ♦ Q) * R = ? • • (g) A - (A - \) = ? 

(c) p ♦ (Q ♦ s) = ? ' (h)(A~A)-\ =? 

(d) (P * Q) * S = ? (i) (O-P)Va = ? 

" ^(e) (R * P) * s = ? ' (J)O-(O'^A) =? ^ 

6. Does eitfier of the operations described by Table (b) or 
Table (c) seem to be associative? Why? How could you prove 
your statement? What^ would , another. person have to do to 
prove you wrong? ^ * 

7. ^^(a) In-Table (c) what set is generated by the element [] ? 

, (b) In Tabl& (b) what set is generated^ b|fe the element P? . 
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*8/ PorVach^.of the following^ tables , tell why it does not 
describe a ^athematicel .system* 



(a) 



(c) 



1 
2 



5 



1 
1 



1 
2 



5 





. 1 




2 




— • : — 






1 


»the product 


the 


sum 




of 5 ajid ' 
6 


of 
k 


2 and 


2 


a number 








between 5 
and 8 




0 



A-7. Mathematical Systems without Numbers - » 

In the la&t section there were some Examples of mathematical 
sys^ms' without numbers in them. Suppose we ^vant. to invent one. 
Vfliat do you need? 

You must 'have a set of things. Then, you need some kind, of 
a omary operation something that can be done with any two 
elements of our set\ It was found thj^ the properties of clos\;vre, 
commutativity, a|pociativity/ etc. are "very helpful in simplifying 
expressions. It^ would b^ nice to have some-of these properties. 

Let's star^ with a card. Any rectangular shaped card will 
do. It will be .used to represent a closed rectangular region. 




Lay tHe card onflyour desk and label % 
the corners as in thfe sketch. .Nov/ 
pick the card up and write the letter j 
"a*V on the o'ther side ( the side that 
wets touching the desk) behind' the "a" 

you have already written. Be sure the two letters, "a" are back- 
tOfback 430 they are labels for the same corner of * the card. 
Similarly, laber the corners B, C, and D on the "other side 
of the card (be sure they're back-to-back with the B, C, and 
Di" you have already written.) 



c 



t..o 



507 ' 



What set shall you. take? Instead of nunjbers, take elements 
which have something to do with the carji; Starts, with the^card^in 
the center of your desk and with the long sides of the card * 
parfLllel to the front of your desk. Now move the card — pick it 
up, turn it over or around in any w^y — and put it back in the 
.center of your desk with'^the long sid'es paralleled the'^frqnt of 
your desk. The card looks just' the same as it did before, but thj^ 
corners may be labeled differently (a corner that started at the ^ 
top may now be at the bottom'^ for instance). The position'^of *^the 
card has been changed,. but the closed rectangular region looks as 
it did in the beginning. ^The '^picture'* stays , the same. Indi-v 
vidual points may be moved.) The elements of our set will be 
these changes of position. Take all the changes of posUion that 
m^ke the closed re^angular region look as It did in the beginning, 
(Long side^ parallel toHhe front of the desk.) How many of these 
• changes are there? 

Youmay start with the card in som^. position which you will 
call the standard position. Suppos'e it looks like the figure 
i>elow. , * ' 

♦'^ ^ l/eaving the card on your desk,^ rotate it^ half way around 
its. center-^ J? diagram of this change is: 

gjandard Position 

' • 

/ half way 
i V aroynd 
gives: 





B 






D 


C 




Since the letters "A", "B", ^etc.^are only used as a- 
# .convenience^ to label 'the different corners of the iJard, do 

not bother to write them upside down. The diiagram below repre- 
, sents this change of position, and it will be called tfie change 




Rotate the 
card half 
way around 
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What would happen if the card were'rptated one fourth lof the 
way around? 

Cone fourth 
of the way 
around 





Does the card look the same before, and after the change? No, 
this change of position cannot be in our set, since the two 
pifetures^are quite different. 

Are there other' changes of position of the closed rectangular 
region which make it look the way it did in the beginning? Yes, 
youcan flip the card over in two different ways as shown by 
diagrams below: 



D 



H: 

Flip the card 
over, using a 
horizontal axis, 





V: 

Flip the card 
over, using a 
vertical axis , 




There is one more "change of position" - the "change" which is 
really no change at all, that, which leaves the card alone. This 



is 'called f^nd it is introduced for completeness sake 
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- Now-ybuhave the set of elements; it is I, \, H, 'R?'^ 
Let- us siiinmarize what they are for easy reference: 



A 


B 


D 


C 


* 




A 


B 


— 


— ^ 






A 


B 


D 


C 



Element I: 
Leave the card 
in place • 

Element V:* * . 
Flip the card 
over usirjg. 
vertical^axis 



Element H: 
Flip the 'card 
over using a 
horizontal axig 



A 


B 




D 


Q 




i 










V 


c 


• 1? 







"^ieftent R: 
Rotate the card 
halfway around in 
the jdlreiction 
indicated 




Recall the definition oi^a mathematical System". There were 
two requirements: • * 

* 

(a) A set of elemehts . ' ' ' 

(b) One or more binary operations 4efined on the set 
of el^ements . 
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The set {I, Y, H, R) satisfies the first condition./ Now it 
isr necessary to satisfy the second condition; you need an opera- 
tion. ^ What operation shall you use? How can you "combine any t^o 
elements of our set" to get a. "definite thing"? If the set is to 
be closed under the operation, the "definite thing" Which is the 
result of the operation should be one of the elements again. 

Here is a way of combining any two elements of our set. You 
yill do one of the changes AND THEN do the, other one. You will 
use the symbol "ANTH" ' for this operation (perhaps you can think 
of a better one). Thus "H ANTH" V" means flip the card over, 
using a horizontal axis, and then flip the card* over, using a 
vertical .axis ." Start with the card in the standard position and 
do these changes to it'. What is the final position of the card? 
Is the result of these two changes the same as the change R? 
What does "V ANTH H" meaii?^^ 
Try it withTyour card. Now you ' 
can fill in the table for the 
operation. Some of the entries 
are given in the table at the 
right . 



ANTH 


I 


V 


H 


R 


I 


■ I 


V 






V 






R 


. H> 


H 


H 


R 






R 






V 





Exercises *A -7 

Check the entries ^that .are given in the table above and 
find the others. Use your card. 

From your table for "the operation ANTH, or by actually 
moving a card,^ fill in^each of the biknks f6 make^ the 
equations correct . 

v.- 



(a) 


•R " 


ANTH 




? 




R 


ANTH 


? = 


H. 


(c) 


? 


ANTH 


R = 


H 


'(d) 


1 


ANTH 
t 


H » 


R 
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If. 



(e) 
(f) 
(g) 
.(h) 

(i) 



(R" ANTH H) ANTH V ,= ? 
R ANTH "(H Am'ir V) = '? 



(R ANTH 
(R ANTH 
(? ANTH 



H) ANTH 

?) ANTH 'V ='h 

H) ANTH / = R 



3. Examine the table for the operation ANTH. 



(a) 
(b) 
(c) 



Is the set. closed under the operation? ^ ' ' 

Is the operation commutative? 

' • • • • ~ 

Do you think the "operation is associative? Use the"' 
operation table to. check sever'al examples. 

Is there an identity element for the operation— ANTH? 

Does each element of the set have an inverse^mnder the 
operation ANTHf 

Here is another system 'of 'changes . 
Cut' a triangular cir^ ,with two 
equal sides.- Label the dorners 
as in the sketch (both sides, back- 
i to-back). ~%ie set for th^ aysJbem 



(d) 
(e) 




will^consist of two changes. The 
first change, call^a" I, will be^ 
. Leave the cai»d in place. The 
second change > called F, will be: 
Flip- the card over,\using th\ 
^ vertical axis. ''F. ANTH I w^l 
mean: Flip the^card over, using 

the vertic'al^axijs, and then leave the card in place.- How. 
will the card look — as if it had been left: in place, J.^ 
ll^f!]^3l^as if .the change F had been done? . What does I ANTH' 
-m^^^t:^!^^ F- or does F' ANTH I = I? . 



Rir 



SIS 



.•♦512 



■ '(a) Complete the table below: 



ANTH 
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(b) 
(c) 
(d) 
(e) 
(f) 



Is the set closed under this operation? 

Is' the operation commutative? 

Is the operation associative? Are you sure? 

Is there an identity for the operation? 

Does each .element of the set have an inverse ;under the 
operation? 



Make a triangular card with three equal sides and label the 
corners as in the sketch (both §ides, back-to-back). The 
set .f(>r this system' will be ^ 
made up of these six changes. 
I: Leave the card pl'ace . * 
R: Rotate the card clock- 



wise 



i of the way around. 
5 

Rotatevthe card clock- 



wise ^ of the way around. 

T: yiip the, card over, using 

a vertical axis . * 

U: Flip the card over, using 

an ^axis tlnrough ttie lower right 

vertex, 

V: Flip the card over, using 
< 

an axis t^irough the lower left 
vertex. Three af: these will 
be rotations about the center 
^(leave irrT^lace^ and two others). 
The other three will be flips 
about the axes,, (Caution; the 
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axes are stationary; they do .not rotate with the card. For 
example,, the^ vertical axis remains vertical — it would go 
thx*ough a different corner of the card after rotating the 
card one tMrd of the way around its center.) Make a table 
for these Changes. Examine the tablei. Is, this operation 
oonunut^ive.? Is there an identity change? Does each change 
have an inverse? 

*6. ^ry making a table of ct^anges for a square card. There are 
eight changes (that is, eight' elements ). ' What are they? 
Is there an identity element? Is the operation ANTH 
commutative? 



,A-8. Th6 Counting Numbers and\he Whole Numbers . j ^ 

The mathematical systems that you have studied so iar in this 
chapter are. composed of a set and one operation. Ex^finples are 
modular additioQ or multiplication and the chang^^ 
rectangular or trltogular card. A math^atic^al sy^ten^ given by a 
set and two operations would appear to be more complicated than 
these examples. However, as you may have guessed, ordinary 
arithmetic is also a mathematipal systfem and you know that you can 
do more than one operation using the same set of numbers — for 
•examples, y^ucan add and multiply. » - 

To be definite, let us choose the set of rational /numbers . 
This set, together with the two^)erations of addition and 
multiplication forms a mat^^ematical system which was discussed in 
another chapter. Are there properties of this system which are 
entirely different from those you have consid^r[feH"'lfi systems 'with 
only one operation? Yes, ^ you are familiar with the fact that 
2 . (5 + 5) (2 • 5) + (2 • 5) . This is an illusti|ation of the 
distributive property. More precisely, it illustrates that 
multiplication distributes over addition. The distributive . 
property is also of interest in other mathematical, systems . 
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Definition , Suppose you have' a set and two binary operations, 
* and o,, defined on the set. The, operation /* dis- 
tributes over the operation o If a * (b o c)' = (a * b) "o 

♦ (a * c) for any elements a, b, c, of the set. (And 

• you can perform all these operations.) The exercises below 
contain examples which Illustrate this deflnll/lon. 

/' 

In a mathematical system with two operations,' there ^re the 
properties which were previously discussed for each of these 
operations separately. The only property which Is concerned with 
both operations together Is the distributive prtjperty. 



Exercises A -8 
Consider the set of counting numbers: 

(a) Is the set closed under addition? .under multiplication? 
Explain. 

(b) Do the commutative and associative properties hold for 
addition?^ for multiplication? Give an example of each. 

(c) What is the identity element for addition?' for 
multiplication? 

(d) Is the set of counting numbers closed under subtr^actlon? 
under division? Explain. 

The answers to (a), (b), and (c) tell us som? of the 
properties of the mathematical system comjJosed of the set of 
counting numbers and the operations of addition and 
multiplication. ^ 

Answer the questiohs-of Problem 1 (a), (b) (c) for the set 
of whole numbers. Are your answers th^ same as for the 
counting numbers? / . I 
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3. (a) For the system of whole numbers, write three number 

sentences ill'ustrati.ng 'that multiplication distributes 
over addition. 

(b) fioes addition distribute over multiplication? Try some' 

f 

examples. 



^The two tables 


below 


describe 


a mathematical system composed 


of 


the set 


(A, 


B, 


C, D) 


and the 


two 


operations * 




and 0 . 

. — ^ 


















* 


A 


B 


C 


D 


0 


A 


B 


C 


D 


A 


A ' 


A 


A 


•A 


A 


A 


B 


c 


D 


B 


^ A 


B 


A 


B - 


B 




B 


D 


D 


C 


A 


A 


"c 


C 


C 


C 


D 


C 


D 


D. 


A 

« 


B 


C 


D 


D 


D 


; D 


b 


-d" 


(a) 


Do you 


think y*^ 


distributes over 0? Try 


several 





examples, 

(b) Do you think 6 * distributes over *? Try several 
^ examples/.' 

sj^^nswe;* theae questions^for each of the following systems. 
Is the set( closed under the operation?- Is the operation ' 
coAjiutative? associative? Is there an, identity? What 
elements have inverses? ^ • . 

(a) The system whose set is the ^et of odd numbers and whose 
operation is multiplication. 

(b) The system whose set is made up of zero and the 
'multiples of 3, and whose opet^ation is multiplication. 

(c) The system whose set is made, up of zero and the 
multiples of 3 and whose -operaftion is addition. 
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(d) The system whosa set is made up of ^he rational numbers 
between 0 and 1 (not including 0- and l)j^ and 
Whose operation is multip;Lication. ' ' ^ 

(e) The 'system. whose set is made up of the even numbers and 
whose operation is addition. (Zero is an even number*) 

(f ) The system whose set is made up of the rational numbers 
between 0 and 1,^ and whose operation is acLdition* 

(a) In what ways are tfie systems of 5(b) and 5(c) t'he ,same 

(b) In what ways are the systems of 5(a) and 5(b) different? 

Make up a mathematical system of your own that is composed of 
a set and two operations defined on the set. Make at least 
partial tables for the operations in your' ^sysj ^em-. List the 

properties of your system. ^ 

* ^ 

Here 'is a mathematical 'system composed of a set and two 
operations defined; on that set. 

Set*: 'All counting numbers. ' ' j 

Operation *: .Find the greatest common factor.* 
Operatioo .o: E^nd the least common multiple. 

(a) Does the op^ation * seem- to distribute ^ver the 
operation o? Try several examples . " " 

(b) Does the operation o seem to -distribute over the > 
operation *? Try several examples.^ 

Write^the multiplication table (mod 8) and recall or write 

again the multiplication table (mod 5) . which you found in 
Exercises 12-2. 

• « - 

Answer each of the following^ questions about the mathematical* 
systems of multiplication (mod 5) and' (mod* 8). 
ia; Is the set closed under the operation? H ^ 
(b) Is the operation commutative?^ , . ' 

(c; Do you think the operation is associative? 



(d). what is the .identity element? 

.(e) Which elements have inverses, and what are the pairs s>f 
Inverse elements? ^ - \ 

(f) Is it true that if a product is zero .at least one of the 
J^actors is zero? * 

11 . Complete each of the following number sentences to make it a 
true statement . 

(a) *'2 X 4 = ? (mod 5) ( n ) 1 (mod ?) 

- (b) 4x5=? (mod 5) " (d) 2^ = 0 (mod ?^ 

12. Find the products: ' "--^^^^ • 

(a) - 2 X 5 s ? (mod 4) (e) 4^ = ? (mod 5) 

(b) 2x5=? (mod 6) (f ) 6^ s ? (mod 5) 
*(c) 5 X 8 s ? (mod 7) *(g) 6^56 = ^ (^^^^ 5) 

(d) 5x4x6 = ? (mod '9) 

13. Find the sums: 

■r- ■ ' 

^ (a), 'i +'5 s ? (mod 5) (c). 2 + 4 = ? (mod 5)» 

{lb) 4 + 5 = ? (mod 5) (d) 4 + 4 s ? (mod 5) 

14. <a) Find the values of 5(2 + l) (mod 5), and (5 • 2) + 

' (5 • 1) (mod 5). ' ^ , 

(b) Find the valu^of 4(5 + l) (mod 5) and (4 • 5) + 
.(^ • 1) .(mod 5). 

(c) Find the values of (3 • 2) + (5 • 4) (mod- 5) and 
. 5(2 + 4) (mod 5). ' . 

(d) In the examples of this problem is multiplication 
distributive over addifion? 
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15.- (a). Find the values of 3 + (2 • l) (mod*5) and j^J^2) • 
. . (3 + 1) (mod 5). 

(b) Find the values of . 4 +' (3 . l) (mod 5) and (4 + .^)^*^. 

\ ' (4.+ iK' (modS): '.. , - ' 



(c) - Find the values of (5 + 2) • (5 + 4) ((jiod 5) and 

5 + (2 • (mod -5). • 

(d) In the examples of this problem is-^ddl,tion distributive 
over multiplication? - • 

*l6. Find the- ^V^otients? ' 
+ 3 ? 



. • (a) 2 + 5 ? (mod 8) (e) 0 + 2 s ? fmod 5) 

(b) 6 + 2 ^? (mod 8) (f) 0 ? {mod 5) 

(c) . 0 + 2 s ? (mod 8) (g) " 7 + 5 = ? (mod 10) 

Cd) 5 + 4 = ? (mod 5) *(h) 7 + 6 s ? (mod 8) 

17* Find the following] remember that subtraction is the inverse 
operation of .addition. 

* (a) 7-3 (mod 8) ^ (c) 3 - 4 (mod/8) 

(b) 3-4 (mod 5), *(d) 4,-9 (mod 12) 

18 . Make a table for subtrafction mod 5. Is the set closed under 
the operation? > 

19. Find a replacement for x which will make each of the 
following number sentences a true statement Explain. 

(a) 2x s 1 Jmod 5) * (d) 5x s 0 (mod 6) 1 

(b) 5x s 1 (mod 4) • ' (e) X • X s 1 (mod 8) . 

(c) 5x s 0 (mod 5) (f) 4x = 4 (mod 8) 

20» In Problem 11 (d) and ,(f),.find at least one other * » 
replacement for x whiVih makes the number sentence a tnjfe 
s-tatemeot^. ' 
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A-9 Summai*y and Review , . - . ^J}'^ 

A binary operatloo defined on a set is a rule of combination 
bs;^ means of *which any two elements of the set may be combined. t<j,- 
cletennine one definite thing. 

A mathematical sy^em is a set tbgether with one or mor 




binai^y operations defined on that, set f 

A set is closed under a binary operatfion if evei?y* tvo 
elements^ of the set can be combined by the operation and the 
result is always an element of the set. • . ^ 

An identity element for a binary 'operation def ine^i on a set 
is an element of the set Which does not change any element witja 
which it is combined, , • \ w ' 

Two elements are inverses of each other under a certain 
binary operation if the result of this operation on the, two 
elements is an identity element for that operation, 

A binary operation is commutative if, for any two elements, 
*the same reault- is obtained by combining them first intone order, 
*and then in tlje other, " " , ^ / 

A ♦binary operation is * asspciative if? for 'any three „- 
elements, the result of combining ^e fia;»st,with the combination 
of the second and third is the same as the result of combining- 
the cofibination of the first and second with the third, 

a * (b * c) = (a *^b) * c, ' 



The binary operation^ * 
operation o provided — 



distributes over the binary 



a * (b o c) = (a ♦ b) o_(a ♦ c) 
for ^11 elements a, b, c. 
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^^ toswers to Exercises 1-1 • page 2; ^ 
1. Two sons cross; one returns. Father crosses; other son 
.returns. Two sons cross. . \ 
^ 2# No. They need a boat carrying 225 i^<5unds." Solution as 
In' 1 above. . ' 

^ 3. Man takes goose and returns alone. ^He -takes fox and 
returns with goose. He takes com across rlVer and 
Returns alone to ''pick up goose. 

Yes, This depends on the fact that 8x + 5y' = 2 has 
solutions In Integers, such as x = -1, y = 2 and x = 4, 
' y = -6. The first means "^that. If you fill the- 5^gallon 
Jug twice and empty It once Into the 8-galJ.on Jug, you * . 
^ will have 2 gallons left. The second solution means 
thal5 If ypu f^ll the 8-gallon Jug foui; times and use It 
to fill the 5-gallon Jug 6 times, you will have 2 gallons 
left. '^The firsts solution is'^best. 



^1 ^2 ^3 ^1 ^2 ^3 ^1 ^1 ^^^^^ river > M^ returns. 

, * . ^2 ^3 ^^^^^ river; returns. 

^ _ % '^2 ^^^^^ river; p|^^retum,^ 

> ^ cross ??iver; C-^ returns. 

^ « cross riverl; .C^' returns. 



Bl ^3 ^^oss river. 



6. •Balance the two groups of 3 marbles each. Tf they balance 
then it is only i^ecessary .^o balance the remaining -two 
marbles to find the heavy one. -If the two groups of 3 
marbles do not balance, take the heavier group.: Of the 3 
ma:ubles in the he?Lvier group balance any 2 marble^. If 

, they balance, the i»emaining marble-^s the heaviest one. 
If the 2 marbles do' not bs^ance, the, heaviest will be^l 
of the '2 on the balance. 
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*In solving the prbblem is ip practical to try out all the 

possible ways the dominoes may be placed on the board? 

This would be difficult b.ecatt^ there are more than \ 

65,536 ways to covfer ^^h^ whole board. The solution may 

be foimd in another way: 

/How many squares are there altogether on the board? 
(64) \ * - 

How many, squares must be covered? (65) 

What is special about the two squares next to each 
other? (They are- of different colors,) 

What is special about the two opposite corners? 
^ (They are the same color. ) 



Answers to Exercises 1-2 ; page 4: * 

'1. O.K. ' , , ^ ' 

2. (a) Yes. ' 

(b) Someone gets at least 3 pencils, • ' 

3. ;367. (The answer must take leap year into account.) 

4. 1. Tell the class that the- first two to enroll might be 
twins. ^ 

5. ^ 6. ' 

6. 1. . . ' 

7. -Only^ 1. 

8. 6 committees. ^ 
9» 12 committees*. 



Answers to Exercise's 1^3; page 6:- 

1. Another methodwis this: 2'+ 4=3 + 3, 1 + 5^ 3 3. 
That is, the^sum is the sam^ as: 
3 + 3 + 3 + 3 + 3 = 5 X 3 ^ 15. ' 
This^can be called the "averaging method." 

- ' 328 
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2,. Either method works. Gaufes method: . — ^— =^ ; 

Averaging method: 5 x ^ = 20. 

3^ }§ ^ . f^ = 64. ..Here thei^ is an \eVen number of quantities 

'SO that the. -"-averaging method" must be ^ 
modified to give 8 eight-^s or 8 x 8 = 64. 

4. (a)^ 4. . ^ 

(b) 9. . 

(c) - 16. 

(d) The sum of the first "n" consecutive odd numbers , 
equals -th^ square of "n". 

(e) 64. 

5. ^^2^ ^ = 72; 6 X 12 = 72. . ^ , • 

. 62 X 10 , 
D. ^ = 3lOj 31 X 10 = 310. 

^ = 1275; 51 X 25 = 1275. 

8. * Yes, provjjded that the ntunbers are in arithmeiip progres- 
sion; that is, there is the same difference between each ^ 
pair of adjacent numbers. ^ ' ' 

'9. Yes. If yiu start with 1 there are 200 integers in the 

set^ies giving us A^ f^^)^^^ ^ If you start' witl; 0 there ^/ 

are- 201 integers, in the series giving us jO + 200)201 ^ 

_ The products of like factors are equal. The method also 
' may be used In a series if you selpct a number other than 
1 or-^ as a starting point. 



' 10. , (a) If you add 1 to the quantity, the sum up ta any 
. ^ number is equal to the next number. Hence, the 
sum plus 1 is equal to 2 • 256 = 512. Therefore, 
the sum is 511. 
(b) ,This is more in the' spirit of Gauss: 
Sum «l+2 + 44-..« + 256 
2 X sum = 2 + 4 Hr;... 4- 256 + 512 
Subtractings Sum = 511; - 



er|c . ' ^'^^ 
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11. Sum = 2 + (6 + 18 + 
3 i{ sum \= 6 + l8 + . 



. + 486) 
+ 486 + 1458 



Subtracting: 
Sum, 728. 



2 X {'the sum) = 1458 - 2 = 1456 



Answers to Exercises 1-4 ; page 9: 
One out of four or 



2. 
3. 
4. 

5. 



6 
7 
8 



One out of two or ^. 
One out of 52 or -J-. 
Four out of 52 or 4? = -r^. 



The probability may be thought of. as a ratib of 

- t^e number of possible favorable selections 
tTie -coTiai number of all possible ' Selections . 

The /pupils should.be reminded that to say his chances are 
1 out of 13- does not mean that he will necessarily draw 
an ace in the first 13 draws. . 

. One out of six.. A die has 6 sides 'and'onlVone side has 
two dots. . L_ 

. There are four possibilities in all, only one of wWich • 
is favorable. Hence the probability is 

. One out of 36. The more advanced sJAidents should reason 
that there are 36 possible combinations. A table may be 
constructed to show the possibilities. A possible diagram 

_ is the following. 



^-v ^^--"J-Poa^fbinties 


1 


2 


3 


4 


5 


6 


7 


8 


9 


... 34 


35 


36 


t*" • - -3rst die 


1 


1 


1 


1- 


1 


1 


2 


2 


2 


... 6 


6 


6 


- . die 


1 


2 


3 


4 




6 


1 


2 


3 


... 4 


5 


6 



the probability is 



/ 
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9. The possibilities a»e easily enumerated. 



Nijynben of 
Possibilities 


1 


2 


3 


k 


5' 


6 


7 


8 


1st coin 


H 


H 


H 


H 


T 




T 


T 


2nd coin 


h' 


H 


T 


T 


H 


H, 


T 


T 


3rd coin" 

1 ■ 1 


H 


T 


H 


T 


H 


T 


H' 


T 



For 3 heads to come up, the probability Is For 
exactly 2 heads the probability is 3 out of 8 or 4. For 
at least two heads the chance is 4 out of 8 or Note 
that this equals the prol4bility of exactly-4;wo heads 
plus the probability of 3 heads (^). ^ ^- ' 



Answer to Exercisfe I-QX page 15: 

1. The first ^J.'gure can be drawn if you start at either of 

the vertices where an odd number of segments come to- 

gether/ The -second figure has no such vertices so it 

can /be drawn by starting at any vertex. The third figure 

^as four vertices where an odd niimber of segments come 

"^together so it cannot be drSRm without lifting youi^ 
pencil or retracing a line. 
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ANSWERS TO CHAPTER 2 
Answers to Exercises 2-1; page 20: .. • ^ 

M-nnnnniil' ' ""'^ 

(o) 999.99 9 ^ ^ ^ , /Hill 

nn 0 nn n « * 

1 M 1 1 I 



2. 


nnii , hmi 


, linn', ' 








ni 


in , inni 


•, mm 






•=5 

• 


la; 


200,105 


(c) 


1029 






(b) 


2052 




1,100,200 


4. 


(a) 


! !f 
f Tf 




(c) 


««< 






\ rr 








5. 


(a) 


.15. 


(b) 37 ■ 


(c) 


55' 


6. 


(a) 


2^ 




105 






(t) 


61 




666 






(c) 


90 


(f) 


1492 


1 


7. 


(a> 


XIX 




MDCXC 






(^) 


LVII 


(e) 








(c) 


DCCCIiXXXVIII 






3. 


(a) 


1709 


Cb) 


2640 


* • 






654 




1408 








2363 = MMCCCLXIII 


4048 = 


MMMMXLVIII 



In the Roman^ system, the synibol shows the number 
of iinlts to be added while our system shows the 
number of groups and each group has a different 
number of units. The, decimal system involves' place 
value while the Roman system does -not. 
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Answers to Exercises 2-2; page 2k ; 

(a) 5^ > (c) '5^ 

(b) 2^ ■ .(d) 

2. (a) three ' - '-f- . 

(b) " seven 

(c) ten " '- v> ' ^ ■ * 

3. ' (a) it X it X it " . ^' 

(b) 5 X 5 X 5 X 5'' ,, 

(c) 55 X.55 X 55 X >5 X 55 ^ , 

k'. The exponent tells l?ow. many times ^e'base is taken as 

a factor. " . . 

5. (a). 5 X 5 X 5 = 27 . 

(b) 5 X 5 = 25 

(c) 4 X 4 X 4 X 4 = 256 

(d) 2x2x2x2x2 = 52 

(e) 6 X 6 = 56 • • . 

(f) 7 X 7 X 7 = 545 

' • 5 * 

6. (a) 4^ means 64. 5^* means 81. 

(b) 2^ means 512. 'g^ means 81. . ^ , 

7. (a) (4 X 10^) + (6 X 10^) +(8x1). 

(b) (5 X lo5) + (5 ^ j^o2) ^ (2 ^ ^qIj. ^^^^^ 

(c) (5 X lo'*) + (9 X lo5) + (1 X lo2) + (2 X 10^) + (6 XI); 
A<i\ (1 X io5) + (0 X lo'*) +■ (9 X lo5) + (i- X io2) + ' 

(■8 xW) + (cy X 1) ' 

6. The exponent of the base "lO" tells how many zeros are 
written to the right of the "l" when the numeral is 
written in the usual way. 
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' 9. 
10. 



(a) 105 
IqIOO 

is 1.) 



(b) 10 



■3^8 
5 



(c) 



10^ 



(d) 10' 



V 



11. 100, 10, 1. Some discussion might be devoted to the 

meaning given to 10°. This point need nob be stressed^, 
at this time, but it will be used in later chapters^ 



Answers to Exercises 2-3 • page 28 j 



1. 



2.* 



(a) 
(b) 



24 

seven 
116 

seven 




X X X X X X X 

X X X X X X X 

X X X X X X 4c 

X X ^ XXX 

X X X X X X 'X 

X X X X X X X 

;c X X X X X xj 



XXX 

XXX 



3. 



4. 

\ 



5. 



(a) 
(b) 
(a) 
(b) 

(a) 
(b) 

(c) 



(3 X seven) + (3 x one) = 24 

(5 X seven x seven) + (2 x seven) +,(4 ><: one) = 2% 



10 
11 



seven^ 



seven 



(c) 
(d) 



1000 
1010 



seven 



seven 



560 
605, 



seven 



'sevfen 



The 6 means 6 sevens ^ 

The 6 means 6(seveh x seven) 's or 
6(fort3^ine) 's 

The .6 means^ 6(seven x seven x seven) 
or,6(three Jiundred forty-three) 



r 4 

o. seven or seven to the fourth power 
'^•-^^^even 



329 



8- ^OSten- 

9. Neither. They are eqtial . 
lof (a) Yes. 50^en^" ^^ten ^. + (Cf x l) 

(b) No. Vlhen 241^^^ is divided by 10^^^^ there is a 
non-zero remainder. , ' ^ ^ 

(c) If the units- digit is zero the number is divisible 
• by ten> othei^^ise it is. not divisible by ten. 

11. (a) It has a remainder of zero when divided by seven. 

' (b) Yes. (5 X seven) + (O x l) is divisible by seven; 
, Remainder is 0. 

12. A number written in base seven is divisil^le by seven ^ 
when the units digit is zero. 

^3- ^^seven ^^^^^ . ' / • , 

No; you cannot tell -merely bjr glancing a% the numerals. 

You could tell by converting ^ each number to base ten. 

There is another method which is shorter and has much 

value in teaching divisibility ideas. 

For example, " * — 

^^ge^en ^ (1X7)+ (2 .X 1) = rx (6 l) + (2 X l)* 
; * - (1 X 6) + X 1) + (2 X 1) 

; = (1-x 6)'+ {(1 + 3) X 1} 
^ The first term is divisible by two but- the second term 
is not divisible by two-; hence the sum is not divisible 
by two. Note that the digit in the xinits place of the - 
last expression in thiB display 1 + 2,] is the>sum of 
the digits of 12gg^g^ and Jfchis sum is not divisible by 
two. . This^is a general Tule' for base seven numerals. 
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14. They use seven symbols and seem to laave a place value 
^ system with base seven. They appear to use \, L p A 
□ > S, B> for 1, 2, 5, k, 5, 6 and ~ for zero. 
LL follows L\ . 



15. Sefe discussion problem 13 



Answers to Exercises 2-4a; page 31: 

1/ " ■ . 



+ 


0 


1 




3 


4 


5 


6 


b 


\ 


1 


2 


3 


4 


5 


6 


1 ^ 


1 


\ 


3 


4 


5 


6, 


10 


2 


2' 


3 




5 • 




10 


11, 


3 


3 


4 


5 




10 


li 


12 


4 


4 


5 


6 


10 


l\ 


12 


13 






6 


10 


11 


12, 




14 


6 


6 


10 


11 


12 < 


13 


11, 





2. (a) Yes 

(b) ^ % reading each' repulV^ from the table and. noting 
* 'results. / • ' . 

(c) Charti is symmetric with respect to the liiagonal. 

(d) 55 different, combinations;* Just a. bit ovfej> half 
the total number o^ combinations. ^ .) • 

(e) In base seven because there are fewer./ • 

(f) They are equal since* 12 

seven* 
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Answers to Exercises 2-kh ; page 3^^ : 



1. (a) 56, 



seven 
(19 + 22 = 41) 

(bj 110, 



'seven ' 
(41 + 15 = 56.) 



(c) 620^^ 
' seven 

(91 + 217 = 508) 



2. (a) 2 

^ ' seven 

(a) 2 

(7 - 5 = 2) 

(b) 56 

(47 - 20 = 27) 

(c) 6 

(32 - 26 = 6) 



seven 



(b) 



(d) 1266 
" (199 + 290 = 489) 

(e) 1^562 

seven 
(2189 + I873 = ^062) 

I 

(f) 1644^^ ^ 

^ ' ■ - seven 

(327 + ^42 = 669) 
4 



seven " (c) ^ 

(d) 203„^ 

^ ' -^seven 

(247 - 146 = 101) 

(e) 552ggygj^ ■ ^ 

(319 - 37 = 282) 

•(f) 12543even 
(1259 - 781 = 478) 
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Answers to Exercises 2-4c ; page 35: 
1 . " 



MultipMcation, Base 'Seven 



X 


0 


, 1 


2 


5 


-u 


5 


6 ■ 


0 


0 


0 


0 


0 


0 


0 


0 


1 


d* 


1 


2 


5 


it 


5 


6 


2 


.0 . 


2 




6 


11' 


15* 


15. 


5 


0 


5 


6 


12 


15 


21 


2)1 


i+ 


0 




11 


15 


22 


.26 


55 


5 


0 ■ 


.5 


15 


21 


26 


5U 


212 


6 


' 0 


6 


15 


21^ ' 


53 


,42 


51 " 



'2. 



3. 



Since multiplication combination«-fiu:§ needed only up to 
6x6 instead. of up to 9 x 9, multiplication is easier. • 
to learn in base sieven than in base ten. \^ 
(a) Botl^^arts are alike. ^ 

5seve>^ ^even = ^eve^ ^ ^seven' ^^^^ an illus- 



tration of the fact that -multiplication is commutative 



3 



Answers to^.^ 'fexerclses 2-4d . page 37: •• 
. 1.' U) 45 ' ■ 



seven 

1116 , " 
seven 



Q seven ^ 



(4^ 106,555 
(e). I25,156^even 



2. 



id) 2464- . - . 
^ ' seven 



(a) 5 

^ ' -^seven 

i 

(c) ^21^^„^^ with, a remainder of 2^^^^^^. 
^ ' . seven aeven 

(d) 125«^„^„ with a remainder of, 12- 

^ ' seven seven > 



<3i ^ 
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3. (a) (it X 7 X 7) + (0 X 7) i (3,x 1) = m^^^ 

■(b) X 10 X. 10) + (8 X lo') +-(9 X 1) = 189^ 

ten 



^seven 



; seven , ^ ' seven -^-^ seven 

^1 7. Room 123; book 7j 15 chapters; 594 pages; 32 pupils; 
<- 5 days; 55 minutes; 13 -girls; 19 boys; 11 years old;- 

66 Inches or 5 feet 6 tnehes tall. 



. Ansv?ers to Exercises 2-5 ; pageJVo ? 

' ^- (a) 50ten 7 (1 X seventy + (.0 x seven) + (l x one) 



F 101„ \ 

seven 




^'^^ten = (2 X s,evenV^^ x seven) + (5 x one) 

= 265 , 

-^seven • • - 

'^^^\en = (2 X seven-5) + (6 x seven^) + x seven) + 
(2x one) = 2662seven 



(a) 15 

■^seven 

(b) 51 

' seven 

(c) it3l 
^ ' ^ seven 



' ^-^ seven 



Q'= 195 R = 8 

Q = 19 " R<='5. 

Q = 1 R = 9* 

Q = 0 R = 1 
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seven' 



the 



Q = 10 ^ R = 4 ' digits of the base^ seven 

ft = 1 , = 5 numeral are the refliainders 

ft =^ 0 ' R = 1 which have just ^en obtained 

Divide by seven continue to divide each quotient by 
seven. The digits in the rtumeral sought will -be t'ke^ ' 
remainders in order with the first remainder in the 
*'one" place. • * 



(b) 275^ 

^seven 



ten 

(c) 65\ 

(d) - 462 

^ ' sevpn 

(e) 1A6 

' seven 

- (f) 5 , 
> (g) 462 

seven 



Answers to Exercises 2-7 page 46: . ^ 

1. (a)' two (b) two (c) two (d) two 

9 

? 

2. (a) (2 X 56) + (4-x "6) +,-{5 x l) ='101 

(b) (4 X $5) + (l^.x 5) + (2 X 1) = 107 

(c) (1 X 27) + (0 X 9) + (0 X 5) + (2 X 1) = 29 

, (d) (1 X 64) + (0 X 16) + (2' X 4) + (1 X 1) = 75' 
Other answers are acceptable, i.e., (2 6 ) + (4 x 6 ) + 

f5^ ' / 
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3. ' Base Ten Base Six Base Five Base Eight 

;. (a) ■ 11 15 21 13 

(b)^ 15 25 50 17 



Base ten 
Base two 



10 



1 10 11 



100 



101 



110 



111 



1000 



1001 



1010 



11 



1011 



12 



1100 



15 



1101 



14 



iilO 



15 



1111 



16 



3^00 



17 



IQpOl 



18 



10010 



19 



10011 



20 



10100 



?1 


22 


23, 


24 


25 . 


26 


27 


28 


29 


10101 


10110 


10111 


11000 


11001 


11010 


11011 


11100 


11101 


• ■ 30 


31 


52 


55 • 


f 


11110 


11111 


100000 


100001 



■r 



5' Addition, Base two 



0 



- ,+ 


0 


1 


o 


0 


1 


'l 


1 


10 



There are only four 
addition 'tacts." 



6. Multiplication, ^ase Twp 



There ^9re Only four multi- 
plication 'tacts." !liie two / 
tables are not 'alike, ex- 
-cept^ that 0 + 0 and^ 0x0 
both equal Q<f^^^^ 

The binary, system I's V64y* simple because there are ^ 
only four addition and four multiplication "faoJ^sV to 
remember. Comifutation^is pimple.. Writings large - ' 
numbers, however, "is tedious. 



. X > 


0 




0 


0' 


0 


1 


0 . 


1 



34i' 



^36 



(a) 
(b) 



= (1 X two ) + (1* X two) + (1 X one) = 7 
1000^^^ - (1 X two^) + (0 X two^) + (0 X two) + 



111 



;-> '(Ox one) '=(1x2^) = 8 . 
lOlOl^^Q f (1 X two'^) + (0 X two^) + (1 X two^) + 
- . (0 X two) + (1 X orfe;) = (1 X 2^1) + (1 X ^) 

+ (1 X 1) = 21 y 
(d)' llOO^^t^fo x'^two'^) + (1 X two^) + (0 X two^) + 

(0 X two) + (0 X one).= (l x 2^*) + 
(1 X 2^) = 2it ^ 
(1 X twelve^) + (1 X twelve) + (L x one). 
(1 X 144) + (1 X 12) + (1 X 1) = 157 
(5 X twelve^) + (T'x twelve^) + (2 x one) 
(5 X lii^) + (10 X 12) + (2 X 1) - 55^* 
(4 X twelve ) + (7.x twelve) + (E x one) 
(4 X 144) + ( 7 X 12) + (11 X I) = 671 
.(T X twelve^) + (O x twelve) + (E x one) 

= (10 X 144) + (11 X 1) = 1451-^^ 
The new system is in base foixr, - 



(a) 
(b) 
(c) 
(d) 



twelve 



3T2 



twelve 



twelve 



™^twelve 



Base 
ten. 


New 
Base 


New Base 
Names 




Base 
ten 


New 
Base 


New Base 
Names 


0 


O 


do 




• 11 


A^ 


mi fa 


1 


1 


re 1 




12 . 




fa do 


2 


A 


mi ' ^ 








fa re 






fa 








fa mi 


4 




re do 




15 


>^ 


fa fa 


■ '5 


Hf 


re re 




16 


JOO 


re do do 


6 


lA 


re mi 




17 


lOl 


re do re 


• 7 




re fa 




l8 


JOA 


re do ini 


' 8 


AO 


m> do 




- 19 




re do fa 


. 9 


A| 


mi re 




20 


iia- 


re re do 


-10 


AA 


mi mi 
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10.- 





O 


, 1 


A 






X 


o 


•1. 


A 




o 


o. 


1 


A 






o 


o 


o 


O 


O 


1 


1 


A 




\o 




1 


o. 


1 


A 




A 


A* 




10 


II 




A 


o 


A 


lO 


\A 






10 


II 


lA 






o 




lA 


Al 



12. 



13. 



The binary system is extremely simple in computation. 
Large numbers are tedious to write V. 

The duodecimal system may-be used conveniently 
to represent large numbers. Twelve is- divisible by 
1* 2, 5> '4, '6 and 12 while ten is divisible only by 
1, 2,5 and 10. ~ The twelve system requires more 
computational "facts" which will increase difficulties 
in memorizing tables of addition and multiplication. 
Twelve is used in counting dozens^ gross, etc., and 
in some of the common measures of length. 

^2E5,^elve , - 

^^)>8twelve 

Five weights; 1 oz. , 2 ozT, H oz. , 8 oz. , may be used 
^to check any weight up to 15- ounces. 'By adding a 16 oz. 
weight, any weight up to 51 ounces may be checked. ^ 
People who work with computers often use th6 bkM eight. 
To change from binary to^octal and back is simple with 
the help of the , table: t ' ^- 

L Binary 



'000 
001 
OlO 

oil 

, 100 
101 

aio 
111 



Octal 

0 
1 

■2 

5 ' 

5 
6 

7 
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For example, you have 

'•2000 - =pil,lll,010,ci00t„o.^5720g^ ^t , 

• " I " ■ •> . /• 
Note the gxjdupiA^ of numerals by threes in the binary 

numeral. The sum .of the place values of digits in each 

group results in the actal numeral. Hence 

Oil = (1 X 2) + U X 1) «= 5 ^' • 
m'- (1 X i^) + (1.x 2) + (1 x'^l) = 7, etc. 

The method works for base twelve and base seven. It 
will also work for other bases. For bases 'larger than 
ten, %dd. For bases less^than ten, s\jig^apt. 
Example in Base Six: ' ; ^ - 

• ^^'six i^ltiplying: (i^ x it) =16^^ 

Example— in Base Fifteen:^ . ' ' 

h6 * 20 ^.66>;^ . /• • 
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' ANSWERS TO CHAPTER 3 

'Answers to Exercises 3-1 ; page 52:^, 

He subtracted 27 from 8l. No, the answer should be 55, 
Two-to-6ne correspondence Pour-to-one correspondence 
(a) -.Feet to people (a) Tires to cars, wagons 

/ (b) Ears, eyes, arms, hands (b) Legs to dogs, horses 

etc., to people! , cows 

3. The following Illustrates a one-to-on^ correspondence 
^ betwe'en the counting niimb^iite and the even numbers. 



Answers to Exercises 3-2 ; page 54:^ ^ • • ' ^ • 

1. Parts a, c, f^ -g, i * are true * ' - " . 
Parts b, e, h, d are false' ' 

2. . (a) 23-12 <^12 . 32 ' (d) 86 • 135 ^ 135 • 86 
^ (b) 16 > 9 > 3 ^ ■ ' ' (e) 24 4- 3 > 3 ^ 24 > ' < 

(c) (3 . 2l+5='^' + <3 . 2) *(f) aO^c . \ . 
^ ' * 3. (a)' ' 5 . ^ , . ' " ' (d)V 0, 1, 2, 5, 6 ^ 

: ■ • ^ o,.l, 2, 3, 4 . • 

(c) .0, 1 ' . (f) any whole number 

4; ^ No, subtra'ctlon does not havfe the commutative .property. 



Answers. ^ Exercises 3-3 ; page 58: ' - ' 

1* (a) (21 +\:5) +^ 21 +,.(5^ if) ^ Associative property 

of addition ^ .v 



(21 + 5) 26 ^'4 = 30 

21 + (5 + 41 = ^li 9 = .30 ^ 



(b) (9' • 7) • 8 = 9 . '(7 : 8) ' ' Aesociitive property 
^ (9 .^7) .;8 = 63' • 8 = 504.' multiplicatio)) 



^^(7 r 8) = 9 • 56 =^504 
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(c) 436 + (4^6;;^ 1) = (436 + 476) + 1 Associative pirop- 
436 + (476 +'l) = 436 + 477 = 913 ^^^^ of addition ^ 
(436 + 476) + 1 = 912 + 1 =.913 

(d) (57 • 80) . 75 = 57 • (80 . 75) Associative prop- 
•(57=. 80) 75 = (456d) • 75 clSon^ 

57 • (80 . 75) = 57 • 6000 -= 342,000 

(a) No. (b) No. (c) There is no assoc^tive 

property of subtraction, . or the associative property of 

f 

subtraction does not hold. _ . . . 

(a) No. (.e) 80 -r (20 -i- 2) =8 

(-b) "no.* ,(f) (80 20) -^ 2 = 2 

(c) (75 -r 15)- "f 5 = 1 (g) The associative property 

(d) 75 — (15 5) = 25 ' does not hold for division, 



to Exercises 3-4 } page 60 : 

(a) 12-5^=63 ■ '(c) 36+36=72 

• 60 +'3 =-63 ' '''^•^ = 

- • . ^ 

(,b). 3216 + 3484 = 6700 , • . 

67 .100 = 6700 ' ■ V ■ . . ' 

(a) 3.(4 + ^) = (3.4) +'(3.3) • 

, (b) (2.7)'+ (3-7) = .(2'+ 3) -7 

(a) (15.6) +-(15.^3) • (b) 12.(5+4) 

(a) (3.9) + (3.17) = 3.(9 + 17) 

(b) (5-20) '+- (5*23) = 5.(20 +'23) 

"ic) ■ (3.10) + (3.7) = 3.<10 + 7) 

The following parts are true; b, c. 
,,The following parts are.fa^se; a, d. 
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^6. / (^) (60 + it). (60 + 6) = 60.(60 + ^) + it. (60 + 6) . ' 

= (60.60) + (60.6)*+ (it. 60) + (ife.6) 
=' 3600 + 360 + 2it0 + 2it 
= it22it ' ~ ■ * 

(b) (70Uj5).(70 + 5) = 70.(70 + 5) + 5.(70 + 5) -• 

= (70.70) + (70.5) + (5-70) + (5.5V 
= it900 +• 350 + 350°+ 25 
= 5625 , , 



7. 



From (a 

From (b 

From (c 

From (d 

From (e 

From (f 
From X& 



(b) Commutative property of multiplication 

(c) Associative property of multiplication / • 
to\ (d) Cpmmj^tative property of addition 

to (e) . Associative property. of addition 

to (f) Commutative property of multiplication 

to (g) Associative property of multiplication 

to (h) Distributive property ' 



Answers to Exercises - 3-5 ; page 6it! 



1. 

2. 
3. 

i 

5.^ 



(a) No. The sum of 2 odd niimbers is always an even ' 
number. * • 

Jbr)^ -No. , ^ . • ' , 

Yes, since the sum of 2 evw numbers is always an even ' 
number v^""^^ \ _ \ - 

Yes. Sinca% e^acn "of the. ni«nber^ in the set is a multiplel/ - 
of 5, the sum of any two numbe3?s in the set is a multi- 
ple or 5. 

Each set is closed under multiplication. 

(a) .^ Yes • ; ^ , 

(b) No. For-example 500 + 501 V looi and' 1001 is not 
in the set. » - - • 

(c) No. For example, 3 + 4? = 50, ^d 50 is not in ' • 



the set. 



(d) . Yes. If the numerals 6f 2 numbers end in b, then 
the sum of the numbers ends in 0. [ 
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6.- (a) Yes. (b) No. (c) • No. (d) Yes". 

' 71 Yes. Multiplication is an abbreviated process for 
• addition. ' • 

8. No. ' * . . ^ 

9. No. 



Answers to Exercises 3-6 ; page 66: 

1. (a) 5 ' ' (f) 5 

(b) 7 (g) 6 

(c) 8 (h)' 0 

(d) ^ (i) 1 

(e) Any whole number (j) 1 



Answers to Exercises 3-7 ; page 67* *' • , 

1; '(a) None.^ " • •\ (d) 88 

(b) 2- ' . '(a) 3 is answer.- The answer 

, \ „ " is either a (lr-^1) or • 

(c) ^None. . , \ 

' (a - b) - 1 or (a -,1) - b. 

2. (a)\ 10. ■ • (c) 18 ■ 

(b) 11 (d) 22 

S* 3. (a), (c), (d). ; 

4. (a) Yes. (b) Yes. (c) Y es^ ^ ^ 

' - , - • ^ ' / , ^> > > - ' 

5. • i 5, 5[ X 5 •* ^ t 

Either of the two situations is possible. The diagrilms 
.indicate that b is between c and d ' regardless o£. 
whether c < cl j>r d < c. ' 
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- Answers to Exercises 3-8 ; page 70; 

1. You can get any counting number by the repeated addition 
of 1 to another counting number if the number you wish 
to get is larger than the counting number to which you 
add. I 

You can get any counting numiey by the repeated subtra'c- 
tlon of 1 from another counting number if "the number you 
. ' wish to get is smaller than the counting number from • 
which you subtract. 

2. yes. 1-1=0; 3-1-1-1=0. Zero is not a . 
counting number. 

The succeg^ve addition of l«s to any counting number 
wii;L give a counting number. But, the successive ' 
subtraction of lis from any counting number. will become 
0 if carried far enough. 



3. 



^. (a) 876429 (c) 897638 je) 3479 (g) i 
(b) 976538 (d) 896758 ' (f) 97 (h) *i 



Answers to Exercises 3-9 ; .page 73; 



1. 



The symbols 1^ the following parts represent zero- 
(a), (d), (Iff.(f), (^), (o); (q), (s). 

2. The error Is in gie' generalization to ";c . in part (e) 
If a .b = c, a -or b does .-qoHieed /to be c. 
Example: 2 • 2,= 4. This exercise shows the error 
that may be made by making, a g^eralization on a few 
cases . - 1 - . i 



Answers to Exercises 3-10 ; page 75; 

- ^1. (a) 12 =^3 X 4 or 2x6 (e) 39 ='3 x 13 ' . , 
(b) 31 is prime (f) 41 ^3 p^^^^ > 

'8 = 2><^ " , (sL 95 ='5x19 

^H^ -^c; - c; Y 7 , ' 
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• ■ r ^ ■• • 

Of course in all these ca6es the two factors ftjay be 
written in reverse order. 
,2. (a) Thece are 15 prime numbers less than 50. 
(b) There are 25 prime numbers less than 100. 

3. (a) The number 24 is divisible by 1, 2,r;3, 4\ 6, 12 ^ 
and 24. , , 

(b) ' 24 is a multiple of 1, 2, 3, 4, 6, 12 and 24 

(c) 24 is a multiple of each of the sets of numbe^rs in 
(a) and (b) sinc^ being a "multiple of" is the 
same as being "divisible by". 

4. 12 = 2 X 6 = 6 X 2 = 3 X 4 = 4 X 3,= 2 X 2-x 3 = 2 X 3 X 5 

= 3x2x2 * • 

'5. 3 and 5, 5 and 7, H and 13, 17 and 19, 29 and 31, 

41 and 43, 59 and 61, 71' and 73. There , are eight such 
^ , pairs . . • . , 

6. 4 = 2 + 2j 6=3+3; 8 .= 5 + 3; 10, = 3 + 7 = 5 

12 = 5 +M 14 = 3 + 11 ^ 7 + 7; l6 = 3 + 13 = 5 + U; 
18 i 5 + 13 = 7 + U; 20 = 3 + 17 = 7 + 13; 22. a 3 +"^9 
= 5 + 17 =^ IX +.11. ^ ^ ^ . 

'7. Yes; 3, "5, 7. This ''is the only ^set because at least one' 
of any set of three consecutive o.dd i^umbers^ls divisil^l's 
by 3.i 

8. 3, 5,1 7, 11, 13, 17, 19, 23, 29. 

'i — 

Answers to . Exercises ^-11 ; page 78: ' - 

1. (a)' 1, 2, 5, 10 _ (e) 1, 3,' 9, .27 ' ' 

(b) 1, 3, 5, 15 (f)' 1, 2, 3, 4, 6, 8, 12, 24 

(c) 1, 3} 9 ' (g) 1' ^ 

,(d) ' 1, 2, 3, 6, 9, 18. ^ , ' 

' ' 350 N . ■ , * 
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(a) 2 . 5 ' (e) 3 , 3 . 5 Of 3^ • 5 

(fe) 3-5 (f) 2 • 5 • 5 or 2-. 5^ ' 

(c) 3-3 or 3^ (g) 13* 

(d) 2-3-5* 

Zero is not a factor of six since there is not a nvimber 
which, when multiplied by zero, gives a product of si3t. 
6 is a factor of zero since the prodiict of six and zero 
is zero. Thus the definition is satisfied, , ^ 



(a) 


' 1, 4, 10, 20 


(b) 


•1, 4, 6, 8, 9, 


(a) 


3 • 7 


(d) 


3 • 5 • 23 


(b) 
(cj 


2 • 3. • 7 


(e) 
(f) 


7 •, 43 
17 • 19 


(a) 
(b) 
(c) 


Even 

Odd 

Odd 


(d) 
(e) 


Odd 
Even 


(a) 


^Hhree 


\it is 


even 


(b) 


■"■^five' seven-; 


it is 


odd. 


(.c) 


^^five eighteen; it 


is even. 




lOHwo i« five; • 


this is odd. 



/ 

Divisibility * is a property of niamber. It is. the nxomber 
which is divisible by another niomber. The' mineral Is a 
way of writing the ntamber-. tx\ base ten, a nxomeral which 
represents an even number ends with an even niomber; in 
base' five this is not necessarily' so. This is illustrated 
in Exercise 7. 



9. 
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Some of the items in the '"table will be: 



39 
60 
56 



factors of N Number of Factors 

18 1,2,3,6,9,18 • 6 ■ 

24 1,2,3,4,6,8,12,24 8 

28 1,2,4,7,14,28 6 

ta) 2,3,4,7,11,13,17,19,23,29 *(the prime numbers) 

'(b) 4,9^25 (the squares of prime numbers) 

(c) Three; l,p and p » . / ' 

^(d) , Pour; l,p,g,pg. The sum' is 1 + p- + g +.pg 

(e) The factors are; 1,2,2^,2^, 2^' 
k + 1 of them. ^ _ 

(f) The factors are; i, 3, 3^, 3^^, . • . . , 3^. There ar^ 



Sum of Factors 



There are 



k + 1 of them. 

If N = p^, th< 
There are k + 1 of them. 



(g) If N = p^, the factors ate 'l,p,p^,p^, p^. 



Answers to Exercises 3-12 ; page 82; 



\ 



1. 

2. 



4. 



V 
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^a) 5 "(b) 3 (c) ■ 3 (d) 2 (e) 7 (f) 11 

discounting number will be divisible by 6 if and only if 
it is divisible by both 2 and 3. Hence the test is that 



it .must be even and the sum of its digits must be divi- 
sible by^^Sr 

* ♦ 
If a number is divisible by 15 it must be divisible by 
both 3 and 5* and conversely. Hence the test is that its 
last digit must be one af 0 and 5 and the sum of Its 
digits must be a multiple of 3. • 

(-a) iSince the last digit is odd, the number is odd. 

(b) The number is 390 in the decimal system and hence is 
even; You might notice that the number is even since 
^ it can be written^ in the' form 7 + 7 * + 7 + 1 which 
is the svun of an even .numbed of odd numbers. •^\. 
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4 



'3^7 

(c) Here-«re number in the decimal system is 259 which 
is odd. You might notice that -It mty be witten 
' S + ,6^ + 6 + 1 which is the sum of 1 and three 
^ e^n-jiumbers;. hence is oddJ 



(d) Here the number in the decimal system is kO which is 
even; or it may be shown even %y the same kind bf 
arg5|went.as in part b. - . 

If a number is written in thNe^system to the base seven, 

its last digit is zero if and\only if it is divisible by 

seven, but it need not be divisible by ten. To test 

divisibility by 3 write the first few multiples of thjc^ee 

in the system to the base seven as follows: 

Number to the base seven '3 6 15 21 2*^ 30 33 36 42 
Sum of the digits 3 6 3 4^ 3 6 3 6 12* 6 ♦ ^ 

♦Notice that 12 is also,, written in the system to the base 
seven. Here when the first digit inci:eases by 1, the 
second cligit decreases^by 4 giving a net decrease of"3. ' 
Hence the same test for divisibility by 3 works both in 
the decimal system and in the system to the base seven. 

If a number is written in the number system to the base 
twelve and has zero as its last digit jrt must be divi- " ^ 
sible by 12 but need not be divisible by lot It will b.e 
divisible by 3 if its last digit is onXof 0,3,6,9. This 
may be shown, in the same way that you tested for divi- 
sibility by 5 in the decimal system, since the pattern 
3,6,9,0 repeats in the sequence oTlnultiples of 3 
written to the base twelve. 

A number writtefn to the base seven will be divisible by 
6 'if the sum of its digits is divisifie by 6. This is 
apparent from the "tabl3 given for Exercise 5 if you 
notice' that every other sum of digits- is even. 

s 
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8. A number written in the decimal system will divis^ible 
by 4 if one of the following holds: 

f (a) the last digit i^ one of 0,4,8 and the tens 'digit 
is even I ^ \ ' 

(b) the last digit is 2 or 6 and the tens digit is 
odd . • ^ ^ « 

This can be*seen from the pattern, in which th^ 
multiples of 4 fall. ' Also, since any multiple of 
100 is divisible by 4, you could also say -chat 
a n\imber represented by the last two digits is divi- 
sibl^Tby 4. ^ 



T^nswers to Exercises 3-13 i page 83; 

.1. (a) (1, 2, 3, 6) (d) [1, 3, ,5, 15)- 

(b) (1, 2, 4, 8) . (e) U, 2, 4, 8, l6) 

(c) (1, 2, 3, 4, 6, 12) (f) [1,^3, 7, 21) 
• 2. (a). 0-,, ,2) • < . (d) [1, 2) . 

. (b) [1, 2/4) (e) [1, 3) 

y (c) [1, 3) ■^^'^ ^^' f' 

3. (a) [1, 19) ^ 
' (b) [1, 2, 4, 7, 14, 28) 

(c) [1, .2, '3, 4, 6, 9^ 12, 18, 36) 

, . (d) *[1, 2; 4, 5, 8, 10, 20, 40) 

(e) [1, 3, 5, . 9, 15, 45) 

(f) [1, 2*, 3, 4, 6, 8*, 9, 12, 18, 24, 36, 72) 

4. ta) {\r ' • (d) [1,, 3, 9) 
(b) [1, 2, 4) -(e) [1, 2, 4, 8) 

, (c) ti, 2, 4) /- (f) [1) 

5. , (a)- 5 (c) 8 ■ 

(b) 6 ,> . (d) 10 
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6. 
7. 
8. 



9; 

10. 



11. 



12. 
13. 



(a) 
(a) 

(a) 

• (b) 
(c) 

^ (a) 

(b)' 
(a) 

(b) 

" rc)' 

# 

• (a)'" 
(a) 



6 
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(b) a 
(b) 1 



Yes, 1 

Yes, c = 3, a = 3', b = 6 or 9 or 12, etc.* 
No J the greatest. common factor can hever be greater' 
than the*«smallest member'of the' set of numbers used. 

{6, 10, 15} . . ■ ° . ' - 

36 = 2 • 2 • 3 • 
45 = '3 • 3 • 5=3 

The greatest common factar is 3 




or 9. 



24 = 2^ . 3, - 6o = 2^ . 3 . 5 

G.C.P. = 2^ • 3 = 12 

,2 



/ 



36 = 2'^ • 3^, 90 =■ 2 •' 3^ • 5 
G.C.P. = 2 

72 = 2^ • 3'-, 108 = 2? -"3^ 
G.C.P.- = 2^ . '3^ = ^6 

24 = 2^ • 3, 60 = 2^ • 3 • 5; 84 = 2^ • : 
G.C.P. = 2^ . 3 = 12 

42 = 2 • 3- • 7, 105 = 3 • 5 • 7, 147 = 3 
G-.C.P. = 3 • 7 = 21 
165 = 3 • 5 • 11, 234 = 2 . 3^ . 13 
G.d.P." = 3 . 

6 (6;x 0 =^9);^.^(b) 1 . (c) 1 
Yes - (b) Yes (c) Yes 
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Answers to Exercises 3-14; page 87: 



1. 



'(a) 
(c)- 

(e) 



(a 
(b 
(c 
(d 

(e 



Dividend 



Divisor- 



Quotient , 
3 




Remainder 
2 



66 



10 

^ 20 . 
There are several possible answers for (e). 

9 ^.9 

3 27 

1 -81'^ . 

^ .27 . 3\- 

81 1 

No . • ^ 
The dividend is greater than the quotient in this case. 
The divisor must always be greater than the remainder^. 
Yes. 0 -r 3-= 0 or 0 = 3 • 0 + 0.' ^ 
No. 3 -r 0 is impossible because there is no number 
which when multiplied by 0 gives 3, with a , 
remainder less than the divisor. ' ^ 



(g) Yes 



Yes . 0 4- 3 = 0 

or 3 -r 5. may be considered as giving a quotient 
of 0 Vith remainder 3. This might be the ^answer 
to the question: "How many $5 shirts can you -buy 
with $3?" • - 

with 0 remalrider 
wjth 0 remainder 



6 4- j5 = 1 
6 •f'2 = 3 



3. (a) Yes <. 

(b) No. """Tt is impossiOTe to divixie by 0. 

(c) Yes. ^ " 

(d) Yes. A remainder of 0 is a whoje number. 
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(a.) > , ,4 2 





a 




4 


1 


100 


^ 2 . 


50 




25 


■ i 


' 20 


10 


10 



There are many - * 
possible answers as 
indicated here. 
thje commutative 
' property the reverse 
order for each of 
^ , these is also Ian 

acceptable answer. 

(°) . 16, ' ■ 11 ' 

(d)" \ 25 y ■ 

(a) No r • " • ; ' 

(b) Yes, (16 4- 2 = 8, 6 = 2, q = 8) 

(c) yes, (200 -f ,75 =2 and Remainder 5Q 

q = 2, • R = 50) . ^ ~, ' 

(d) No. The divisor, b, may be -any whole -number^. 
' except zero. Division by zero is impossible.) 

(e) Yes (counting numbers- do not include O). 

<(>f)- Yes.^ '(a may be 0, then q = 0. ,or/' a may be 
any other number. However, ^ is not^aj^ounting 

number ' if a b. ' 

^ " * \ 

(a) The members of the set of all remainders are the 
whole fiumbers less than eleven. , • - v 

(b) /25 '^ft ^ * 

(c) . K , 

(a) (1) 836 ^ 124 = 6' and Remainder 92 • 
(2) 124 92 = 1 and Remainder 32 
^3) . 92 -f 32* » 2 and Remainder 28 / 

' (4) 32 -J. 28 r: iv; and 'Hemiiinder '^4 
(5) 28 -s- 4 = 7 and; -Remainder 0 
V The . 0.0. F. is 4 ^ ^ - 

(b) -a.C.F is '28 • / ' , ■ " 

(c) . O.C.F is' 71^^^ - 



f 



u 



8. (a) 



(b) 



' 332. 

Each of the sets has, eleven elements (or members). 
One suggested correspondence is given here: 

'o 1-2 3 h 5 6 7 8 9''" 10 
i| 5 6 7 8 9 K) 



1 2 



3 



11 



. 79) and 
elements. There 



Each of the sets {51, 53, 55, 
{18 , 20 , 22, 46) has 15 

are many different ways in which a " 1-1 coi?respondence 
can be set up between, th.e two sets, 
correspondences are given beloVf. 



Three of the 



51 •« >18 



53 <- 



->20 



55*- 



->'22 



51 < >46 

53 >hk 

55 < >h2 



51<- 



53'*- 



55 «- 



■^20 



->22 
->2k 



79 < >k6 



7S <^ > 18 



77 < >k6 

79 < >18 



(c) Each of the sets {3, 6, 9, 42) and 

{105, 112, 119, 196) has 14 elements. 

There are many'ways in which a 1-1 correspondence 
can be set up between the two sets. 



Answers to Exercises . 3-15 } p,age-*90: 

1. (a) * The least common multiple* of 6 and 8 is 2h. 
(b) The least common multiple of 9 and 12 is 36, 

(b) 72 



A 

2. \a) 42 

(a) 12 

(b) 18 
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3. 
4. 
5. 



(c) .60. 

(d) -^ 30 ■ 

(ar Yes 8 i -is the L. CM. of 4 arid 'S. , 
(b)' No. The L.C.M. of 8 ^and 9 ^ is 72* 

(a) 6 ■ (b) '29 (c) a- 
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(a) No;" what is thfe L.O.M. of 2 anc^ 37*^ 

(b) For '^two different prime 'numbers a and the 
L.C.M, is the product of the two numbers a • b. 

.(a)^ For three different prime numbers*, a, b and Cj 
the L.C.M. is the . j>rod]act of the three numbers,^ 







a • b . c. 


• 


8. 


(a) 


^Q- (b) 112 (c) 


70 ( r{\ fin ' 




(a) 


No. (b) 


No . 


10. 


(a) 


-Yes. (d) 


0, 




(b) 


, Yes'. ' ' ■ (ej 


No, Zero is not a 


• 


(c) 


Yes. 


counting number. 


Answers 


to Review Exercise , 




• 1. 


. (a) 


1 (d) 


2 




(b) 


6 , (e) 


9 




(c) 


3 


^ . ■ • 


2. 


Ca) 


6 " (g) 


989 • • 


• 


(b) 


24 .. ^ (h) 


858 




(c) 


■14 (i) 


663 


- 


(d) 


75 • - ' (jj 


5402 




.(e) 


36 (k) 


2520 




(f.) 


105 . ' . {Jh 


31,372 . 


3. 


- (a) 


Product of the num- (b') 


. Product of the G.C.F.' 






■ bers' in Problem 1 


*L.C»M, of the numbers 








Problem 1 




(a) 


23 X 43 = 989. , (a) 


1 X 989 = 989" 




(b) 


66 X -78 = 5148 * '(b) 


6 X 858 =. 5i.48 ■ 




(c) 


. 39 / 51 = 1989 (c) 


3 x 663 = 1989 




(d) 


7jl -X' 146 = io,8o4 ■ (d) 


2 X 5402 = 10,804 




(e) 


'45.x 72 X 252= 22,680 (e) 


9 X 2520 = 22,686 




■ (f) 


4 44x 92 X 124 = 501,-9"52( f ) 
C > . • . 


' 4 x^ 31,372 = 155,488 



and 
in 



1^ ^ 
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(c) It is always true* that the product. of two numbers 
is equal to the pi<&duct of their G.C.F. and their * 
L.CM. This .can be seen from the following example: 

Let r = 2^ X 5 'x 7 and s = a x 5^ x 13 
'To get the G^.C.'P. take the -product of the primes 
occuring in both raised to the small.er power: 2 x f 
To get the L.C.M. take the product of the- primes 
raised to. theAJ.arger power: 

; ^ 2^ X 5^^7 X 13 

, Then rs = 2^ x 5 x 7 x 2' x 5^ x 3.3. 

and G.C.F. times L.C.M. = 2 x 5 x 2^ x 5^ x 7 x 13. 

One product is the same as the other except that the 
members are rearranged.' 

This is not. true for three or more numbers.. 

(a) The product a • b . 

example (l) The G.C.F. of 3 and 5; is 1.* 
^ ' The L.C.M. of 3 and 5 is I5. 

example (2) The G.C.F. of 4 and 9^is 1. 

The L.c:m. of ^ 4 and 9 is : 36. 

(b) No.^ Not necessarily. ' 

The G.C.F. of 2, 3 and 4 is 1. ' 

The L.C.M. of , 2, 3 and 4 is 2^ -".3, or 12. 

It is not 2 • 3 ^ 4. . ' * 

(a) 2 is a prime number. It is the only even prime 
nulnber. \ * , . - 

(b) All primes except 2^ ar> odd, i.e. 3, 5/ . 

(c) One. .Only the prime number 5 ha? ^n ending In 5. 
All other numbers ending in 5 areinultlples pf 5, 



i^e., ^ 15, 25, 35, 
(d) 2 and 5. . 

(^) • 1, 3, 7^.^ aad...9,._r 
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The two numbers are the same. For example: The L.C.M.' 
of 7 and 7 is 7. . ' 

(a) Rows ^ Bulbs per row (Bulbs and rows may 

be interchanged.) 

1 112 

2 56 
»^ 2a 

- 8 • lit- 

is 7- 

(a) 3, 6, 9, 12, 15~first bell, 
5, 10, 15 — second bell. 

They strike .together again in 15 minutes. 

(b) ^' 6, 12,. 1^, 2k, 30^-first bell,. 
'"^ 15, 30--second bell. \^ 

They strike together .again in 30 minutes. 

(c) 15 is the least common multiple of 3 and 5. 
30 is, the least common multiple of 6 and 15. 

(a) Yes. The G.C.P. of 6 and 6 is 6. 

. The-^L.C.M. of 6 and 6 is 6. 

(b) >No.. The G.C.P. of the members of a set oT numbers 

can nev'er be greater than the largest number of the 
set of numbers "because a factor of a number is « 
always less"" than a multiple^ of the number-'^unless- 
the multiple is zero.. 

^c) No. The L.C.M. of the members of a set of ,nvunbers 
can never be less than the largest member of the 
set of numbers. "* . . ^ - 

The least common mul-tiple of two numbers 'is at least as 

big as the larger of the two numbers (since the L.C.M. 

is a multiple of the larger number). The greatest. 

common factor of two numbers is no larger than the 

^smaller-of the two numbers (since the G.C.P. is a factor 

of* the smaller number). If the least ^common ^yltiple 
• < 



• and greatest common factor are equal, the larger and 
smaller number must also be equal. - 

Illustra^te with 4 ^and 6, locating the L.C.M, and 
G.C.P. on the number line; then use 4 and 4. 

\ ' 

10. 1 (a) No. It is not possible to, have exactly four numbers 
V between two odd niombers. Between any two odd primes 
there iS' always an odd niomber of numbers. If they 
are consecutive, odd prMWis ali tM% nuni^^s between , 
would have to be composite.' 

(b) Yes. For example^ between 23 and 29 there are 
exactly 5 composite numbers;. 24, 25* 26^ 27, 28. 

11. (a) 135, 222, 783, and IO65 are all divisible by three. 

(b) 222 is the only n\Amber divisible by six. 

(c) 135 and 783 are divisible by nine'. , 
. (d) 135 and IO65 are divisible by five. 

.(e) 135 and are divisible by fifteen, 

(f) None of the niimbers are divisible by four. 

12. The pattern is a five-pointed star. 




13. There , is no greatest prime niimber. 

To show there is 'no largest prime number, it will 
be shown that if p is aqy prime, there is another prime 
larger than p. Denote by M the product of all the 
primes less .thaa or 'equal to p: M=:2x3^x5x7x*ll 
X . . . X , 

Then + 1 is certainly larger than p and M + 1 

.h'as at least one prime factor (it may be a prime). But 

•M + 1 -doe$ not have any of the primes ^, 3, 5, 7, 

as a factor since division by any of these primes leaves 

a remainder of 1. Thus all the prime factors of M + 1 

are larger than p, and hence p is not the larges.t 
» 

prime. Since p Vas an arbitrary prime, there> is no 
largest prime. * '^'\ 
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ANSWERS TO CHAPTER 4 



'Answers to Exercises 4^1 ; page 98: 

1. (a) 1, 2, 3, etc. 

(b) 0, 1, 2, 4, etc. 

(c) - 0 ^ 

(d) Numbers such ' 

2. All are rational n\ainbers, 

3. (a) 5 • X = 1 (e) 5x = 0 ^ 
' (b) 4x = 4 (f) llx = 123. 

(c) 3x = }1. ^ There are other correct forms 

(d) 9x = 6:5 answers. ^ ' ^ 
^- (b) 1 (dj 7 (e) 0 

5* (a) fajfee.** . ' ' ' 

(b) ti^e- 

(c) l true 

6. (ay If Is the nimiber of cookies each boy should' 
.receive, then 3x « 12. 

(b) If X Is the ntmiber of miles Mr. Carter dr^ov%':-on 
>, each gallon of gdsbllne, then lOx = I60. , ' 

(c) If X Is the niamber.of bags of cement needed for 
each foot of walk, then 30x = 20. / ' 

(d) If X Is the number of pupils in .each grpUp, then 
4x = 32. • . , . . * . 

/ (e) ' If X is the ntmiber of sheets of 'paper each pupil 
receives^* then 24x 12 • 
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Answers to Exercises 4-2 ; page 104 : 

1. ' All except f. 

2. (a) Conunutative for multiplication 
Associative for multiplication 
Distributive 

l)istributive ^ 
Identity for multiplication 
Identity for multiplication 
Identity for addition 
Commutative for addition 
Associative for addition 
Associative for multiplication 



(b 

(c 
(d 
(e 

(f 
(g 

y(i 
(J 



No difference in area. 



J 



n 


• .d 






2 


3 


4 


6 


■ 6 


9 




, 12 


10 


15 


■ etc. 


If* .2x 


and 


• 0 









ar*e names for the same number then 



• 2)x = 



r - 1 

v- - 1 
X = -J 



3 
3 
3 



But If 2x = 3 then 



the»same number 




3C» -J* 



and 



There are three names for 



1- 



3 are name^^or the same number. 



Since 

V3. 



3 



71 



1 



,and * 
3. 
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384 



6. 
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/* 
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Answers to Exercises 4-3; page 106: 

. ^' IT.. ' -(c) I 

y (a^ 7n = 8, n = . - ^, . • 

° '(b) lln = 2, n = . 
(cy 36n = 64, ri = ^ . 

4. Set of reciprocals is {1, |, |, |, |, 7^ 8 j ^ ' ^ 

5. (a) If the number is between 0.. and 1, the 
reciprocal is greater. ' ^. 

(b) If the number, is gre£?^ than 1, the 
reciprocal is less; , ^ 

(c) The reciprocal 6f 1 . is 1. 

^ (d) One of the^e sentences, and only one, is true 
for every counting number. 



2 
15 



(c) They ai^ reciprocals^ of each other. 
--■■ '8. ;(a) ^ . (b) • 

, (c) :They are ^reciprocals of each other. • 

*9., (a) If l4n and 5 are naipes of the^same number, 
/ .then -^(14n) . and . -^(5) are names of the same 

' number. L * 
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♦10. . X = I y = I 



Or In a more sophisticated way, 
ax = b by = a 

(ax) (by) = b • a 

(ab) (xy) = ab 

^ ab T 
xy=^=l 

Jou'may wish to think of xy = w, to .have 
(ab)(xy) = ab . ^ ^ 

(ab)w = ab ^ . 

' ' = 1 . ^ 



Answers to Exerglses 4-4; page 111: 





1. (a) A: 


1 2 
^ = T 


3 






B: 


i 2 


3 






C: 


^3 6 
T = F 








D: 


1 2 








> 


2 . 4 


6 ■ 




P: 


1 2 
T = 


3 

= U • 





The rational number located 
at point ^1^' less than 
the rational number located 
at point A. Becavise point 
B is to the left of Roint 
A. on the number line. 

Point A is to the left^f 
point C. Therefore the. 
rational number located at 
C is greater than the one 
located at A. 
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2. 



Here there are at least two interpretations for each. 
For example, in (a) one could exhibit a number line with 
20 divisions and note, .that if ^ it is divided intqu 5 
equal parts, each will be 4 units long. Also, the ^ 
same divisions coifld be labelled as fifths and. then the 
line would be fovir units long. It is important that 
you see both. 



.16 



137 ^ 




(a) Here one measures three units to the right from the 
. 0 point, then moves two units to the left from the 

point 3, arriving at the point 1 which is equal 
^ to 3 - 2. 

(b) Similar- . ^ ^ ' 

Notice that here negative numbers are not '^involved. It 

« 

is merely the *idea that if you move to the right to add, 
you move in the opposite direction to subtract. 

,One can certainly find whether two fractions are equal 
by changing them to fractions with equal numerators and 
examining tl^r denominators! There are times when, this 
method is easier than the other method, for Instance, 



in examples like: Is 



3 

TT 



15' 



Is 



3 

TT 
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Answers - to Exercises 4^; page ll6: 

(c) 70 . (f) ^ 




■6. 



/>^\ 80 ^ / -X 3 



2. 


3 




3. 


i4 






(a) 






(b) 


4 




(c) 


! 


5. 


(a) 


2 




(b) 


8 



(e) 1 
(d) l\ 

7. (a) ^ ,(b) 



4 
7 

9. (a) 10 times as large 
9 (b) '^tlmes as large' 
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Answers to Exercises 7^^6a ; page 120 

1.3 



1. 



or 



■ 2. 
3. 

4. 

*5. 
•6. 



,ta). 
Yes. 
Yes. 

(a) Yes. 

(a) Yes. 
V 

(a) . 7| 



8. 



9. 

10. 

11. 



(b) 
(a) I 



or 1 



(c) 



1 



or 1- 



'IE 



/ 



or 
or 



{by The commutative property, 
(b') The associative property. ^ 

(c) 17^ 



ad + be 

~i5a — 



(b) 15 




liunns, rows, and diagonals are. 22j. 



Answers to Exercises 4-6bj page 125: 



4' 



10 



1^' or- ^ 



4 or 



(a) 
(b) 



(c) l4 or .i^ 



(e) I ■ * - 

(g) They are eqiial; 
fhJ^Yes. 
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r 



♦2. 



3. 

4'. 

5. 
6. 



7. 
8. 



A Mel's home 
B Vic's home 
C Bob ' s home 



B Is 



C Is 



L4| 



75 

11 

rods 



or 



of a njile farther than A, 



Of a mile farther than A. 



(b) ^ -g^ per poxind 



:^^ard . 
(a) raised 

(a) Le^s ^ ^ ^ ^ ^ 

(b) If th^ difference were exactly 11, the larger 
^ *n\Amber would be 6^+11 or 17-^. Since 

17^ < 17-1, the difference is less than 11. 

In general, yes, unless the number subtracted is zero 
or th^^riginal Traction has a value of 1. 



z 

3 


1 

1? 


1 

2 


1 

4 


5 
12 


7 
!^ 


1 

3 


3 
4 


1 

6 



The sum In each row, each column and ea&h diagonal is. 



Answers to Exercises 4-7 i page 128: 



- 1. 



(a) 
(b) 



2 8 

.7 = T5 



and hence 



1^ 



13 65 
"-Ho- 



is 4 
^Hence., > ^. 



370 



f«4 



(c) '^ = §5 and 



365 • 
65 



Hence, o > y-'. 



♦3. 



13 65 

You might find the answer more quickly by noticing / 
that the numei^ators are equal and hence, the larger 
frdctioh is^ the one with the smaller denominator, 
since the denominator denotes the number of equal . 
parts into which the numerator is cULvided, See - 
Problem 3* 

,You might answer this question by giving several examples 
showing the following which is shown in letters: 
a > 2b implies that | > = 2. . , 

If two fractions have equal numerators, the fraction. with 
the smaller denominator represents the larger number* A 
satisfactory reason at this stage should be that the 
denominator denotes the number of ^qual parts inl^o v*iich . 
the numerator is divided;, If the nvunber of parts is 
Smaller, each part must be larger • It is too early to 
discuss manipulations with inequalities • 



Ansvers to Exercises 4-8; page 131: 



1. 



5 


1 ■? 




36 






71 - 


.r 


i : 




\\\ 






30 


\ ' • 
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.2. (a) Ratio of niomber, pf girls to total is 

(X>) Ratio of nxMber of T^pys to total is \* 

(c) -Ratio of niuriber of giris ,to number 'of .bojrs ^is ^ 

3. The following ratios are equal: 

(a); (c)/ ' - \ 

^^. (a) X = 15 ' ' (^) X = 15 ' ^ 

X =^42 ^ 

5. 'tin the ratio 3:1 we have: 

3 cups butter ' 4^ cups fiour 

2 cups fifugar* 3 teaspoons vanilla , 

It will now make 90 cookies; 

To make cookies you would rewrite the recipe lo 

> 1 ^ ■ • 

^^s^^ri^® ratio 1*5:1 

1 ' 1 

l-j cups butter 3^ cups flour 

. 1 cup sugar ^ * 1^ teaspoons vanilla 



3 eggs 



6.^ Lb) $1.65 



i 



(b) 45. cents ( 

(c) 4119 ^ 

(d) , 316.8. feet 
.7L feet per second 



5 cents per (iozen)' 



or 317 to the' nearest foot. 
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8. • (a) 


12 


14 




]^ 


21 

✓ 


(c) 


30 


« 35 


i 

• (d) 


4- 


100 



(e)- lOQ 



116| 



12 ' 


6 




1 


18 


• 6 




7 


30 


- 6 




1 


.85? 


6 


"TO ^ 


T 


100 


6 







Hhswers to Exerclaes 4-9a ; page. 135? , ^ 



1. 


(a) 


50 7o 


■ r . (c) 150^7o 




(b) 


20*7o 


(d) 140%^ 


2. 


(a) 




(d) • 80 7o 




(bf' 




(e) . 20 7o 




(c) 


20 7o 


(f) ' 10 7o 




(a) 


Mortgage ' 20% 


; taxes 5%* car 



Answers t*< 



clothing * 12%; x^peratlng 8%; health and 
recreation 6%: savings {tnd Insxirance 10^« 

,(b) The 8 gmswera total' 100%. ) \ 



Exercises jUgb; page 137js 



1. 1(a) 


30 - 






•6 




(b) 


57o 






60 




2. (a) 


25 7o 




(b) 


75% 



3> 



fa) ^ 



TJ5 



(b)^^10% 



368 



'550 



hint: 



4 
TO 



to "Exercises 4-10 ; page 140: 

(a) 65.87 • -(d) 0.483 

(b) 436.19 
•(c) - 50.24 ' ' 



(e) 0.0026 



(a) 3(1) + l(-iK) 

' 10*^ 

(b) l(-ix) + 2(-\) 

10*^ 10^ 



(c) l(^) + 1(1) 

10^ 

(d) 3(10) + 3(--iK) 



^S^v®"^ hundred thirty-six thousandths, 

(b) Po^ir thousantiths . 

(<r) Three hundred sixty and onejhvindred one* thousaj\dthS 

(d) One and one hvindr>,ed one ^eii-Jbhousandths . 

(e) Nine hundred nine and nine thousandths. 
" (f) Three and forty-four ten- thousandths. 



(d) 60.07 

(e) ^ 0^^32 
.(f) 8.019 



(a) 300.52 
-(b) 0.0507 
(c) 0.014 ■ 
0.5 

.°* ^twelve 

°*^twel^^ .• I r 

l°-°l>ltwl » 1(20 + Kij) + l(ij) 

. = 2+.^+1^.2+| + l 
= 2| = 2.375.- . 



374 



-* • ^ 369- 

Answers to fixerclses ^-lla ; page l43: , 

1. 0.4375, ?and therefore, 0.45 lb. Is greater thlk 



7 ounces. 
2'. 150.7 kilometers. ^ 
3.. 75.7 kilometers. 



Answers to Exercises 4-llt> ; page\l46: 

.1. (a) _ 0.00081 (b) 0.60625 

2. ^ (a) 1.4375 . (b) 255. 

\ 

3. 375, 37.5, 3.75, 0.37^, 0.0375, 0.00375. ^ ^ 

4. 0.0625 ' 
' - 5- . About 2.4^ miles > ' • * • 

*6. 3.102g'^^^y^ (In the raultlplljatlon table, base Seven, 

• . jrou have : , ' 

I ,• 



4 „ X 4 



seven qeven seven' 



2 X 4. 



22„^„„„,. and 

O ATT ' 



11. 



seven seven seven* 



Ansyfems to Questions in Class DiscTJSSion. 

1. - 1, 4,- 2; 8, 5, 7. • >. 

2. ,yes.- ■ 

3. 0.090909 ... ; 

4. After the first subtraction. !^ 



,370 



5.. 
6. 

8. 



No. 

Yes; by a bar. 
0.270270 ... 




Answers to Exercises 4-11q ; page 149 : 

1, 0.0769230769230 ... • 

(a) After the 5th subtraction; 

^ (b) No. • ; 

(c) By dots. 

^(<r) Yes. 

(e) By^ a bar. 

2. (a) 0.3"? . . . 



(b) 0^8750"^ 
3. \ (a) 0.09^ 



(c) O.lT,. 

(c) 'i.2r?r 



(b) 0,2757 

'k,*^ Yea. 

5. (a) ■ 0.^, 0.4, 0.8 

(b) . 0.05; 0.15, • 0.55 

(c) . >0.001,. 0.112,- 0.'927 












371- 


* 


• 


Answers 


Exercises 4-12 j 


; page 


151s 






1. 


(a; 


0.04 




(b) 


"^.04 


s 


2. 




o.i6a 




(c) 


0.325 






(b) 


' 0.000 








< 


3. 


(a) 


0.3 ■ 






0.1 


•1 




(b) 


U .o 




" (4) 


0.0 


• 


4. 




43.30 sq.' 


rd. 








(b) 


43.89 sq. 


rd. 












0.59 sq. 


rd. difference 














f 


Ana we 


to Class Exercise 


4-13; 


page 152: - 




1. 


(a) 


12% 




(b). 


40 7o • 




2. 


(a) 


18.7.5 




■J (b) 


0.03 




3. 

« 


Ca)^ 


0.8% 




(b) 


47^% or 


47.5 


4. 




0.16^5 




(b) 


o!l875 





5. 
6. 



Note that . 0.l6jp and 0.l8^ we avoid' since they are 
misleading. 

(a) 111% . ' ' 



(a) 111^% 



Of course mjiny other, answers aria possible; For 



(b) 29% 
'(b) 



251 



(b) coW be 
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372 






_ -O..125 ' — 




(bj ^ 3 


3 • 


3007o 




■ 37-1 


37-|7o 


(d) > 1 ' 


150 


1.5% 


(e)' f 

8 


0.625 


62.5% 


lUo- 


. ■ 1 


• l7e 


(g)ife§ 


0.875 


87.5% 


(h) .1 


100 
: TO' 


1- • 




7 — 
6.106 . . . 

/ 

0.833 ... 


? - 

83|% 




0,llT ..." 


115% 


r,v 121- 


0.605- / 


6oi% 


:m) ^ 

■ 


i • 


'0.5% 


1 . t2-5 26 25 


• 

. 33^37.5 5b 

» 1 1 r L__ 


62-5 66^ 


— lb; ' 


40 


60^ ' 70 









62|% 



87^% 



*0 



100' <50 



Soo 




Answers to Exercises 



1. 
2. 



3. 



'5. 



(a) 
(a) 
(b) 
(c) 



$0.70 

1117. 
3k % 
34% 



373 

k-lk& i page 156^ 
' « (b) 




The final net price would be the same for bo*h methods of 
computation. After a number of examples, most pupils- 
would see ,tbat the answer for a price of $200 . woul^Tbe 
twice that for $1«0, and similarly, for anj^Vltiple 
of $106. If you had studied some algebra it crould be 
shown as follows: . ' 
. Computing it the first way you would have 

P - .(O.IO)P - (0.Q5) [P - {0'.10)P] = ' 
P (0.10')P -.(0,05) P + (0,05)(0.10)P. 
Computing It the oth^^r way you would have 
P - (0,05)P - (0.10) (0.05)p3 
P - (0.05)P - (d.lO)P + (oao)(o.o5)p. 

If the sales tax were computed on $100, the price would 
' be $102 before the discoyint, and, $91.80 after, Jus^t 



as before. This 
latter case, th( 



may seem 1 littl 
discount is on tm 



strange since in tm^ 
;e larger* amoimt and 



em. The algebra 
utation. 



the percentage of discount i s l^ar ger than that of the 
tax. The! same arguments basedfon exampjles could be losed 
t.elvB, as were used in the previous prol 
Would look lik^e this: 'By the first coi 
the final amoiint would be: 

p (o.io)P4- (0.02) It -.(o!io)p3 = 

P. - (O.JO)P (0.02)P - (o!o2)(0.10)P 
and by the' second It would.be: / 

(0.10) [P + (b.02)P3 
0.10)P - (0.10)(0Cb2)P. 



P + 
P + 



(0.02)P 
(0.02)P 




• *6. 



3Y4 ^ 

Under the \50mputations of Problem 4^. the net price is^ 

85|7o^of the origin*! price, no matter what the' original 

price is* This meagis-Jthat the discount is really* 14^% 

for way of computing. The '^hopk^pepeirTiaght explain 
that the discounts were to apply successively, that is, 
one after the other. As -^on have seen, it does not 
matter irtiich is applied first. 



" ^Answe rs 

r 

1. 



2. 
3. 

5. 



2 7o 



6. 
7. 



to Exercises 4-l4b j page 159 : 

(a) 150 (c) decrease of 20% 

(b) - 120 , ^ 

14.3 *7o or 
5.6*''o or 

;3o.9% ^ •■ 

(a) Trie i960 wages are less than the 1958 Wage's . - 
.(b) 96% ' ' . 

Suggestion; Start with I958 wages of J^l^o; per week. 
- You raightj be interested in finding wha^ percent . o.f 
increas? rrom 1959 to i960' will bi*ir|g the wages iback 
to 4100J 25*70. ^ ^ I ^ ' . . 

(a) 157<| ■ ' ,(b) i!7.6 7o ! ■ .* 
Ab.) 460 • . (c) 460 

(b) 460 ' ' • W 
ihie object of this problem is to show that though the 
wording of the prqblejis. is/ different, the mathematics - 
is the .-s^e; . ' * 



375 



/ 



8, 



(c) $m.5o 



\ . 



10, 



I 



11. 



^ (aX-j!|J48lt.50 
(by 4484.50 

■"Agalii -ftie object is to shpw that the raatheraatlcs T.s the^^' 
same in all cases-, ^ . \ 

5.3%\. _ • ' 

(a) ; $677.4-2 *v * (c) $677.42 

(b) $677.42^ * (d) $:65Vld 

^ this |tiihe you might expect the* answers to be the same< 
Vi will be fine if you can do tKis with dls^criminatlon. 
Since'4iere, (d) is quite different',, you may learo to 
proceed with caution. '/^ J. ; 

(a) 2,258 ' gal. 

(b) 67,742 ml* 

(c) About_.l86 miles per day. 

(d) It Is xmlikely that a man who . walks to Horic woxad 
drive 186 miles a day. '- - ' 

— --^ \^ L ' " 



Answers to Exerolse^''%A5a i. page l63; 



1. 



2. 



(a) 
/(h) 
.(c) 

(a) 
(b) 

(q) 



I 



10 



10 
10*^ 

'6 X 10^ 
6.781 X 10' 




(i)f lo9" 

(e) 10^ 

(f) - ao'f 



r V 



3- 



4.59 X 10' 

(a) 30,000- 

(b) 50, 000", 000 



(dj 7.8 ^'i^'M,: 

(e) 6 X lO^v 

J. 81 X 10^ '^Ju 

436;, 000^ ( 



r 



if) 
(c) 

(d) 1/732,400 



.000 



) V , 



ERIC 
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376 



4. (a) ^00 =. 6 X 10^ , (d) 70900^= 7.09 X 10^ 

(b) 100 = io^ (e) 600,000 = 6 X 10^ I 

(c) 1200 = 1.2 X 10^ (f)' 5,362,400 = 5.3624 x 10^ 



Answert to Exercises '4-l§b ; page' ' l6f : 
-^-l (a) 60 X 186,006 



(b) 6'0 X 60 X 186,000 

(c) 24 X 60 X .60 x^l86,000 

(d) 365 X 24 X 60 X 60 X 186,000 

(e) Do not "2?ound off" \mtll multiplications have been 
perfprmedj If "rounding off takes place' earlier the 
result becomes less accurate. Before rounding It Is 
6,307,200,000,000. 

(f) trillion ^-^^ ^~ 

(g) The speed of light ^ed Is the result of rounding an 
approximation. The nximber of days In a year (365) 
'Is an approximation alsol , 

2. (a) 3.5 X 10^3 2.1 X 10^ 

(b) 6 X 10^ I- (d) . 9,3 X 10^*^ 



5. 



\ 



ERIC 



J. ,^ . 9.3 X 10*' . 

• (1) •4l65'x 109 ' \ 



3. (a) 6.3 X lO-^" • U) •4.65 X 10^ 

(b) ' 10^ ' (d) 1.1 x.io^ 

4.. 7.2.xJL0^ mlies f , ' 

About 6.132 10^ miles or 613,200,000 ,mll|l^ 



-382 



4- > 



0 



■• . ANSWERS TO CHAPTER 5 

« • # ' > 

Answers to Exercises 5-1 j page 170: 
^1. (a) 

(b) 
(c) 

S 

- (d) 

2. . (a) 

(d) 

/ 

3. (a) 



\ 



-L. 



^ 3 ■ 



2i 



J- 



1 . . 


^6 




• ■ i • ... . . . . ' 1 ^ 



I 2 3 

2 





. 3/2 










0 


1 
















1 111 11_L 


1 





0 ^ ' i 
2 



3/4.. ^ tW 



I 




0 




a/a. 



25: 



is/ the laiJigest riumber in ■ 
the set. 

g 

^ is the larkest niamber ±n 
the set. 



^erJc 
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378 



4. 



n 






• > 


o 


1, 3 

J 


4« 5 6 


' 7 



i Ca), [0,2], *mid-point is 1 
I » (b) |], mid-point is"^^ 

(°) ["I* mid-point is 2 

"•-.^'(d) [2, 6.5], mid-point is 4*25 



5. 





5 






• 




3 






^ » a 3 
— » = , — 








5 


" 





6. 



ce+3) * * 


y 


z 




r 






z r ^ 




— ut 


• 7 " 




(-3 + 0 




y 24(3+;)= 6 "/ 



4 



.. \ 



T. jU) 

r 



3-2=6 










^ 


• 


»- 



|b)j 
(c) 



5 . < 
5-£ *0 



I 2 



1 


— I— 


—1 — 


1 























8. 



2. 

a ■ 3 = 6 ■ 



r.1 fi • S 



12 



— ^— 


3 '^^ 




1 T 




/ e 2 




^ t 4 








r yt. — 


3'^- 6 ' 




< — >^ 



This illustrates the commutative property of^ multiplicatic 



II I ■ I 



4 
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Answers to Exercises 5-2 ; page 17^: ^ ' 



1-. 

- I 



(V4) "(Vi) CVa) 0.5) (c) 
b (0* (d)* (6)/ 



J 1 1 ! I ^ I ' L 

^ O /' I a , 3 4 



-J \ ' ■ . 

5 6 7 5 



^ '<-7 'd -5 -4 -3 . -z 



yes 



and 1 



^ and ■■ 





^ (b) • -4 


C3) \ 




8 -7 -6 -5 -4 -3 




(.),Z'J^ ..3,4 5 6 7 S\ 



3 

largest is ^ 

sijiallest Is "6 

It.. (a) ■*'200O . ' (b)' ■*'1Q0- 
"6000 ■ " "50 

■ 5. ,.-'2, "1, 0} "^1, - ■*'2,. , 



(6) 



'2 



. 6. 



(v 



i a 



+2500 

(C) - 



-1 



*IOap 0 .<000 ^2000 3000 4000, SOOto 6000. 7^)00 8000 900Q, lO^ppO 



Answe rs to Exercises. 5-3 j page 3.79: 





1. 


(a) ... 
















/ . 




~ ' — : « 







— » ' • »— I 1 L 



385 • 



■/8> 



380 

8 



(d) 



. V5 V/ TO "i ■« -5- -^f -3 -2 -/'-^i 

2. - -(a) 0 ' (c) "1 

/(b) 4- ' • • 7 (d) 12 

3. "(a) - 



(b) 





2ir 


• 

















t 



^ y/ vc? '9 s -/ -tf •--^ -/ 3' 



-7 -* -i- -5 -<? -/ <s> 



1 I I 



4. 



(a) -5 

(b) ,-11. 



(d) -6. 



> 

3S6 




(a) January . 5000 
, .February ^ **"2000 

' - March ' "6000 
-•(t)) "5000 or $ 5000/1 afes 
, (c^ 1000 or $ 1000 {Srofit ' '.. ' ^ 
(d) .'12,000 qr' $ 1^00 itoss •. ' ■ 

6.. - (a) "^17, ~^,.\t,-ri ' . . 

(b) 20 _+ 17 ='3j/ ' . ' ' • ■ 
• 37. + r6)'/|l ' . ' • 

42 + OS).*. 39 •■ " ; ' ' 

ball Xs on the 39, yard line .-■ 
. (c) iry("6) + 11 + ("3) =19 ' The net gain is 19 yards; 




- 3 

. 4 



-.1 »• ^ 



4 



to Class Exercises .5^3a ; page l8l : ' 

1. -7, 9. "11. 12, 6, "15, 20, 0/|, "(|), J, '(|^) . 

2. The pairs --in (c) and In (d)^are additive inverses • 



Answers to ' Class Exercises 5-3b ; page l83: 



1. 








7 ' 










r 


• 








7^ 




0 




V • 





ERIC 



387 ' 



382 



■t 7 



X 



~<9 





I? 






• 1 









/o 



(b) 



- — f- 



(c) 



(d) * - 




7© 



Answers to Exercises 5-4a ; page l84; 



1. 



-I I 1 L. 



.2. . (a) 



(c \4" 



(b) 



1h 



3. 



2 



^. (a) 



mile 



;(<3 



1" 



X s 1- 3. 



' io ■ (b) 3 miles' 



■388 



ERIC 



, 7 



383 



5- 



3 

a 
/ 
o 
"/ 

"Si 



Answers to Exercises 5-4b j page l87: ♦ 



1. 



2. (a) 























































i 








































































— 








> 
















.( 
































































i 




































1 
























0. 


























)' 


























































































r - 






























































f 


p, ■ 


■5'; 


























































































TT' 






















































• ° ' (c) 

e 






















































-z 






















-t- 
















V 


n 




< o 







































































































O 0 * 



389 



384 



3. (a) 



































> 






















































































-h 
















i 








4 






r 































































































yes 
(c) yes 



Answers to Class Exercises 5-4aj 'page iSS: 



* I- 



1. 


(a) 






(b) 


IV 




'(b)- 
(d) 










(e) 


I 


./ 


•(f) 


IV . 




(g). . 






(a) 






(^y 


lu- 


t 


(c) 


ll 




(d) 


III 

ft 


3. 


Ma) 


" Y-axls 


V 


(b) 


X-aKls. 




(c) 


^At the 



> 



i 



:..ERIC \ 



"390 



' 385* 

Answers' to Exerc-lses 5-4c ; page 190 : 



1. 



2. 



'A 



.3. 



4. 











y 
















A 

r 








-J 














































/ 






















































^? 














He 










































































( 




































f 






'x 










, ■ 
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(c) the Y-axis 



(c) the -X-axis. 
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.(c)' nefther'axis. - 

AB is an- oblique 
line. • 



.(e) {(3,2)) 
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(^) isoscelea 



(c) - yes 
' (e) (0, -l) 



-(c) parallelogram 
Xe) (0, 2) 



Answers to Class ^Sxerolsejg. page 192:' 



(a) ' 


■y = 3 


(b)' 


y = "3 


(c> 


y = -4 




1 

.y = -2 
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Answers to Exercises page 194 • . ^ ' 

1- (a) y = 2 , (b) y > 2-- ' '(c), .y < 2 
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(d) X = 3 



(e) - i- > 3 



(JP) X < 3 
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(g) X = "3. 
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(h) X > "3 • 



(ij X < "3 
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(J) y = "2 



y > "2 



(1) y < "2 



1 


" 1 




























! 
















— ) 










































































































mi 






Hi 




mi 




































ftti 








Hti 


Hti 


































its 


tit 




































































































— r" 













































I 




















* 




— 












































































































































[fit 


riii 










iiff 


lit 











































Answers to " Exercilses 5-^^ ', page 195 



(a) Possible points i'fiQlude \) r "'t)* (5, 5) 



/ 



-The graph of y = x is in^ the text. 



(a) 
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{b) A possible set R, "i-s 



{(0, "!)., (1, 0), (-1, "3), (2, 1)} • 
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3. The paph of is a line which" passes through the 

origin.and makes an'aogle of 45° with the x-axis. " 

The graph of y >"x - is^the half-plane above and to 
the left of y The^g^aph of y < x is the half- 

^lane below and to the right of y = x. 
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Answers to Exercises 5- 5a ; page 197: " 

1.. The prod>icts increase in the 1-row, 2-row, and 3-ro.w as 
we move ta 'the right; • - • 



2. The products decrease, 'as we move down, in the 
column and the "l column. _ 

3. "58, "21, , "U, -7, 0, 7, "U, 21,: 28, 35, \2 



2 



' -4. 


20, 16, 


12, 8, 


^. 0, 




"8, - 


12, - 


16^5 " 


20' 


' ' ,5. 




■ "3 
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"2 


• "1 
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•1 
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"5 


• 15 


\io 


' 5 


0. 


"5 


* "10 




<f 


"4 


12 


.8 
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'4 


"8 






, ^3 
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. 6 
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"3 


"6 
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i 2 
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"2 


"4 
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, 1 


0 
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■ 0 


. 0 
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1 0 • 


0 
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1 . 


"3 


"2 


"1 


^> 0 
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6.- '(a.) (v-2)(I) = "2, ■ (l)(-2-) =^^2, therefore 
. . (-2)(1).= (l)(-2) ' 

(b) '(":^)(0) = 0, (0),("3) = 0, therefore 

• ("3)(0) = (0)(-3) 
/ ' • , 

- (c) "5) = 20, (-5)("4') = 20, therefore 

■/("4)(-5)'^ ("5)("4) • , 

4.d) (15)("6)'= -90, .(-6)(15) = Ao; 'therefore 
. Cl5')(-6) =^-6) (15) 
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7. 
8. 



9. 



,390- 

\('2)[(-l)( 5)] = (^2)(-5) = 10~, . [("2)('^)](-5) = ' 
(2)(5) = 10,. therefore . ("2) [ ("l) ( 5^ i = [ ("2) ("l) ]( 5) / 

(a) -M3 + 8) = rk){3) + (-^)(8)°= (-12) + (-32) = "44 

• '^-4(3 + 8) = "Mn) = 

^- therefore "4(3 +, 8) = "4(ll) 

^(b)* "2(-3 + 6) = ("2)("3) + (-2) (6) = 6 + ("1?) = "6 

"2("3 + 6) = (-2)(3)l = "6 

therefore -2(-3 + 6) = (-2) (3) 

(c) -ia[("8) + (-1)] = ("10) (-8) + ("10) (-1) = 80 +-10 = 
'-10[("8) + ("1)] = "lO(-9) = 90 ■ ■ 
therefore "I0[("8) .i- ("1)3 ("10)("9) 

(m) "66 
(n) 

, (o) 



ea) 


0 




-34/ 


.(i) 


903 


(b> 


"8 ■ 


(f). 


"245 


(J) 


0.84 


•(c) 


"20 


, (g) 


54 


(k) 


760 


•(d) 


"24 


. . (h) 


6oo 


(1) 


576 




'4 


' (b) "5 


(c) 




(d^ 



11. Xa) 



-8 



•l6 
(e) "77 



-a 



-6 



-5 -a 



46 



(b) 



' ^ ' -lO 


• '2: 










. L^^^ 
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-10/9 -8 -7 -6 



I \ O' 12 3 4 5. 0 



^c) 
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1 ^ 1 


1 1 1 1 




* 1 1 ' 



-1 L. 



la --n "10 -9 '^a -7 -5 -a* -3 -2 -/ , o 



e 3 



12; (a) 36 .yard line '\ , * ^ 

/'.(b) ^In order^to ascertain the initial positiorr of Ithe 
two te^s you'^ave to' undo the ^addition 'of 3(f2) . 



■3,96 
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13. (a) A football team ha& the ball on th'e 47 yard line. 

It loses 5 yards on each of 4 sudcessive plays'. 
, It^ new position is ? ' . 

(b)' After losing three yards on two successive playg a 



4 




football team is 


on .the 


' 15 




/ 




position was tihe t^am before 


these losse^ 


(a) 


"12 


(c) 


"5 . 




(e) 4 ' 




(b) 


"15 


(d) 


"10- . 




(f) ■ 2 
. (f) 1o • 


' ' 15. 


(a) 


"2 




*T 






(b> 


"3 


(e) 


it . 




(g) "1. - 




(c) 


^10 . 










.16. 










(a^ 6o, 


(d) 






(g) '^0 




(b) 


12 


(e) 


40 








(c) 


15 


(f) 


■40 
































Answers ' 


bo Exercises 5~5b; 


page 


202: , 










"28 


(c) 


"12 




(e) 4^ 




(^) 


•"12 


U) 






■ (f) 1 

5 




• C-i). 


"4 


(c) 


*"6 . 




(e) "10^. 




(b) 




(d) 


-(|) 






(a) 


r = "2 


<c) 


r = 7 




(&) r = "(i)' ' , 






r = ."3 


^) 


3 




- .(f) ' .r = 1 ' 


/ ^ 




fl 2 , 6 


, "1, 








.5. 


(a) 


2. 




(e) 


'"5' 






(b) 


"5 




(f) 


5 ■ 






,(c)-. 


"5 




' (g) 


o"' 





6. -(a) n=i^=-(|);' (b) n = ^=-(|) 
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7. 
i • 




2 • 
" (-3), 




t 






ft 




• 

" - 7 - 




» s 


'6 . - 




9. 


(r6) 


n = 7,- 


< 


• 6n = ""T 


4 




10. 


(a) 

■f 


" = (11) 




• (c) n = 


l.> 
^ ^- 


• 




(b) 








1 

•3 . 





. 11. ■ (a) b:s: = a 

(b) either both posi^x^.or both negative 

(c) negative, positive- 



Answers to Exercises 5- 5c ; page 206: 
1. 



■2. 
3. 



4. 



(a) . 3 

(b) 0 . 




,(d) 5 

(e) 10 

(f) 8 


(.g) 

(h) 
(1) 


"45 
"67 

"28 . 


"11 11 

Ty T • 


• ■(!) = 


7 11 7 


■(|) 


I 

1 


,U) x = 


"3 


U) 


-/i3N ■ 




. (b) X =, 


11 
"11 


* (g)- 


■.(l> 


f 


•(d) x=. 


15~ 


• ' 






X (a) "5 
('bJ^3 

(c) -6- 


< 

< 


(d) 

(f) 


6 

'3 
3 
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Jf one w^ishes to jump from 8 

+ - ^ 
to- 3 one has to travel in a 

p*ositive direction and one 

must cover 11 units 

•^3 • (-8) = +11. ■ 
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6. 

7. 
8. 



9. 



10. 



(a) -10 

(b) ,100 



393 



l^f a. - b = c,' and a + ("b) = c, t"^n a - b = a + 
(/the transitive property of , equal ity. )• 

(a) - "7 (e) /lO , (i) * 2. (/) 11 • 

(b) -2 ' (f) -6 (J) 12 (m) ""7 

(c) .4 (g) .-11 (k) -7 (n) '13 



Cb) 



(d) 10 ^ (h) 12 



X 


"i 


0 * 


1 • 
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■ 5- 


'5 ' 
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/ 












X 
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"3- 


■ 1 . 


. 'l 


'3 ■ 


"5 . 


'7 



Answers to Exercises 5-5d i ^xage 2L3: 

I. sample 'set W= {{0,61, ("1,3), (2,6), ("2,-6)) 

3. . . ./ k. 



2. 
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Yes. All points in the t>lane will be included in the 
graph since for each va3,ue of x, ''y is- allowed to be 
less than 3x, greater than 3x, or equal to 3x. 
Note:^ Strictly speaking these graphs will not contai 
all points of the plane unless you have the -real num/ers 
to use as coordinates. 



6. 



7. 



8." 



sample points in the graph '-'of y > 3x + 2 might b4: 
(0,3); (1,6), (2,9), (3;ii),C4,lif), (-1,-2), (-2/5), 

(■3,"8; 




(d) 
(e) 



y < 3x + 2" 
y > 3x 4- 2 



(b) , y =. 2x - 1 
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y ■ 



9. 



39°5 ' - 

(a) , no ^ • (dj yes 

(b) See diagram (a) in- (e) Samples (5,25), ("5,25), 
the te-xt (6,36),. et^. ■ ■ 

(c) yes *' (f) -yes 



Answers to Exercises 5-6 ; page '217: 



1; 



' 2 



3". 



A. 



(a 
(b 

.(c 

ia 
(b 
(c 

Ta 
(b 
(c 

(a 
(b 
(c 



X = 2 

, y = 7 • 

k = 2 

■ X = 9 
y = 10 
n =.11 

b = 3 
a '= .3 ■ 

n = 6 
a = 16 
k = "16 



(d 
(e 
.(f 

(d 
(e 
(f 

(d 
(e 
(f 

(d 
(e 
(f 



,m 
s 
t 

X 

p. 

X 

»m 

X 

y 

d 
n 
s 



6 

25 
""5 

9- 
14 
8 

= 8 
= "1 



18 

"15 

21 



' 5. y-^ "= 22 (feet) 

6. .A = 49 (square inches) 

7. A = 225 (square inches) 

8. i = 135 (dollars) \ ■ . ,' 

' 6 ' ' ' 

9. c = 62^ (inches) or 62.8 (inches) 

10. -A = 531^ (square fee?) or 531.66 (square ^feet^ 



Answers to Exercises 5-7a j' page 221 : 



• 1. (a) X + 5 

(b) x)- 3* 

h) 8x. 

. '(dO ix or i 



(e)" .X + 10 
•(f) 7x ^ ' 

(g) x-n, 

(h) ^ - 
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(a) 
(b) 
(c) 
(d) 



17 
9 

96 
3 



(e) 
(f) 
(g) 
(h) 



22 
84 
1 
6- 



students will, undoubtedly write different .translations 
for each of these phrases. You should be primarily 
concerned with correctx order of nvunbers. 



•f « 

(a 
(b 
(c 
(d 
(e 
(f 

(a 
"(b 
(c 

(a 
(b 

(a 

(b 
(c 
(d 

(a 
(b 
(c 
(d 



The niimber 
The number 
The nurabipr 
The number 
Th^ number 
The •numbigr» 

1 

3 

12 

"1 
"5 

6 + a 

8b/ \> 
8o' + l' 
8d - 3 

3 

'24 

.■27 



X increased by 1. 

X decreased by 3. 

2 multiplies by x. 
18 divided 'x. 
^ ^ multiplied by 
"6 added to x. 



X. 



(d 
(e 
(f 

(d 
(e 
(f 

(e 

(f 
(g 



(f 
(g 
(h 



3 

24 , 

0 

"9 
"8 
-8 

8e 
T" 

2f + 3 
5(g + 2) 
7h - id 

"3 
"5 

"31 • 



r 
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1 
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8'. 



(a) 

(b) 

Cc) 




Five more than two times a certain numl^er. 

Three times a certain number and the result 
subtracted from six, 

A number decreased by one and the result multiplied 
by 7. 

Five- decreased by a number and the quantity divided 
by two. 



Fifteen increased by two times a number^ 



(c) 
(c) 



5 

3 



page 226: 



(e)' 


X +^ 10 = .21 


(f) 


7x = "35 ■ 


;(g) 


X 11 = ~5 


(h) 


X - 6 = 15 


(e) 


x 

{11} ■ 


(f) 


{■5} 


(g) 


{6} 


(b) 


{2i} 


(d) 


X - 3 > 6 


(e) 


> X - 5 < 13 


(f) 


3x > "9 



The pet of all numbers greater than 

The /set 6f all numbers less than ' 2 

The/ set of all numbers greater than 

Th4 set of all numbers greater than 

Thjfe set of*all niorabers less than l8 

Tl^e set of ai^l niorabers greater than 



9 

14 
"3. 



403 



• ' • 398 , . . • . ^ 

i - ' 

5* (a) (TWO more than a certain number is equal to five, 

^ (b) The sum of- a certain number and negative three is 
• • seven; . . ' 

(o;). Ty;o'm^'tiplied by a nvimber is equal to negative ten. 

(d) A number decreased by five is greater than nine. 

'«■'". 

(e) The prodxxet of five and a number is less than 
•.fifteen. , 

(f) Seven decreased by^a number is two. 

(g) Three subtracted from a, number is less than four. 
<h)\A' number^divided by 3 is greater than^ nine. 

(i) K number decreased' by seven is equal to negative two. 

{))^'A number di viewed by :"30 is^ual to six. 

6. (a) - {3)- \ . • - ^ ^ 

(b> (10} }\- ' . 

(c) {"5) fj^';'^^- \ . 

(d) The sift of numbers greater than", l4 , 

(e) The s^jt of all numbers less than 3' - 

(f) (5) ^ ■. ' I \ 

(g) The se«\of all numbers less than 7 ' 

(h) The' set o^all numbers greater than 27 

(i) (5) X 
, (J) {"180) ]' 



Answers to Exercises 5-7c j vpage 229: 

1. (a) (4) (e) {all numbers greater than 5) 

(b) r*^) (f) {-5}- 

(c) {3)- ^ • (g)^ {all ntmbers less thaji 5) 
' (d) {all numbers less (h) {all nmbers less than 3) 

than 1} , * ' /. 



404 



(a) 
(b) 
(c) 
(d) 
(e) 

(f) , 

(g) ; 
■(h) 



"2 



~7 



H 1- 
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2 +'3 +'4 - +5 ■ +6 • + 7 ' +8 
i ^ f ! ? i ?- 



-5 - 
1 



-3 



+ 2 +3 • 



-3 -2 -| 



0 +1 1+2 



'4 



. .+4 +5 +6 



-r 1- 



■i ^ 



■3 -2 -I 

• I ' I I 



O ' 1 J- 1 1 ^. 



^ 



-^2 +3 +4 +5 +6 +7^ 



6 



4- 



■i h 



H 1- 



< ->t 



-r 



3* (a) {all numbers) , ^ 

(b) {all jrjumbers gre^ater than 1) 

, (c) {all numbers less than 3,) - 

(d) Thec^empty set. (The sentence ^has no solutions.) 

" (e) {"5) , ■ ; . . 

(f) ri] , 

(g) ri) 

(ki) {-2} ■ ' 



.1. 
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0 



46o 



, -4 -g- -| (f +1 tit +3' +4 +5 ■« 

• I .! I I \-> I m I : . I — t— * 

(b) ' ' • - ' ' ' ■ :^ 

- -4- -3 '2 • -| 9 +1 +2 +3 +4 

• "-T-T" 1 1 I I I j^. r , , 

, '4 ~3 -2.-1 . O". +1 +2 +3 +4''+-5 

• ' " I — © H — — h 1 1 1 K-r.^ 



' — I ' © — I ■ L > j . — ^ 



]4 ^3 -2 -| . "^"^ ° 



(e) _ 



5 -4 -3 -2 -| 0 +1 +2 +3 +4 
— 1 1 ^ 1 H 1 1 h-. =1- 



^ ' -4-3 -2 -I 0 +1 +2 +3-. +4 • 
1 1 l-T— 1 • 1 1-^— I i 

(g) ' . - (■ • , 

~5 -4 -3 ^2 -I 0 +1 +2 +3 +4 
' ir-, — I 1—* + \ T I 1 — 

"5 -4 -3 -2 .-I -0* +1 +2 +3 +^4 
' I . 1 1 ^ \ \ 1 1 f W 



The set of all ntunbers between 1 and 11. 

-f 0 +1 +2 +3 +4 +5 +6 +7 t8 +9 +10 +11 +12 ' ' 
< — ' ® I I I Ijl I I I I I H 




The intersection 

(a) The set of all numbfers less than 9 and greater 
than 2. , . . , ' 

(b) The empty set. ' . 
*(c) All numbers greater than 3 and less thaji 6. \ 
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8. (a) , • . 

.0 +1 +2 +3 +4 +5 +6 +7 -+8 +9 



H 1 (D- 



0 +1 +2 +3 ,+4 +5 +6 +7 +8 .+ ^ +10 

H : — I + '-i 1 A 1-> 



H h 

(c) ' • . ■ • 

0 +1 t2 +3 +4 +5 +6 +7' +8 +9 +10 

-* 1 1— H ^ I • I 0.1 H7 1 5* 



9. (a) {3,-3) * ' 

(b) ' ■ . , w 

. .-3 ' -2 -| X ■^■S ■^■S 

< ■ • I 1 ^ 1 1 • > 



10. (a) All numbers greater than "3 and less than 3. 

(b) ' . ^ ' - 

-3 -2 -I 0" +1 +2 +3 
•. •* 0 I I I I 1 I I 0 

11. (a), "Ti-or X +^7 = 6 x = "l 

For 2x - 1 ='5- X = 3 " 

The set of solutions is { 1, 3) 

"I 0 +1 \+2 +3 
, -* • 1 III % ► 



12. (a) For X - 1 4 x = 5 ' 

O For X - 1 > 4 " X is all niinbers^ greater than 5. 

•< . The set of solutions is 5 and all numbers greater 
than 5. ' . 

(b) , . - - ' ' • . 

. ^2 -1 0 ' I 2 ■ 3* 4 . 5 . 6 
<— ) 1 1 1 1 ^ 1 rt -''i' > 
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13. The solution set of "x < 10" is all numbers leps than 10 
The solution set of "x - 9 > O" is all numbers greateir 
than ' 9 . 

Every number is in one of these two sets (or both). Thus 
the^solution set. of. the cpmpound sentence is the set of 
all nxambers. . ' * 



f 



Answers to Exercises 5-7d ; page 232: ^ . . ' , ' 

1. (a) y is the number. of years in his' sister age. 
. iO = y - 4 

\, (b) m is the number of model plane kits. 
25ra = 75 _ ' 

(c) b is the number of years in Sam's age now. 
' • b + 7. = 20 ' * \ ^ 

(.d), f ' is the numlier of fe-et. ^ 
12f = 72 . , . . 

(e) f i-3 the number of feet; \ ' \. 

f _ c ' "* ' - ' " 

(f) ^ n .is the niamber of yeai*s in' Ann^s aige now. 

• ' n - 10 = 3 

(g) , d is the number of dollars. . ' >■ 

lOOd =450 - ' 

. * (h) X -is the* number of cents earne.d per^hour before ^ 
midnight. 

y the 'number of cents -earned per hour after 
midnight. ' 

* ' ^ ' ~ 4x +'2y = 350 • ^ ' " 

■ • - . " ^ \ 
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V ^ ^ . 403 * ^ ' 

2. (a) is the number of dollars that Dick'has. 
3 + 2x < 23 ' * 

, v» 

r-^is the number of mUes per hour that the plane 

■travels.^ . ' ' . 

- ' ' " 2r > ^0 : * ^ . . 

(c) a is the number 6f yeara in Susie'^s agei \ . 

^* (d)^-x is the number of hours it :t^eV^.to drive from 
Mill City to Dover. ' /V ' 

\ 240 40x or ^ TRT = ^ : ' . 

(e) y is the number of cents that Sally ->till earn in' 
5 hours . 

y = § * 65 

3*. (a) \l a is the number of years in Mr. Smithes age novi. 
- ^ II • a + 10 = 4o ' 
Ill a = 30 ^ 

-A 

(b) I - X' is the number of dollars you have now. 
, li X + 5 = 12 

III X = 7 ' * ' / - ' " 

(c) ^ )I b the number of inches' in brbther^s heigjit'. 
\ II ' *2b = 64 ' - * 



III b' 1 32 



{6)1 I p* ^s the number bf the year ^ .which Paul was born. 
^11 . p^+ 14 = 1958 • ' ' • / ' 

III p^= 1944 ^ ' . . 



• I h is the number of inched in the length of the 

' altitude. - , v 

II I . 7h « 35 
III h = 10 



(f) I y is the. number 



III' y = 50 



4 
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^gj I p ^is the number of dollars , in." the original^^prie 
> - = or t80^p_= 28 ; 

- (^) I X is the number of mil»es in *the complete journe 



II ' 120 +'§x = X ^ ^ 

tr III X = 320 ' > 



Answers to Exercises 5-8a ; page 236: \ 

' p , « ^- 

- ' 1. (ar) (I) A X + 5 = 6 j,^^^^ 

^' ^ ^ ^ ^ , , addition property, • 

' . (3c>rh,5) + "5 = 6 + "5 , adding "S*: ; * 

X + (5 + "^5) = 1 * associative property 

^ ; ' ^ ^ ^ • ^ . 5 + -5 = 0 . 

"3^11) If X = 1 then x-4^ 5 1 + 5 so i ^ i-s 

a solution. ' ' - 

(t>) "Cl) X + 6 « 5' " 

' ' " addition property, 

(x cf 6) "6 3r -5 + "6 adding "6/ 
. , 3c + (6 + "6) « "l associative property 

,x = * * 6 + "6 = 0 

. (II) If X « "1 then X + 6 = "1 + 6 = 5, 30 "l 
^ ' is a solution ' • ^ ^ 

. (c) (I) X + -7 7 , ^ - addition property, 
(x + "7) + 7 = 7 + 7 ^ adding 7. 4 
^ X + ("7 + 7) = 14 i|ssociatlve property 

X = 14 ' ' "7 + 7 = 0'^ 

(II) If X * 14, then "7 « 14 + "7 =^ 7, 

14 is a solution. / .~ 

. (d) (I) X - 7 = "7^ • 
^ X + "7 = "7 *• property of additive 

(x + "7) + 7.« ^7 + 7 

* % ^ ~ ^ associative property 

' % • ' X = 0 " •"7+7 = 0^ 

'(II) If;, x =r 6, then X - 7 = 0 - 7 = 0 + "7 = "7, 

^ " ' ^ s6^ O^is a solution. 



inverse - ■ * 
addition property, 
adding. 7 
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(e) ^ (I) t + 6 = "13 , ^ , 
,.,(t.6,._-6,-.3.-6 , 

t + (6 + 6) -» 19 assaciative property 

' t = "19 • *^6' + "6 0 , 

(II) , If t « "19,. then t + 6 = "19 + 6 =*"13, so 
"19 is 'a solution. / 

(f) (I) > s 3 • ' ; ^ 

. ii 4. "'^ ^ 7o 4. 4. -o addition 'property, 
^ ^ - ^s + + J ^ adding "3V • ^- 

1 = s + (3 + "3) " ' associative property 

1 = s ^ 3 + "3 = 0" - " 
(II) If s.=;i, then s + 3 = 1 +3 =-4, /or 

4 = s + 3, so 1 is a solution. 

(gV (I) "2 = "4 + X • ' ' 

4 + "2 = 4 + ("4 + x) addition property, 
^ ' ' adding 4 

^ 2 (4 + "4) + X * associative profferty 

2 = x ^ 44.-4»0 

y (II) If X = 2, then- "4 +' x = "4 + 2 = "2, or 

"2 = "4 + X, so 2 ip a solution. ^ 
.* ^* • 

Hh) (I) x + |=io / ' 

(x + I) + -(3) = 10 + -(I) addition property, 
^ ^ ^ . adding; -(|) 

^, 3 \ 17 » 

X + + "t'j)) ='''"7, associative property 

'17 .. ' 3 ' -/3x^ ^ 

X = -5- -5 + (^) = 0. 

' , (II) If X » then x + | = iJ+|=^^ = 10, 

^. so ^ • is a solution. ~~ ' „ ■' 



^ . 4o6 
3 5 



(i) (I) y - I 

' '7+ ■(!) =|. ' ' *, . . • 

(y + -( + 3 ^ I ^' 3 addition^property, 
■ adding* 

y + ^"Cj) + "i^" ? ~ ^ associative property 

, y - ^ / " -(f) +1 = 0 • 

^ ' ' (II) If y = 4, -then y - I = 4 - 1 = |-- 1 = |, 

or y - p so 4 Is a solution. 

(J) (I) u + 14 ^ , . . 

. (u.+ 14)1 + -14 = I + -14 .•adding°"-l4°^^''^^' ' " 
. ' u , .(14 + -14) . -ilO^ = -(■§) 
u -(^) ■ 14 + -14 = n 

(II) If u --(^), then u+14 =-(^) + l4=-(^) + ^ 
■ * . = ^, or u + lii = ^, so r(-^) is a solution. 

,(k) ' ^ 

' ' ' . "^"1 + -1 + (1 + x) ' addinf"-!"^^^^^^' 

Y » (-1 + 1) #x associative property 



6 v 

J ' X ."* ,' 1+,1»0 

*(II) If X - J, then 1 +. X = 1 + 'I » ^ + = 

13 ■'6 
or « 1 + -X, S.0 y is a solution. 



", ._ ,_4.12 
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(1) (I) - X + -(^) = -(^) ^ • . _ V 

(^t ^ '{^)^ + ^ =■ ■'(^)^+^ "^addition proi^erty, 

. ' adding- ^- - - - ' - 

■ .==*.C(5'-|)=*-(Tlf)-T??=-(l^) " 

, > * ' associative property 

(II) If X = -(^), then ,x + -(^). = -(^) + '(^) 

rX^) = -(^) + -(Tf ) = -(^) ^ and 

"(tTT) = "(i^) ='(^\' Thus 

X + "C^) = and "(^y is a solution. 

a) 2x + 5 = 10 . 

. (2x + 5) + "5 = 10 +. "5 ^ addition property 

2x + (5 + "5) =■ 5 -V associative property- • 
2x = 5 . 

(b) 3x + 10 = 5 • ^ ..^ 



. (3x + 10) + "10 = ,5 + "10 addition property j 

3x + (10 + "10) = "5 aSsoci^itiVie 'pifoperty 
• 3x = "5 

(c) 5x + 2 = "2 ^ > . 

(5x + 2) + "2 = "2 + "2 ^ addition property 

5x + (2 -fi "2) = "If associative property 

5x = "4^ ' - • 

(d) lOx +-,"1 = 9 , . • 
(lOx + "1) + 1 = 9 + 1. ;«tddition property 

lOx ■+ ( 1 + 1) = 10 \ associative' property 

lOx =.10 

(e) 2u + .1 = 11 

(2u + 1) 4- "1 =' 11 + "1^ j • addition property 
2u + (1 + ";l)" = 10 \ p • associative property 
2u = 10 . ' 

• 413'" J 
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3 and 3 are additive inverses of each other 
(or Inverses under addition) • ^ ' ^ ' 

7 arid are additive inverses of each ^other 
(or inverses iinder addition), . \ 

X + 3 = 11 * 

(x + 3) >f "3 « 11 + "3 addition property 

X + (3 + "3) = 8 , Associative property 

x=8. ^ ^ 

If* X = 8, then x + 3 = 8 + 3 = 11, so 8 is 'a , 

solution, - , ' 

(x + "6) + 6 = 'j+6=«j + <3^ addltiop property 

X + ("6 + 6) *= associative property 

^ 22 ^ " 

If X = ' then x+"6«^+-6=^ + '"(^) = ^, 

>. pp 

so is a solution. 



X - 

X + 



\ 



X + "{^^ t ^ * addition' property 

X + ^''(^) + ^) =: ^ » 7 associative property 



X = 7. 
[ f X = 

7 is a solution. 



If X = 7, then ^ «- § = 7 - -| = - ^ f so 



409 

+ (2x - 7) = X + ~x addition property 

' (""x + 2x) - 7 = 0 , associative prbpertjr^, 

(fl + 2)x -7=0 'distributive property. 

. * X - 7 = 0' - ' 

(x + "7) +"7 = 0 + 7 ^ addition property ■ '-^ 

. x + ("7 + 7)^= 7 associative property 

X = 7. * • 
If X = 7, then 2x - 7 = 14 - 7 « 7 = x so 7 
is a solution. 

(e) *x = 7 - 2x = 7 + ""^x . , , ^ 
"x + 2x = (7 + ''2x) + 2x addition property ' 

' "x + 2x = 7 + (""ax + 2x) . associative property ^ 
("1 + 2)X'= 7 + ("2 + 2)x distributive property 

X = 7. ' ' ' 

/ If X = 7> then 7 - 2x = 7 - l4 = "7 = ""x, oi? 
""x = 7"*- 2x^ so 7 is a solution. * ' 

(f) ^ix + 2 = 1.5 - .ix = 1.5 + .. 

f , 1 / -1 \ addition property and 

•ix + (ix +2) =-ix +{ ~(ix)^+ 1.5) conratutative property 
• 1 1 \ /iL 1 N addition. 

+ ^) + 2=(^ + -(^)x)+1.5 as89Ciati,ve property r 

(■| + •|)x + 2 =(-| + ''(•|))x+1.5 distributive property 
X + 2 = 1.5 

(x + 2) + "2 =• 1.5 + "2 ; addition property 

X + (2 + ~2) = ".5 associative propdrty 

X = ".5. 

If X = ".5^ then + 2 = ■|(".5)' + 2 = ".25 +""2 = 
1.75, and 1.5 - ^ ^ 1.5 - |(".5) = 1;5 + "(|)(".5) = 
1,5,'+ 2.5 = 1.75. Thus,-.-|3c + 2 = 1.75 = 1.5 - ^x, 
arid X = *.5 is a solution. - °» 
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to Class Exercises" 5-8j ; page 239: 

Addition ' ' . 

V 

(b) Addition ' 

(c) Addition • 

(d) Multiplication - ♦ ' ' 

(e) 'Multiplication A 

- (f) Addition (or Addition ("l4) and Multiplication 

ri)). \' , ■ ~ 

(g) Multiplication 

(h) Addition ^ 

(i) Addition • - y 

(J) Additior) ('or Addition (*6) arid Multiplication 

'■^')- ,7. 

(a) Multiplication property, multiplying by ^. 

,(b) Multiplication,,pi»operty, multiplying by j, 

(c) Multiplication property, multiplying by 3. 

(d) Multiplicatio^ .property, multiplying by, ^. 

(e) Multiplication property, multiplying by 10. 

(f) Addition p3?operty, iaddlng "3x = ."(3x). 

■ (a) 7 + "1 = (3x +1) + "1 , J 

6 = 3x + (1 -I- "1) 
6 =5 3x. 

'(b) ^ . 6 ='^(3W) . ' 
., 2- == (^ . 3)w 
2 = w. ■ - 



(c) (| - 1.7) X 2 = (-1.3) X 2 
I X 2— (1.7) X 
t-- 3.4 = "2.6. 



^ X 2— (1.7) X 2 = "2.6j - • Distributive propert 
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,-l8b = 18(^) 
I8b = (18 . 
I8b = X. 

(fe) "0.14 + (0.14 + .;«) = 5.28 + To. 14 
("6.14 + 0.14) + X = "0.14 + 5.28- 
X = 5.14 

. (If) .5x - 7 2x , - 
I ■(2x) + T5x - 7) = "(2x) ■+ 2x 
) .(-2x) + 5x)* - 7 = 0 , 
I ("2x + 5x) -7=0 
("2 + 5)x - 7 = Oj 
3x - 7 = 0. " 



A/ 



distributive property 



Answers 

1. 



to Exercises 5-8b ; page 241; 

(a) 2x + 1 = 7 
- (2x +"1) +"1 = 7'+"] 
2x + (1 + "r) = 6 



= 6 

l/^x 1 



i(2x) 
(^ . 2)x = 3. 



. 6 



X = -3 . 



Addition property (Ad. P.) 

Associative property 
(As.- P. A.) 

• 1 + "1 = 0 ■ * 

I 

4. Multiplication property 
(M. P.) 

Adsociative property of 
multii>lication (As.^P. M.) 

^•2=1 



If X = 3, then 2x + 1 = 2 • 3.+'! =6+1=7, 
so 2x + 1 ■= 7. Thus 3 is a solution, the only 
solution. " The solution set is {3). 
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(b) y - 2 » 6; same as y + "2 = 6 

(y + "2) + 2 = 6 + 2 Ad. P. 

y + ('2 + 2) = 8 , . As. P., A. 

' y = 8. ^ "2 + 2 = 0.. 

If y = 8, 'then y - 2 = 8 2 = 6, so 8' Is a 
solution. The solution set Is {8). 

(c) "I - '3 = "4;' same as + "3 .= "4 

(| + '3) + 3 = "4 + 3 Ad. P. 

I + ("3 + 3) = "1 ' As. P. A. 

I = "1 * "3 + 3 =! 0 

(|) . 2 = "1 . 2 M. P. 

t(^'« 2) = "2 • As. P. M. 

t = "2. ' ' -1.2 = 1 

If t = "2, then | - 3,= "(|) - 3 = "1-- 3 = 

"1 + '3 = "4, so I - 3 = "4, and "2 Is a 

utlon. The solution B^it Is {"2). 

3x - \5 = -4; same as 3x + "5 = "4 
(3x + '5) + 5 =,.'4 + 5 Ad. P. 

3x + ("5 + 5) = 1 As. P. A. 

3x m'l/ , _ • ' "5 +■ 5 = 0. . 

M. P. • . 
As. P. M. 

= 1 





solution set Is 
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(x + 3) + "3 = 5 + "3 ' • . . ^ 

X + (3 "3) = 2 » 

. If^x = 2^^-'3t + 3= 2 + 3a5 so x + 3 ='5* 
Solution set = (2). \ 

The remaining parts of Problem 2 shoiild be, solved by 
following the pattern of 2(a). Since you are familiar, 
with this pattern only the solution se^s wiifl)^ listed 
hereafter. ^ ^ - . / 



(b) 


The 


solution set is 


CQ). 


(0 


The 


solution set is 




(d) 


The 


solution set Is 




(e)' 


The 


solution set is 




•(f) 


The 


solution* set is 




,(8) 


The 


solution set is 




(h)- 


The 


solutl^on set is 




(a)- 


1 


4d) They are inverses 



^ reciprocals • ^ 
(b) 3 ^ (e) They ape inverses of each oth^r, or 



reciprocals. 



(c) ^ 



Addition Property : If a, b, and c are nxxnbers, and 

a < b, then a + c < b + c and , c + a < c + b. * 
This is true . , - ^ 

Multiplication Property ! If a, b, and c are numbers^ 

and a < b, then ac < be and ca < cb. This is false 1 
Exanlple: 2 < 4, but 2 • "^l « "a, 4 i ""1 m ^k, and ' 
"2 <' is false I 

The mul1;iplication property for Is true if the 

condition, c > 0, is' added jbo the atatei&ent«. 



\4 1 9^, 



(a) 4(x + 1) = 12 
• •; ^(4(x + 1)) . 12 

(4 .'4)(x+ 1) = 3 




X.+ 1 = 3 • 

(x + 1) + "1 = 3 + "l . . . ^'-^w— 

' X + (1 + "1) =: 2 ' ' ' 

If X = 2, .then- 4(x + l) = 4(2 + 1) = 4 • 3 = V2.i^ 
Thus, 4(x + ,1) =12. 
- Solution Set: {2}. , 



(b) 7(x - 2) = 13 

^7(x-2)) 13 / 

. 7)(x - 2) 



V 9 = 1'3 

X — <; =» -1^ 



^ (x +• "2) + 2 = 4^ + 2 

X + ("2 + 2) = 

. . ..f 

, If X ■= then 7(x - 2) = 7(^ - 2) » 7 • (4^) 

(7 • y) • 13 = 13, so 7(x - 2) i 13'. - : 

Solution set: {<^}. 

3 --j^H^) =3 .5 

(3 . ^)(x + 9)^15 . ^ 

X + 9 = 15 • ♦ - V 

(x + 9) + "9 = 15 + "9 

' X + (9 + "9) = 6 , 

X = 6 . - 

' If x=6, then 2L+^».§i+-2,,^^5. .. 

Solution set: {6). • 

■ . . \ ■ ■ • . 

O ' 4.20" 
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(.d) .6(x - .3) = .2 

*"! _ 1 10 10 •, 

- f(.$.(x..3)),= i^.,.2 

3 _ 1- 



- If X = f then .6(x f :3) = ^{^ - ^) \- 

- 6 / 19. - 9 x 1^ .lOx 6 ♦ 10 6 2 - 
\ ^ • ^ W"^^-"^^ = "TO = "S^rro + -S^J = "TO = -2. Thus 

.6(x - .3) = .2. Solution set: [^) . 

< (e) 3^ = 7 ' ^ ■ 

2(1^)^=2.7 

(2 . ■i)(3x + 4),= 14 
3x + 4 != 14 

(3x + 4) + "4 = 14 + '4 
3x + (4 + "4) = 10 
3x = 10 

(|.'3)x=f / 



X = 



10 

^ Thus 3^,g ^ = 7- Solution set: [^).. 
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V .* ,l2(ii2L+^) = .12 • 3 



\1' 
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(.12 • i|)(4x + 1) = .36- 

4x + 1 .36 ' , . . 

1) + "1 = .is + "1 ' 
4x + (1 + "1) = '.Sk 
4x = -.64. t _ 

^(4x) =4(-.64) . . 

(4 ► k)x= -.16 • 
X = -.16 

Tf ^ - ,r 4x + 1 4(-.l6) + 1 -.64 + 1 

If .X = .16, ^ :i5 = TTS— 

.36 .12 * 3 ^ -«w„o ^3C 1 ,o 
Solution set: {'"•l6). 
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. Answers to chapter 6 

Answers to Exercises 6-1 ; p'Sge 245: / 
• 1.x No, Yes, "1 

2. . N + 1> N -*1 ' 

3. (a) Yes ^ ' '(c). No * 

• (b) No (d) n'o 

5* ^ Reciprocal 

6. if they are the isame >rtien vrritten in simplest forrn^' 
If the numea?ators\are equal when the denominators are 
equal, 

7 10 15 20 ' . 

8t '(a)* Closxire under addition, 

(b) Identity for addition/ . 

* fc) . Identity for multiplication, - 
H<i) Closure under multiplicatipn. \ - 

(e) Distributive' property of multiplication over addition. 

(f) Conmmtative property of multipli<;ation, ' 

(g) Associative property of addition. 



.^9. ('a)'-f ! 








, (b) . '(^: 


(e) 


10 

T . 




■ ■ (c)- -{^) 


if) 


.1703 


> 


10. (a) . ■*"28 'or 28 , 


! (c) 


-(4) ' or -(ff 


/ 


)(b)' "756 

0 


(a) 


or*i|5 • 
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11. 


One 




12. 


Zero 




13. 


rk, -(|) 


, 0, 1 


Ik. 


"2 




13. 


No . The 


average < 




never an 


integer. 




|("3 + 8) 


= 4, 



Answers fo^ ^erclses^ 6-2 ; page 249 : 
_ .. • - ^ 

No. There is no ^nt^ger* between -5 and -4. 

« 

Yes/ 1 is'the smallest. No largest positive integer. 
No smallest negative ^integer. -1 is the largest. , 
No . No . '• . • 



1. 
2. 
3. 



5- 
6. 

7. 



1 



1 

TO' 



3 

TO- 



°^ 3^' 



One such plsin would be to use some other point thsin the 

1 " ■ 

halfway point. For example, the poifit -j. of the way 



The next named points would be dvsnA + gAVSA ) °^ aaaa j 



♦ 

28 



1 . ^1 



243^000^ 



82 
bl,000 



V 244. 
^' °^ 243,000' , 
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Answers to Exercises 6-3 ] page 253: 

1. (a) 2.2500000000 . (d) .0.0378378^8-... 

(b) 0.2083333333^ 
(e) 0.0557142857... 
a* c, d, g, JL. » 



(e) 0.0121012101... 



2. 

3. ' (a) 2 

(c) 2.2 

(d) ' 5 

4. (-a) 0.142857 
(B) 0.285714 
(c)- 0.428571 



(g) '2-2.2 

(i) 2.5 

,(d). 0.571428 

(e) 0.714285 

(f) IS. 8571.42 



i 



Answers to Exercises 6-4 ; page 256: 

1. (a> 9.99;... ' (d) 613.45TO... 
• • .(b) 312.121?;.. . (e) 60123. 0123T3TST.. 

2. * (a) 2816. lO'^... 

or 2816.1 

(b) 9.0TJ. .. or 9 
■ -Jc) -162.0'^... or 162 (gp 27048.TO. .. or 27048 
(d) 298. OTJ... or 298 (h) . 374.830TJ... or. 374.83 



(e) 1.110'^... or 1.1 

(f) 351.OTJ. .. or 351 



(n\ 103 



lOn = 5.^.... 
n = 0.5?. 
lOn - n = 5.00. . . 



, " ^ »420 

(b) lOOn' = 73 .7373". . . 

n = 0.7375'. . . 

lOOn - n = 73.00.. . 

(o) - - lO'oOn = 9OI.901TO. .. 

• n = O.901W. . . 

lOOOn - n = 901. OTJ. . . 

(d) lOn = 30.233'?... ^ 
n = 3i023'3'. . . 

lOn - n = 27.2IOTJ. .. 

"(e) ' l6n = 1,631.777... 

n = 163.177... 



■ , ■ 10^,)-/n-s-i^ljs68.6oTJ... 
(f) " lOOn = 67,242.42'7?. 



n = 



672 A2^... 



lOOn - n =.66,570.077... 



(g) . lOOn = 12.34565^... 

n = 0.1234"^... 

lOOn - n = 12.222205... 

(h) i , lOn = 34.1^ot». .. 
'.^ > -n = 3'. 4101?.^;. 



, , . • lOn - n = 30.690"5. . . " 

■(b) ^ ^ (f) 1 

TO- - (g) ^ ' 

-m ■ (h) ^ ■ ' 
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6. (a) 32 = 2'2'2'2'2 or 2^ 

(b) 100=2'2'5'5 or 2^*5^ 

(c) 9 = 3-3 or 3^ 

(d) 50 = 2.5-5 or 2.5^ 

(e) ' 35 = 5-7 

(f) ' 80 = 2.2.2.2.5' or 2'^.5- 

(g) 120'= 2.2.2.3.5 or 2^.3.5 

(h) 160 = 2.2.2.2.2.5 or, 2^.5 



7. The numbers In Parts a," b, d, f, h. 

8. 64 and 80. 



Answers to Exercises 6-5 ; page 26O: 

,1. ja) .1.372 1.379 I.385 1.493 5.468 

. (b) -9.426 -5.630 -2.765 -2.763 ^2.761 • 

(c) '-0.15475 0.15463 0.1^467 0.15475 O.I5598 

''2. (a| none (c^ all but -0.15475 

(b) all but -0.15475 (d) all but -0.15475 

(c) 0.15475 0.15467 0.15463 



3. 



(a) (W (d) (c) m 

^ i Vi V T V |^^[ 



4 27 
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(b) 1=0.6"^... , -^^= 0.670"?^.".. , = O.TOTJ... 

(c) I = 0.428571... } 



I = 0.4?... 



(d) 



= 0.456ir5E. ... 



41 



O.4565T555:.. 



Answers to Exercises 6-6 ; page 264; 
1. 



-3 




-2 



-I 



2. 



< 1 X 




-3 


-2 


r 01 


2 



The measure of. AP is Vs" . 



^23 



3. See diagram for Problem 2. 

^. Irrational. There is no rational number ^ such that 

C- E 



1 / 


* 

B 


D If . 


-1 - 


0 






3 



Make AD = AC , so point 



^AB = 1 BC = 1 , So AC = 
D represents Y2" . . 

Draw DE perpendicular to AD , DE 1 . Then 

AE^ = ( V^)^ + 1^ and AE ^= VT . Make AP = AE so point E 

corresponds to • 

Similarly Vs" can be founS by using a right triangle with sides 
of lengths VT" and 1; V?". byx using a right triangle with 
sides of lengths and 1 . s 

6. Lay off the distance V?" twice, to the right of 0 

3 times .to the right of 0 ; three times to the ^ left- of 0 . ' 

7. Irrational* ^ 
♦8. ^ First show the following: 

I. If a. number is divisible by 5 , it can be 
expressed as 5*k where k is atn integer. 

•/II. If a number is not divisible by 5 it can be 

expressed as 5rf + R , with 0 < R <. 5 , R ^an 
. integer. (Division Algorithm, Volume 1, ChaplTer 5) 



T^9 



k2k 



If n is divisible by 5 , then ^ is divisible 
by 5 . . ' ^ ' 

[(5k)^ = 25k^ = 5(5k^). 5k^ is an. integer by the 
closure property of integers under mu^^tiplication. ] 

2 

If n is not divisible by 5 , then n is not 
divisible by. 5 . If is not divisible by 5 , 
it may be expressed as 5k + 1 , or 5k + 2 , 
or' 5k + 3 , or 5k + 4 . 

(5k + 1)^ = 25k^ + 10k + 1 = 5(5k^ + -2k) +1. /. it 
is not divisible by 5 . 

(5k V 2)^ = 25k^ + 20k + i;. = 5 (5k^ + hk) .+ h / 

it is not divisible by 5. 
(5k + 3)^ = 25k^ + 30k + 9 - 5 (5k^ + 6k^+ l) + . 

V. it is not divisible by 5 . ^ 
(5k dA)^ = 25k^ + i^Ok + 16 = 5'^(5k^ + 8k + 3) h- 1 . 

.lit is not divisible by 5 . 

^ ' . ^ 

•If n is divisible by 5 ,'and is an integer, 

\theh Yn" is divisible by 5 — ^ " ^ , 

Use an indirect ar^tment, ^ . ^ 

^-AssTime.. yiT^-is. not divisible by 5 .1 '^C^n by Xh) 
above, n is not divisible by 5 . But n ^ 
divisible by 5 . Therefore Y^T is divisiblfe 
by 5^ . 

Now the proof follows the same f om as the proof 
that 2 is not a i?»ational ^''number. 

1. Assume is a rational niAm^er. Then 

Y3~= q 9 P ^ integers and q ^ Q . 

Let ^ be the simplest expression for- vr, 
SO p and q have no common factors other 
than - 1 . - 

2. 5 = . 

3. ;. 5q^ = 

2 ^ ■ ' 

^ 4. q is an integer. ' 

430 ' ' 
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5. 
6. 

7. 

8. 

9. 
10. 
11. 
12. 



425 



A p"^ is divisible, by 5 . - - 

p is divisible by 5 . 

Let p = 5k- , k an integer. 

5q^ = (5k)2 or 25k^ /: " ^ ' 

q - 5k • . 
2 ► 

k is an integer . « - . 

2 ' 

q is divisible by < 5 . 

q is divisible by' 5 ^ 

By statements 6 and 11 , both p and q hav% the 
factor - -5 . But this cont?f»adicts the condition 
in Statement 1. Therefore the assumption that 



1^3. 



V5 is a rational number is.fa^lse. 

is hot a rational ntimber. ' 



Answers to Exercises 6-7 j page 270 

1. (a) 5 < Vto"<.6 . 

(b) , 9 < V89'< 10 . 

(c) 15 < V253 < 16. 

2. (a) 3 
(b) 2.999824 

. (c) 3.003289 



(d) ' 65 < "^^280 < 66 

(e) 96 < V93I5 <.97 



(d) .000176 

(e) ' 1.732 



V 

.003289 



3. (1.73) =.,2.9929 (i.7't) = 3.0276^ l.'.73 is the better 

i^. (3.87)^ = 1B9769' f3.88)2 = 15.0544 3.87 is the better 

5. (25.2)^ =.635.04 (.25.3)^ = 640.09 25.2 is the better, 

6. 3.2 

7. 12.2 . - ' ' ' 



erJg 
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8. 
.9. 

ro: 



Ik. 9 
n % 3.2 
n ^ 12.2 



426 



Answers to Exercises g'-S ; ' page 277: 



1. 



2. 



3. 



Rational 
(a) 0.231231, 



(c) 

(e), 

(i) 

(J) 



3V2" _ ,3 

0.78342.. 
0.7500... 

11 



(b) 
(d) 
•(f) 

(g) 
(h) 
(k) 



Irrational 
0.23123112311123. . . 

iT ■ - • 



2 



|V6 

9 - VT 



\ 



0.959559555^55559... 



Note that in (b) it is intended that the number of ones 
-continues to increase. 

Similarly, in (k) it is intended that> the number of 
fives continues to increase < ' • 



(a 
(c 
(e 
(i 
■(J 

•(b 

(d 
(f 
(g 



0.231231. 
sVl". 3 

0.783i;2. . 



231 



77 



0.7500. 
58 



= IT 

= 5.2727-..". 

Irrational Number 
0.23123112311123. 



0.ii28571'i28571. . 

' 7826 1> _ 217i* 
- ^gW^ - '5775 
3 



'TT 

? ■ - 



Nearest Hundredth 
0.&3 • ^ • 
2.65 , . ^ 

r.57 

^.81; ■ - ^ 



■(h) ■ 9- VT~ 

ik) 0.959559555955559.. 



V- 



Some possible answers for 

^. (a) » .it 56320.'.. 
■ (b) .45^5... 
(c) >5p^^5002^5. 

(a) 2.375375... 
(a) .32^2^... 

(a) 67.282... 



,5,6 

8.270... 

12.762762. 



7.27 - 
.. 0.96 
, 7 " . 

.750... 

.06363. . . 



5. 
6. 
7. 
8. 



.123112311123... .565665666... 
(b) 2. '370370037000... 
(b) .3i^563itii563i;itit56... 
(b) 67 . •28292020020002.. . 



No. There are no square roots oT the negative integers 
in the real number system, 

= 3.1iii5929... 

^ = 3.1428571... 

TT = 3.1415926.'.. 

355 

jY^ is a much better approximation to tt than is ^ 




Answers to Exercises 6-9 ; page 28O: 

^ (a) irrational - circu/nference is tt un^-ts, 

(t>) ' rational - area is 1 square unit/ 

(c) rational - hypotenuse is 13 units 

(d) rational - (V^^ = 3 . 

(e) irrational - voliome is 2ir cubic units. 
i^) rational - (each side is ifT^ units)., 

.2: (1.4U..0 X (1.732,,.) « IM X 1.732 « 2.449 



433' 
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(a) ^^f2 = ilAlh...) IV^"- (0-707...) : 
Vs'x i V2 = (l.inii...) .X (0.707...) 
X 0.707 = 0.999698 

^ +V2.= (1.732....) + (i.inJi...) wa.i^ie 

VT -V2 = (1.732...) - (l.Ulli...) «0.3l8 - 
(Ys" +V2) • ( V3 -Vi) « (3. 11^6) X (0.318) ^ . 
= 1.000li28 

(.*) X = ^ (V2)^ = i • 2 = 1 , 

. (V3 +V2).(V3 -V2) = •(V3-+V2)-(V3 + -V2) 
, = (V3 +V2)-V3 + (V^ +V2) V 

• ' = (V3)2 = (V2. ViR^Vs.-yi) + -('V2)2 « ^ 

= 3 +' 0 + ~2 . , 

Using 3.lUl6 for tt- the "radius ^ « g lUlfe ^ 

« 0.318309... ^ / \' ' , • • 



ANSWERS TO APPENDIX 



Answers to Exercises A-1; p9.ge 283: 



1. + 




0 


1 


2 


3 










u 




u 




o 


o 




t ^ 


t 




!• . 




1 


2 


■3 


0 














2 


3 


0 . 


1 


• 




t 




3 . 




3 


0 


"1 


2 










' (a) 


0 








\ r A, 
















. 


3 

u 


(a) 


1 


4 






2. ( 






^moci o) 

V ' 


s 






(mod 5) 


• 




+ 




0 




2 


+ 


0 


1 2 ■' 


• 3 • 


4 


0 




0 




2 


0 


0 


.1 2 


3 


4 


1 ■ 




1 ^ 


2 


0 


1 


1 


[2 3 ^- 


4 


0 


2 




2 


0. 


1 


2 


2 


3 4 


0 


1 












3 


3 


4 0 


1 


2 












4 


'4 


0 1 


2 


3 


(a) ~ 


> 

0 








(c) 


• 1 








(b) 


1 










2 









4. 
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(mod 6) 



(mod 7) 



+ 


0 


1 


2 


3 


5 


+ 


0 


1 


2 




4. 


5 


6 ' 


0 


0 


1 


2 


3 




0" 


0 


1 


*2, 


3 


4 


5 


6 


1 


1 


2 


3 


4 


5 6 


1 


1 


2 


3 


4 


5 


6, 


-0 ' • 


2 


2 


3 


4 


5 


0 1 


2 


2 


3 


4 


5 


6 


0-' 


"1 


3 


3 


4 


"5 


0 


.1 2 


3 


3 


4 


5 


6 


0 


1 


2 


4 


4, 


5 


0 


1 


2 3 


4 


4 


5 


6 


0 


1 


2 


3 


"5 


5 


0 


.1 


2 


3. 4 . 


5 


5 


6 


0 


1 


2 


3 


4 












PS 


6 


6 


0 


1 


2 


3 


4 


5 


(a) 










< 


(c) 


2 






f 








(b) 


4 










(d) 


2 




•» 










i 
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6. 

\7. 



(a^) 



4 



(c) 
(d) 



1 

0 



3 



Seven hours after eight o'clock is five vp* clock. This 
is addltion^ (mod 12) . ' > 

Nine days aftd9 the 27th of March is the fifth of AprJ^l. 
This is addition 
in March. 



(mdd'sif since there are^ 5l days^ 



Answers to. Exerc ises A-2 j page 286: 



1. (a) 




_ (mod 5) 






















X 


^0 1 


2 


3 


4 


- 














• 




0 0 


0 


0 


0 ' 


















1 


0 . 1 


2. 


3 ' 


4 














• 




2 


0* 2 




1 


, 3' 




















0 "3 


1 


4 


2 


















' 4 


0 4 • 




2 


1 






• 










(b) 




(mod 6) 

♦ 




(c) 






(mod 7) 








X 


0 


1 „ 2 0 


4^- 


> 




0 


1 


3 


4 


5 


6 




0 


0 0 0 


0 


0 


0 


0 




•0 


0" 


» 

0 


0 


0 


1 


D 


1*2 3 


4 " 


5 


1 


0 


1 


2 


3 




5 


6 




Otii^ 2.4 0 


2 


if 


2 


0 


2 


4 


6 #1 


3 


5 


3 


Q 


3 D. , 3^ 


0 


3 


3 


0 


3 


6 


. 2 


5 


1 


4 


4 


0 


4|" 2 ' o" 




2 


'.4 


0 


4 


1 


4 

5 


2 


6 


3 


5 


0 


5*4 3 




1 


5 


0 


5 


3 


1 


6 

*> 


4 


2 , 












6 


0 

■if 


6 


5 


4 


3 


2 


1 


iff 

2-. .$a) 


1 






■(d) 


1 


r 


















' / 




(e) 


q 












r 






3. 














? 











3 



(^ 
Ce) 



6 
1 



(d) 0 
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(mod 5) 



X 


0 


1. 


2 


3 . 


k 


'0 1 


t 0 


0 


0 


0 

* 


0. - 


1 


' 0 


"1 




"3 


k 


2 


0 


2 


k 


1 


3 


3 


0 


3 


1 


k 


2 




0 


k 


3 ' 


2 


1 



The table is identical with the multiplication Table 
,(mod 5)". Dividing a whole number *y 5 and^ retaining 
^he remainder yields the same results as those obtained 
by subtracting the greatest multiple of five contained 
in a number and i^etaining the remainder. It may 

be'easier to dlvixil^and retain the remainder. 



(a) X = 2 (d) 
(bh X ^ If " " -(e) 
(c) X = 1 

(a) impossible . , 

(b) impossible 

(c) X = 1, X =,3, X = 5 

(d) impossible 

*(e) X = O; X = 2, X =t 4 
Wednesday 



X = 3 
x^= 0^ 
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Ansvre!t4 to Exercises A-3 ; page 291 ' 



1. 



(a) 
(b) 

(d) 
(e) 

(g) 



1 
6 
8 

7 
2 
3 
1 



(h) 
(1) 
(J) 



1 
8 



Not possible; in,2 = 4 
and iD it Is not. defined 
since t4 does not. appear 
In the top row. j 

<1) 3 . 



2. (a), (b), (d), (e). The table inusl^ be syrametrlc about 
the diagonal from upper left to lower right. ^ • 

«3. There is ho short-cut; method; to prove associativity 

each triple*^ of elements must be combined in"^ the two ways 
fiind the corresponding, results must be eqtial. !nie 
operations of Tables (a) and (d), (e) are associative; 
thosLe 6f Tables (b). and (c) are not. 

4. The operation symbols are omitted in the fallowing 

tables : . ' 



(a) 


26 


27 


28. 


74 






26 


26 


S6 • 


26 


26 






27 


26 


27 


27 


.. x27 






28 

• 


26 

• 
• 


27 


28 


28". 


Commutative: 
Associative.: 


Jes 
Yes 


• 

T4 


• 

^ 26 


.27 


28 


74 







. \ 
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(c) 




2 


3 


5 


7' 


11 




o 

d 


d 


o 

» O 


5 


7 


11 




3 


3 


3 


5 


7 






5 


5 


5 


5 


7 


11 




7 


.7 


7 


; 7 ■ 


7 


11 




11 

• 


• 


• 


X JL 


JL JL 
• 
• 


' II 
• 




• 


40 


la A 

42 


• 

'44 


• 

• • • 


• 

6o 




40 


40 


40 


40 


• • • 


40 




la A 

42 


li A 

42 


, j42 


42 - 


• • • 


42 




44 

• 


44 


44 


44 ' 


• • • 

• • • 


^ 44 




60 


• 

60 


• 

•60 


60 


• • * 

• • • 


• 
• 

60 


(e) 




1 


' 2 


3 


• • • 


^9. 




1 


3' 


4 


5 


• • • 


51 




2 


5 


6 . 


7 




53 




3 

• 


■ 7 

• 


8 

• 


9 

• 


• • * 

• • * 


54 

• 




49 


99 


• 

;loo 


101 


• • • 


• 

147 



Coiranutatlve : Yes 
Associative: Yes 



Conumitative: Yes^ 
Associative: Yes 



Commutative: No 
Associative: Yes 



Commutative: iJo 
Associative: No 
(Try the triple 
1, 2, 3.) - 
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• 


r 
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V 




• 






1 


2 


3 ^ 


5 


6 








\ 


1 


1- 


1 


1 1 


1 


1 J 






V 




•2 


i 


2 


1 2 


1 


2 










3 




1 




1 


3 .. 


> 












2 


1 4 


1 


2 . 


Conunutative: •Yes- 








5 


1 


1 


1 1 


5 


1 


Associative: Yes 




c 




6 


1 


2 


3 2 


1 


6 . 


• • • • 








• 


• 




•X • 


• 


( 






? 




• 


• 


• 






• 




- 




(g) 


- 


1 


> 2 


3 


4 


.5' . 




• 
















< 

■ * 








1 

1 


.1 


2 


/ 5 • 


4 


3 . 








2 


2 




6 


4 


10 










- 3 


3- 


6 


3"*. 


12 


15 . 


Commutative: Yes ^ 










4 


^' s 


'12 . 


4 


20 


Associative: JTesf' 




; 




5. 


5 




15 


• 






« 


-> 


(h) 


• 


■ 1 


-2 


• 

• 3 


4 










\ 


1^ 


1 


1 ' 


f 












. 2 


2 


4-. 




16 




' Commutative: No 


\ 






' 3 


3 


•' 9 




..8l'c 




J/ r- A^socipjtlve: v^^^^^^. 




• 




4 


4 


16 


-64 


256 




(Try theHriple" ^ 


\ 




« 


• 


• 


• 


• • 
• 


• 




2, ^1, 5; . 
(2^)^^ SV 2»= 2^^ ) 
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- 
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1 
2 
5 



X 
Y 



21 

'q 

R 



Many sinswers are possible, of ^ * I 

c^hrse . The only. requirement- 
is that the table be symmetric ' 
about the diagonal from upper 
left to lower right, (and that 
"^each placV in .l^e table be 

filled uniquely so that the, table 'does describe an 
operation) . ' * , , ^ 

Many answers are possible, of s 
cbursS. The only r^eq^B^emeot 
is th^t the table must» nbt be^ 
symmetric about the diagonal' 
from upper left to lower right 
(and that each place in "the 

table be filled uniquely so that the liable does describe 



1 
2 
5 



X 
P 
Q 



P 
R 
P 



Z 
Y 
Q 



an bperation) . 






\^ 




■ 0 


\ 

0 s- 




« 1 

2 


1 












/ ■ 64 




5 


-' 125 ^ 




6 


216 




^ 7 


• 








* 

^ 1 


" 9 


'72^ 


10 ' 


1000 


> 



i 



436 



Answers to Exercises page 295: 

1. The sets of (a) and (d) are closed iind^r the corresponding 
operations (all the entries in the table appear^in the 
. left column and in the top row); those of (b)-and (c) are 
not closed (some ^entries in Tables (b) and (c) do not 
appear in the left column and in the top row). •* 



2. 



(a) Closed 

(b) . Closed 

(c) Closed 

(d) ^ Not closed 



(f) Not closed 

(g) Closed. > • 

(h) Closed 

(i) *^Not closed: 



15 - 35 cannot 
be performed 



3 ;f 7 
prime 



is not a 



(e) .Closed *(j) Not closed: 

[2, 4, 2k, ...} Where k 



va) 



(b) 

.(ay 

■(b) 
(a) 



^number. 

[2, 2^, 2^; \ 
number. 

[7; 14, 21, : 
number. 

[7, i}i 7^, . 

'number. 



2^ 



} wherfe 
} where 
} where 



3 + 3 = 11 
(base 5) i 

is a covinting 

•• * 

k is' a covinting 

k jjS a counting 
k* is a covinting- 



(b) 



1 0.1 = 3, (r 0^1) Q 1 = 3 0 1 = 2. > ' 

'[(1 0 1) '0 L] 01 = 201 = 1.^ 

If you ^Continue the operation 0 , you will generate 
the same set again* Hence, the set [1, 2, 3) is 
the sul?-set ,of S_.generated by 1 \mder' the^^ 
operation 0 . 

2 0 2 = 2,, (2 0 2) ©'2 := 2. I ' . ' ' \ 
f(2 0 2) 0 2] 0 2 = 2 0 2 = 2, ^ ^ . . 

It is clear that, the- subset 9f S generated by > & 
under the operation © *is the subset (2). r 
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8. 
9. 
10. 



11. 
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n-. '.• {3, (3 -r 3), (3 -r 3) -r 3, [(3 4. 3) 4 3] 3, ....) 



or '{S, "^y ^> ^> . . . ) . 



Yes 5 3 and are in the subset of rationale generated 

by \ under- division. Noj\ 3 -f or 9 is not in this ' 
subset. Therefore, the set is not closed under .division 



>. "7 

and, hence; it cannot be associative. 

No J 

Yes; 



Many answers are possible, 
of- coMTse. The only 
requirement is that each 
entry in the table belong 
to the set {0, kZ, 100) 
and that each place in the. 
•table be filled uniquely 
so that the table does 
describe an operation. 



Many answers are possible, 
.of course. The only 
requirement is thai at 
least one entry in the**^^ 
tabl^^us\ not be an ^ 
element, of the set' 
{0, 43, 100) (and that 
each place in the table 
be filled uniquely so the 
table does describe an 
operation) . 



43 t ^3 
100 



43 



0 
1 
0 



« 


0 ■ 




100 


0 

100 


0 


XD 
0 


0 

^^ 

0 



100 



43 

o: 

43 
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Answers to Exercises A-5aj page 300: s S. ^\^ \ 

1. (a)'* In Table (a), the identity is 5. 

In Table (d), the identity is 2. 

(b) In Table (a), the inverse of 1 is of 2 is 

3j of 5 is 5. 

In Table (b), no element has an inverse. 
In Table (c), no element has an inverse. 
In Table (d), the inverse of 1 . is * 3j of 
is 2. . . ^ 

Each,member of the sets for Tables (a) and (d) has 
an inverse. The operations described by Tables (b) 
and (c) do not have identities so no inverses can 



2. 





exist. 


4 






Operation, 


Identity •» 




- (a) ^' 


1^ 






(b) . * 


501 




> 


(c) 


2 






(d) 


None 






\ (e) 


None 






(f) 


Npne 




r 


(g) 


1 


J 




(h) 


" None 




.(b). 


The only inverses 


are those 


listed below. 




(a) 


■ 1^ 


is the inverse 




(b) 


501 


is the inverse 




(c) 


. 2 


is the inverse 




(g) 


1 


is the inyerse 


(c) 


None . 






No J 


ir there are two 


identities 


(P and Q) 



501. 

2. 

1. 



3. No J ir there are two identities (P and Q) fo^ a 
given operation, then consider the result when P , is 
combined with Q. Since Q is an identity, the result' 
must be P.'^.But s^nce P is also an identity, the ' 
result must be Q. Thus, P and Q must be the same * 
element' since each efquals the result of combining ' Sm and 
Q. "* ' • ■ ' . ■ ■ 
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Answers to Exerclges A- 5b ; page 301 : 



1; 



2. 



3. 



5. 



6. 



(a) Ix s 1 (mod 6), x = 1 

2x' s 1 (mod 6), not possible 

3x « 1 (mod 6), not possible 

4x s i' (mod 6), not possible 

5x s 1 (mod 6) , X = 5 

(b) 1, 5. Each is it^s ovm inverse. 

♦ 

(mod 5) 





a 


3 T a 






1 


3 -r 1 = 3 


3-1 = 3 




2 


"3 -J- 2 =■ 4 


3-3 = 4 




3 


3 -r 3 = 1 


3-2=1 




4 . 


3 4" = -2 


3 - 4 ■ 2 




(mod 5) 






a 


3 - a 


3 + (-a) 




' 1 


3 - 1 s 2 


3 + 4 = 2 




2* 


.3-2=1 


3 + 3 = 1 




3 

. 4 <> 


3-3 = 0 
3-4 = 4" 


• 3 + 2 = 0 
3 + 1=4 




(a) no (b) no~^ (c) 

(d) yes, 'except division by /zero. 

(a) (0, 1, 2, 3, 4, 5)' 

(b) (1, 5), {5} 

(c) [2, 4}, [1; 5), (5) 
(a) (A, B}, (C, D}, (A, D.} 

(b^ yes, 'D '"jd) (C, D} 

(c) {C," h] 



no 



ERIC 



445 




440 



Answers to Exercises A-*6 ; page 304: » ^ 

!• Each one of Tables (a), (b), (c) describes a 
mathematical system. 

Portable (a), the ^et' Is CA, B);, the operation 
Is o. . . 

Por Table (b), the set Is {P, Q, R, S); the - 
operation Isf 

.Por Table (c), the set Is {A, Q , Q > \ the / 
^ operation Is . 

2. (a) A (e) Q i±) A 

M O iX) S ' (j) B ■ 

(c) O (g) .P . ' / (k) A . ' ' 

(d) B (h) \ ' (y) R ' 

5. The operation b Is not commutative, since Table (a) 
Is not symmetric. 

The operations * and ^ are both commutative, since 
both Tables (b) and (c) are symmetric. 

4. ^ Xh^ere is no identity element for the operation o. 

, There is no ^element e, such that bjjjfh of they equations 
A o e « A and B o,e » B are correct. 
The element R is the identity element for the 
operation The row of Table (b) with "R" in the 

left/column is the same as the top row, and the. column 
witW "R" at the top is the same as the left column. 
. The element A 1^ the identity element for' the 

operation ^ . The first row and c.olumn of Table (c) 
.'are the same as the top row and left ^lumn respectively. 

5- (a) S . (e)' Q , (1) \ 

' (]>) S (f) Q (j) \ ^ 

(c) R (g) \ 

(d) R , {h)\ ^ ^ 
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6. ^Each of the operations ♦ and seems to be associative 
'since!^ in each of the cases you have tried, the corre- 
sponding expressions are eq\ial. To prove the operations 
are associative, you would have to exeunine all cases and . 
show that the corresponding expressions are equal, To^ 
prove an operation is not associative, a person would , 
haY| to find one example where the corresponding^ 
excess ions are not eq\ial. 

(a) The element 2^ cannot be combined with 2 by the 
operation ♦ (that is, 2*2 is not defined). 

(b) ,,2 ♦ 1 is not uniquely defined. Many results are 
possible when 2 arid 1 are combined. 

The set given by this ^ table is (1, 2, 3, 4}* But 
It is not possible to combine every pair of elements 
(e.g. 3 and 3). There is no operation defined on 
the set. 



(c) 



Answers to Exercises A-7 ; page 310: - 
. 1. 



2. 



ANTH 


-I 


V 


H 


R 


I- 


I 


V 


H 


. R 


y ■ 


V 


I 


R 


H 


H 


H 


R • 


I 


V 


R 


R 


H - 


V 


M 



(a) V 

(b) V 

(c) V 

(d) V 

(e) I 



(f) 
(g) 
(h) 

(1) 



I 
I 
I 
I 
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(c) 



Yes 
Yes 



(d) 
(e) 
(a) 



(b) 
(c) 
(d) 

ANTH 



Yes, the operation is associative. A proof would 
require that 64 cases be checked. Each pupil 
should check two or three; do not attempt to' check 

all cases. 
« 

Yes. I is the identity. 

Yes. Each element Is 'its own inverse. 

ANTH. I P ' • 



IIP 

P F I 

Yes , . 

Yes 

Yes. All cases can be checked (there are 
in all) . 

Yes. I is the. Identity element. 
Yes. Each element is Its- own inverse. 



cases, 



I 
R 
S 
T 
U 
V 



U 



I 
R- 
S 
T 
U 
V 



R 
S 
I 
V 
T 
U. 



S 
I 
R 
U 

"y 

T 



T 
U 
V 
I. 

R ' 
S 



\ 



U 
V 

T 

s 
I 

R 



V 
T 

y 

R 

s 
I 



The operation is not oommutat^ive (R ANTH' T / T ANTH R) 
r is the identity element. Each of- 1/ T, . U, V is' 
its' own inverse element; R and S are .inverses of each 
other. 
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.Notation: 

I;. Leave the square in place. 

Rotate clockwise ^ of the- way arourfa. 
1 



"1* 

H: 
V: 



J 



Rotate clockwise » of the way around. 

Rotate clockwise ^ of the way around. 

Flip the square over, using a horizontal axis. 

Flip the square over, using a vertical axis. 

D^: "^Flip the square over, using an axis' from ~upper 
* left to lower right . 



D^: Flip the 'square over, using an axis from lower' 

left to upper right,. 
Note: It was sug^este^ that su square oaxd not be used. 

This problem ia/included to sh9W why such a 

suggestion wa/made.. 



ANTH 


I 


^1 


«2 




' H 


V 




^2 ' 


I 


I 


R, . 


«2 


■ s' 


r 

H 


V 


% 


^2/ 


«1 


«i 






I 


\ 


^1 


H 


V 


Rs 


«^ 




I 


\ 


V . 


H 




^^1 






I • 


«1 


Rg 


^1 


^2 


V 


H 


H 


H 


% 


V 


^2 


I 


Rg 




«5 


y 


V 




' H 


^ ^1 


«2 


I 




«1 






V 


^2 


H ^ 




^R^ 


I 


«2 


' % 


^2. 


H 


^1 


V 




«5 




^ I 



I is the identity element. The operation is not: 
commutative (R^. ANTH 'H H ANTH %) . 
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Answers to Exercises A-rS j page 314: 

1/ (a). Since the sum of two counting numbers is' always 
'another counting number and the product of two 
counting numbers is* always a counting number^' the 
set^ls closed under addition and multiplication. 

• ("b) Both the commutative property and the associative 
property hold for addition 'and multiplication. 

^ Examples Commutative: 2+5=5 + 2; 
• 7^ ^ ^ ^ "4x6 = 6x4 ^ ^ 

Associative: 5 +, (4 +-7) = (5 + 4) + 7; 

5 X (6 X 8) = (5 X 6) X 8. 

(c) There^ is no identity element for addition. 

The identity element forlnul^plication is 1; 
for every counting number n^ 1^ . 1 = n = 1 n. 

' -(d)' The- counting numbers are not^ closed under 

subtraction or division. . 

2. '(a) The set of whol^ numbers is closed under additlron 
and multiplication. 

(bj Both operations are commutative and associative. 

(cO There is an identity element for addition. It is 
z$ro; for any whole number n, n+0=n=.0+n.^ 
The number 1 is t^e identity element Tor ^ 
multiplication. 
* ' The answers are the same as for 1 (a), (b), (c) 

excepV that there is' an identity element for 
addit;ton in the whole number* system and not in the 
counting number system. 
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3. (a) ^JPhree examples are: 2(3 + k) = (2 • V) '+ (2 • 
^5(7 + lo\ = (5 • 7) + (5 • 10); ' 1(1 + 1) = 
(iN- 1) + (1 1) . ' 



- ,( b) Addition does not* distribute over multiplication^ 
for example, 2 + (3 4) = l4 / 3©"= (2 + 3) • 

• ^ 7(2 + ^)^ ' . . 

^. (a) Yes, here are 3 illustrations that * distributes 
over o: , _ • 

A * (B o C) = A = (A *1 B) o (A * C) 
B * (B o B) = B = (B *Nb) o (B *^B) 
' C * (B o D) = C = (C * B) o (C * D) 

(b) Yes, here are 3 illustrations that q distributes 
over * . ^ . ' ' 

A o (B * C) = A = (A o B) * (A o C) 

Bo {B * B) ^ B = (B 9 B) * (B o B)* _ ' <3 



C o {^^JU)r= D = (C o B) * .(C o D) 

(a) Closed; commutative; associative; 1 is, the identity; 
only the number 1^ has an inverse » 

{X>) Closed; commutative; associative; no identity; no o 
inverses. 

(c) Closed; commutative; associative; 0 Is^^^the identity; 
only the number 0 has 'an inverse. 

\ • 

(d) Closed; commutative; associative; no identity; n6\ 

. inverses. , \ 

(e) CTosed; commutative; associative; 0 is the identity; 
^ only^ the number 0 has an inverses 

(f) Not closed; commutative; not associative; no identity; 
no inverses. ^ ' 



ERLC 



446 



6. fia) Btfth sets are closed under the operations. Both 



V»7.' 
*8. 



operations are commutative and associative, 
systems involve' the ^ same set. 



Both 



The system 5(a). ha|,\i^eijtity and 5(b) does not. 
Also, the sets ^i»e different in these two systems. 

Many results' are possible/ of course; 

Ca)^.^es. You are asked to consider the two expressions 
,a * (b o c) and (a * b) o (a * c.) , and find 
whether or not they are always equal. For example, 
using a = 8, b = 12, , c = 15, 
8 * (12 o 15) = 8 * 6o = 4.. ^ 
(8 * 12) o (8 * 15) = 4 o 1 = 4. \^ 

Ye^. You are asked to consider the two expi»essions 
a o (b * c) and (a o b) * (a o c), and find 
whether or not they .are always equal. For example, 
using^^a = 8, b = 12, c = r5, " ^ 

8 o (12 * 15) = 8 o 3 = $4 
(8 o 12) * (^ o' 15) = 24 * 120 = 24.' 



(b) 



(mod 5) 



X*' 



1 
2 
3 
4 



0 12 3 4 



0 
0 

r 

0 
0 

9 



0 

i' 

2 
3' 
4 



0 
2 
4 
1 
3 



0 
3 
1 
4 
2 



0 
4 
3 
2 
1 



0 
1 
2 
3 
4 

5^ 
6 

7 



(mod 8) 
1' 2 3 4 



567 



0 
0 
0 



0 

1 

2 



0 
2 
4 



0 
•3 
6 



0' 3 
kX) 4 



0 
0 
0 



5 
6 

7 



6 
0 
2 
4 
6 



1 
4 
7 
2 
5 



0 
4 
0 
4 
0 
4' 
0 
.4- 



0 
5 

■2 

7- 

-4 

1 

6 

3 



0 
6 
4 

-2- 
0. 
6 
4 
2 



■0 
7 
6 

5 
4 
3 
2 
1 
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10. 



11. 



12. 



13. 



14. 



15. 



16. 
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(a] 
(b] 

(e] 



(f) 

-■(a) 
(bl 
(a) 
(b) 
(c] 
(d) 
(e] 
(a) 
'(b] 

(^] 

(a) 
(b) 

Ca) 
(bl 

(c; 



Mo^'^i^'^^s; mod 8: Yes 
Mod, 5: Yes; mod 8^ Yes ^ . 

Mod 5: Yes; mod 8: Yes 
Mod 5: ^; mod 8> 1 

Mod 5 J 1 aiid 4* are 'their ovm inverses;' 2 and 
3 are inverses of ^ach other; 0 has no invei^se. 
Mod ''8: Only 1, 3,^ 5^ 7» are inverses; each is its' 
own inverse. 



\ 



Mod 5: 

4x6 
3 

2 
0 

5' 

Qw 

4, 

'4 

2 



Yes; W 8: 
0 (mod 8), 
0 (mod 8), 



No. 
4x4 = 0 
6 X 4 » 0. 



2 X 4 s 0 (moti 8)/ 



(mod 8), 
(mod 8) . 

(c) 6,- 8,v 



(d) 
(f) 
(g) 



4, 
1 



8, 



1. Any power of 6 
in 6. " ^* 



ends 



1, 

0, 
2, 

6 
2 



4 
1 

0 
0 

7 

4' 



\ 



(c 
(d 

(c 
(d 

(c 
_ (d 

(e 
(f 

■ (e 
453 



3, 3 
ryes 

0, a \ 

0 
0 

1 

Not defined In this' sys 



tem. 



/ 



17. 



18. 



19. 
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(a) 


4; 


What number added ,to 3 gives 7? 


* (b) 


4 




>• 


•(c) 


7 




>? 


*(d) 


7 








0 


1 


2 3' 4 ; ' • 


u 




4 


3 a 1 - 


X 


I 


0 


4 3.2' ^ 


2 


2 


1 


0.4 3 


3 


3 


2 


10 4 


4 


4 


3 


2 10' 


The 


set 


is 


closed under subtraction mod 5^ 


(a) 


3, 


8, 


* 

^13 and others (add 5) ♦ 


(b), 






11 and others (add 4) 


(c) 


0 


and all multiples of 5 of the form 




a counting' number'. X.^^ 


(d) 


Any even- number 


(e) 


3, 


or any odd number greater thjaiu>Jl^^'^^ 


(f) 


1, 


3, 


5 and so on (all odd n\ambers)« 



5K, K is 



20» (d)»;Any even number 

(f) 1, 3, 5, *7, 9, 11',- 13 and SA on (all odd 
niunbers) ' ^ 



1 

J 



/ 
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